
Figure 2. Gameplay at
�

ε coach: overview of steps to complete for each exercise.

(3) User data collection: if allowed by users, the
�

ε coach stores data about their per-
formance at each level for generating statistics. In order to follow the rules of the Euro-
pean General Data Protection Regulation3, approved and adopted by the EU Parliament

3General Data Protection Regulation: https://eugdpr.org/
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Figure 3. Diagram showing the parts composing
�

ε coach.

in April 2016, this serious game shows initially a pop-up message that notifies the user
about data storage purpose. Users can disable this option by unchecking the correspond-
ing toggle in the settings menu.

4. Discussion

The
�

ε coach serious game intends to train students to detect and avoid reversal error
when formulating SP-type problems. It is based on a map and presents an intuitive and
interactive gamified experience. Players are presented with algebraic word problems for-
mulated using typical narratives and then they are assisted on finding the corresponding
relation between the entities presented. For that, two approaches are proposed: (i) a qual-
itative visual representation of containers whose size represent the relative relation of
size between the entities and (ii) reasoning behind the formulated equation by breaking
it down until it is resolved.

A dataset of SP-type problems in Spanish has been built which is imported by the
�

ε
coach prototype. This dataset is intended to be used in a study where participants who
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usually commit reversal error will be trained to avoid it using the
�

ε coach. If the results
of this study show improvement in participants’ performance,

�

ε coach is intended to be
transferred to society as an educational tool.

As future work, we intend to carry out controlled tests on our prototype in our lab in
order to finalize the product and also to gather gameplay data to find out which approach
do players prefer in order to clarify the entities relative size relation: if (i) visualization
of containers or (ii) equation breakdown resolution.
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Abstract. This paper presents a system that combines a multi-recommender mech-
anism and an iterative algorithm to assist teachers in formal education in planning
learning activities for students. It aligns with the latest educational trends, empha-
sising the central role of competencies. The system allows for initial planning based
on specified competencies and knowledge, among other preferences. After that, it
helps with alternative suggestions during the course when deficiencies in the learn-
ing of competencies are detected.

Keywords. Recommender systems, education.

1. Introduction

One of the primary responsibilities of a teacher in formal education is to meticulously
plan the sequence of learning activities that students will engage in throughout the
academic year. This task, when executed effectively, can be quite intricate and time-
consuming. It involves taking into account numerous factors such as the competen-
cies and knowledge students are expected to acquire as per educational regulations, the
teacher’s personal preferences regarding learning topics, the duration and complexity of
the learning units, and more.

Furthermore, after the sequence is established and the course starts, things may not
always proceed as intended. The level of competencies and knowledge attained by stu-
dents upon completing a learning activity might not meet expectations. As a result, the
subsequent scheduled learning unit may not be the most suitable and a readjustment is
necessary.

The tool presented in this paper has been specifically created to assist teachers in
formal education in this undertaking. It not only aids in creating an initial plan of learning
activities but also provides alternative suggestions when any issues arise during the aca-
demic course. The tool’s core is a multi-recommender system that, following an iterative
process, assists the teacher in creating the sequence of learning units.

The academic course is organised in what we call Learning Blocks or LB from now
on. A LB refers to a series of learning activities usually centred around a specific topic

1Corresponding Author: Jordi Sabater-Mir, IIIA, CSIC, Campus UAB, E-08193. Bellaterra, Catalonia
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or theme and aimed at enhancing a set of competencies and knowledge. It has a flexible
duration, typically ranging from one to two weeks up to a trimester.

While there is a long tradition of applying recommender systems in the field of
education [1], the current proposal stands out due to several distinctive features:

• It is a tool oriented to teachers instead of students. The tool is intended to help with
course preparation and to suggest possible adaptations when certain conditions are
detected once the course has started.

• The proposed learning activities need to be suitable for an entire class. Our fo-
cus is not on personalizing the learning path of individual students, but rather on
accommodating a collective group of students who are expected to engage in the
same learning activities, typically within a face-to-face learning environment.

• It is adapted to suit a competency-based learning (as established by the Spanish
education law, the LOMLOE).

2. The stages of the system

Figure 1 illustrates the general idea behind the multi-recommender system. From a set
(which can be quite large) of learning activities, a preliminary filtering is performed, and
the results are presented one by one to a set of specialised recommenders that analyse the
learning activity from different perspectives. Each recommender can be seen as an expert
in a specific area who, considering contextual variables as well, analyses the problem (in
this case, the learning activity) from a particular viewpoint and provides its opinion. As
a result of this analysis, the user receives a set of opinions to aid in selecting one of these
learning activities. The ordered list of learning activities is the outcome of aggregating
the specific opinions, weighted by the user’s importance assigned to each analysis area.

Figure 1. General outline of the multi-recommender system.

The use of the tool by the teacher involves three distinct stages, two performed
before the course begins and the third during the academic year.
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The Preparation phase entails the professor outlining the course structure and their
preferences. This involves organising the course into a series of LBs. For each LB, the
professor specifies the competencies and knowledge he/she would like to work on as well
as the number of hours for each competency/knowledge. This is taken by the system as
a soft constraint to, later on, propose learning activities for that LB. In this phase, other
course characteristics, such as the number of desired instructional units for each LB, are
also determined.

After the Preparation stage, the next phase is the Programming phase. During this
phase, the professor utilises a multi-recommender system to aid in identifying the most
appropriate learning activities that fulfil the requirements established in the Preparation
phase. To ensure the teacher’s involvement in the final selection of each learning activity,
the multi-recommender system has been designed as an iterative mechanism. In each
iteration, the system presents a set of learning activities from which the professor can
choose the most suitable option. As the programming progresses, the system takes into
account the already assigned learniong activities when suggesting the next ones. By the
end of the Programming Phase, the professor has a sequence of learning activities that
closely align with the course structure designed during the Preparation Phase.

Once the course has been designed, the instructional period commences, and stu-
dents proceed to execute the learning activities in the predetermined sequence from the
Preparation phase. This new phase is referred to as the Execution Phase. By conduct-
ing evaluations on the learning activities, the system can track the students’ progress
in attaining competencies and knowledge. During the Execution phase, this monitoring
data is used as a source for recommendations to assess the continued validity of the next
selected learning activity from the Programming phase.

If a deviation in the acquisition of competencies and knowledge is detected, indicat-
ing the need to modify the next learning activity, the multi-recommender system supports
the professor in finding alternative learning activities. These alternatives are designed
to preserve the original structure while addressing the identified shortcomings that arise
during the course’s progression. Notice that the system does not provide personalised
alternatives to each student because the system is intended to provide learning activities
that are performed by the entire class. However, there is a recommender (see REC 6
in section 3 that suggests tailored learning activities that cater to the specific needs of
diverse student groups at different stages of the learning journey.

For instance, consider a scenario where there are two distinct groups of students in
the learning activities sequence: one group that is progressing well and another group
facing challenges. REC 6 adeptly handles this situation by initially recommending ac-
tivities that suit the needs of the first group. As the sequence unfolds, REC 6 dynami-
cally adjusts its recommendations to better suit the second group, providing them with
appropriate learning opportunities and, in turn, striving to achieve a sense of balance and
equity among the students’ learning experiences. This approach ensures that both high-
performing students and those encountering difficulties receive the support and guidance
they require to progress optimally.

The different stages are supported by a prototype GUI that leads the teacher in the
process.

P. Garcia-Calvés et al. / Recommenders for Improved Lesson Planning in Formal Education252



3. The multi-recommender

The multi-recommender system serves as the centerpiece of the overall system. Its pri-
mary function is to assist the teacher in choosing the most suitable learning activity at a
certain point in the sequence of learning activities that compound an LB.

Beginning with a potentially extensive collection of learning activities stored in a
database, an initial filtering process is applied to narrow down the options. The resulting
subset is then presented to a group of specialised recommenders, each acting as an ex-
pert in a particular domain. Considering also contextual variables, these recommenders
analyse the problem at hand, evaluating the usefulness of each learning activity from
their unique perspective and providing their opinion. The user is subsequently provided
with a collection of opinions to assist in selecting a learning activity. The final ordered
list of learning activities is generated by aggregating these individual opinions, weighted
based on the user’s assigned importance to each recommender. This empowers the user
to determine the most relevant ”experts” and make an informed final decision.

To give an opinion on a teaching unit, the multi-recommender takes as an input dif-
ferent elements: the properties of the teaching unit, the general preferences of the teacher,
the sequence of the already selected teaching units in that LB and the evaluations of the
class till that moment (if we are already in the Execution phase). Not all recommenders
use all the information.

We have implemented 7 recommenders that help the teacher to analyse the learning
activities from different perspectives.

• REC 1: Competency-based recommender. Evaluates learning activities based on
competency compatibility, teacher preferences, and already selected activities.

• REC 2: Knowledge-based recommender. It does the same as the competency-
based recommender but considering knowledge instead of competencies.

• REC 3: Keyword-based recommender. Considers matching keywords between
learning activities and teacher preferences.

• REC 4: Rating-based recommender. Evaluates learning activities based on qual-
ity ratings.

• REC 5: Flagship-based recommender. It determines the utility of each learning
activity based on its relevance according to the editor’s parameters.

• REC 6: Recommender based on students’ competency level. This recommender
takes into account the suitability of the competencies it works on, relative to the
current competency level of the Class Group, while also ensuring equal opportu-
nities for every student.

• REC 7: Recommender based on students’ knowledge level. It does the same as
the previous recommender but considers knowledge instead of competencies.

Recommenders 6 and 7 are used only in the Execution phase. The teacher has the
flexibility to determine the weight assigned to each recommender and can choose to
discard certain recommenders if desired.
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4. The iterative algorithm

The Programming Phase of the multi-recommender system is based on an iterative pro-
cess to find a sequence of learning units that make up the LBs and collectively meet the
specifications determined in the Preparation phase.

Instead of using a system based on global optimization that would propose the entire
sequence to the teacher, we have opted for an iterative process.

The choice of a recommender system based on an iterative algorithm instead of us-
ing a system based on global optimization is given by the nature of the problem itself.
Deciding on a sequence of didactic units is a highly subjective task that depends heavily
on the teacher. There is no ”correct solution,” and there are many elements that depend
on the teacher and that the system is unaware of. Asking the teachers to provide all the
information that the system would need to make an accurate proposal is costly and im-
practical. Therefore, it has been decided to use a user-in-the-loop approach and to involve
the teacher in the sequence creation process, granting them decision-making capacity at
all times, with the assistance of the multi-recommender system.

The iterative algorithm is structured as follows:

• Adaptation, to pass from the global objective of the LB to the objective of each
iteration.

• Evaluation. Each learning unit is evaluated by the recommenders.
• Concentration. Obtain the best k learning units from the multi-recommender. The
list of the “best” is built from the opinions of each recommender and the weights
assigned by the user.

• Selection. After receiving the proposal from the multi-recommender, the user is
given the freedom to choose a learning unit, which does not necessarily have to be
from the previous list proposed by the multi-recommender. The user has the ability
to review the opinions from the recommenders as well as other characteristics of
the available learning units.

• Termination. Finish the iteration if the objectives of the LB have been accom-
plished.

• Adjustment. The objective for the next iteration is adjusted based on the selection
made by the user in the current iteration.

The objective of the iterative algorithm is to assist the teacher in populating each
of the defined LBs with appropriate learning activities during the Programming phase.
The system assumes that the sequence of learning units within each LB is independent
of the previous LBs. The system’s primary concern with regard to previous LBs is only
to prevent the repetition of learning activities that have already been selected. However,
through the GUI that has been built, the teacher has a comprehensive view of the overall
coverage of competencies and knowledge achieved by the total number of learning units
already selected.

5. Conclusions

We have developed a tool that combines a multi-recommender mechanism with an iter-
ative algorithm to support teachers in designing the sequence of learning activities for
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students throughout the academic year. There is already a first prototype that has been
tested with generated learning units with different characteristics to test the Program-
ming phase, and simulated evaluations to test the Execution phase. Figure 2 shows an
example screenshot of the tool.

Figure 2. Example screenshot of the tool.
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Abstract.  According to the United Nations Food and Agriculture Organization 

(FAO) more than one third of the food produced globally is lost or wasted. This 
tremendous amount of food waste highlights the urgent need to investigate this 

phenomenon promptly with powerful methods in order to reduce it. In the present 

work, we consider a qualitative reasoning approach in an attempt to understand 

people’s interest in the food waste (FW) problem. To do so, we have run an in-

person taste experiment and have acquired data from 188 participants. We apply a 
measure based on a cosine similarity to capture the degree of interest towards the 

environment as individuals respond to the New Environmental Paradigm scale 

(NEP). Previously, they had to decide on whether a piece of fruit allegedly coming 

from the supermarket is better than another one allegedly coming from an alternative 

source such as applications designed to reduce food waste. We are using the taste 
experiment and the questions as a base to gain a more in-depth understanding of the 

drivers behind FW. 

Keywords. Qualitative reasoning, similarity measures, sustainable decision-making, 

food waste, experimental data. 

1. Introduction 

Households contribute the most to FW, accounting for 53% of total waste in 2020. 

Addressing this issue is crucial for a sustainable food supply chain [1]. Numerous 

research studies are now utilizing artificial intelligence and machine learning to research 

FW ([2]; [3]; [4]; [5]; [6]; [7]). In this paper we examine if a ranking method that 

considers a cosine similarity measure is more suitable to capture people’s attitudes 

towards FW than a classic psychometric scale. To do so, we will use a cosine similarity 

measure to capture individuals’ profiles towards FW [8]. Our objective is to understand 

individuals’ behavior when they must make decisions in terms of food purchases or 

throwing away food. There is a plethora of sources where people can buy products that 
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combat FW, selling the surplus of food or products that are suboptimal, such as the ‘Too 

good to go’ application. This platform is a network that includes a variety of different 

establishments like restaurants, supermarkets, and bakeries.  

 
We ran an in-person experiment with 188 participants. Participants were led to 

believe that they were trying two different kinds of apple, one from the Supermarket and 

another one from the ‘Too good to go’ application. After the tasting, they had to answer 

a series of questions. Our goal in this paper is to investigate whether we can extract 

people’s profiles based on environmental attitudes. We are using a qualitative reasoning 

approach based on a linguistic computational method to aggregate and compare the 

qualitative responses from the NEP scale [9]. We consider the cosine similarity to 

compute the distance between vectors, where each one of the components corresponds 

to the frequency with which the linguistic terms were used in the NEP scale. Our 

approach, by applying the cosine similarity measure to participants’ qualitative answers 

to the NEP scale, allows us to differentiate between two different fruit preference groups, 

where classic statistics fail to do the same. 

2. Preliminaries 

2.1.  New Environmental Paradigm Scale (NEP)  
 

The NEP scale is the most popular unidimensional measure used to quantify 

environmental concern and pro-environmental tendencies. The NEP scale has been used 

in many different topics, ages and cultures ([10]; [11]; [12] ; for a meta-analysis see [13]). 

It was originally designed in 1978 by Dunlap and Van Liere based on the premise that 

within environmentalism, the relationship between humans and nature is implicitly 

entangled. In the 15-item scale (1=Strongly disagree, 5= Strongly agree), which is the 

one used in the present manuscript, the eight odd-numbered questions were framed in an 

ecocentric manner, while the even-numbered questions are framed in an anthropocentric 

manner. The goal of using the scale is to get a value per participant that will classify them 

as eco-friendly or not. Two different approaches have already been proposed, in previous 

studies, when analyzing the responses. The first method (method 1) entails reverse 

coding the even-numbered questions. As these questions are framed in a human-centric 

way, responses from the lower part of the scale in these questions indicate pro-

environmental ideas. Then the evaluations of each participant are averaged together, 

therefore the values can range from 0 to 5. This technique was implemented for example 

in [11] in their application of the NEP scale in a Greek context. The second method 

(method 2) is described in [12] where the environmental worldview of employees in 

Kosovo is studied. The authors counted the frequency of the ‘Agree’ and ‘Strongly Agree’ 

items in the odd-numbered questions (ecocentric) and the frequency of ‘Disagree’ and 

‘Strongly Disagree’ in the even-numbered questions (anthropocentric). They calculated 

the NEP score by aggregating the frequency of these responses. The values could range 

from 0 to 15. 

  

2.2. Similarity measure based on Linguistic Terms  
 
In this subsection the qualitative reasoning methodology, based in linguistic computation, 

that is going to be used in the experiment is presented. We introduce the concept of 
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linguistic terms, as well as some key definitions related to them that will be used to 

capture similarities in participants’ answers. 

Let � be a totally ordered set of basic linguistic terms (BLTs), � � ���� � � � � �	
��with 

�� ���� � � � � �	, corresponding to the values of a rating scale [14]. In order to determine 

the strength of people’s attitudes towards environmentalism, we introduce a distance 

measure, between vectors expressed in S terms, based on a weighted cosine similarity. 

Given the vectors 
� � �
��� � � � � 
���  and 
� � �
��� � � � � 
���  corresponding to the 

linguistic responses of a set of�� items of two different observations, we compute new 

vectors ����� � � � � ��	������������ � � � � ��	��  with frequencies corresponding to some 

linguistic terms.  Then the similarity index is computed as: 

 ����
��
�� � � �� � ��� � ���	� �
!� �� � ���"	� � � #� �� � ���"	� �

 

where ��$  and �%$  are the absolute frequencies respectively and ��  is the normalized 

weight for each one of the linguistic terms. Note that the greater the similarity between 

two vectors, the value of the similarity measure is closer to one. 

In the proposed method (method 3), similarly to method 1, we reversed coded the 

odd numbered questions. Then, in a similar way as in method 2, we computed  ���and 

�"�as the cumulative frequencies of ���� �"� �&
�and the cumulative frequencies of ��'� �(
� 
respectively. The rationale is to use the frequencies approach, as in method 2, but taking 

into account the cosine similarity to the optimal ecocentric vector (pure 

environmentalist). 

3. Experiment 

3.1. Participants  

One hundred-eighty-one participants were tested (Meanage =19, SDage = 1, female =97). An 

additional 7 participants were tested but eliminated from the final sample due to the following 

reasons: technical error (n=5), not enough data (n=2). Participants were undergraduate 

students from the ESADE Business School and were given extra-credit scores in exchange. 

The current experiment was approved by the local ethical committee of ESADE (009/2023), 
and all data were treated confidentially. Participants signed a written consent form before the 

experiment began. Data collection is still ongoing. 

 

3.2. Materials 

A local Catalan variety of apples (Golden Empordà) was chosen for the experiment. The 

fruit was always fresh and was cut no more than 10 minutes before testing. To ensure 

symmetrical pieces, we used an apple cutter after peeling. The exact same apple was 

served in two transparent separate bowls that were later identified as coming from the 

supermarket or the ‘Too good to go’ application. This type of procedure is used widely 

in marketing, cognitive science, and other disciplines when the research question 
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revolves around the external factors that can influence taste. For instance, participants 

were offered the exact same chocolate but critically it was shaped differently using a 3-

D printer. Participants’ taste differed depending on the shape (circular or angular), this 

is due to a mental association between shapes and other features like taste or sounds [15]. 

This type of experimental settings is well accepted and typically include deception as the 

same product is used but labelled differently to investigate whether labelling the product 

can change the perception of the consumers.  

 

3.3. Paradigm 

We adapted the paradigm used in [16] to our research question. Participants were tested 

in a sound attenuated room in the Decision Lab located at the ESADE Sant Cugat 

Campus. They were seated in a chair opposite to a table where two transparent bowls 

were placed with the slices of apple. In the middle a recyclable, cardboard paper cup was 

placed with water. Participants were first asked to sign the consent form and whether 

they had any food allergies. The experimenter asked if they had heard of the ‘Too good 

to go app’ before. Regardless of their response, the experimenter gave the same brief 

description to all participants to ensure that they all have the same understanding of the 

alleged origin of the fruit. Then they were asked to try one kind of apple. The 

experimenter informed them where the apple came from (Supermarket or ‘Too good to 

go’) and that they can have as many slices as they like to make sure they have an idea 

about the taste of the fruit. Once they were done with the first apple, they were instructed 

to have some water and then to try the other apple. The order and side of presentation of 

the two kinds of apple was counterbalanced across participants. After the tasting they 

were guided to an adjoining room, where a Microsoft Surface Tablet with a physical 

keyboard was placed. They were asked to answer a series of questions privately. Among 

them, they had to answer a closed-ended question on which apple they preferred 

(Supermarket, ‘Too good to go’, or Both). They were also asked to share their opinion 

on the taste and the quality of the fruit, and to fill in the New Environmental Paradigm 

scale [9].  

 

 

3.4. Data analysis 
 

The data presented in this manuscript belongs to a bigger project on FW. We computed 

the NEP scores (method 1, method 2) and the cosine similarity distance (method 3). Out 

of the 181 participants, 48 preferred the fruit coming from the supermarket (26%), 70 

had no preference (39%) and 63 preferred the fruit coming from the application (35%). 

We calculated the proportion of participants that were above the mean, i.e., 

environmentalist in each method. The thresholds considered to classify participants in 

two groups according to the answers they gave on the NEP scale for the two 

psychometric methods are 3 for method 1 and 7 for method 2.  

 

We ran three two-proportions z-test comparing the two groups separately for the two 

methods (Supermarket vs. ‘Too good to go’, ‘Too good to go’ vs. Both, Supermarket vs. 

Both). Our preliminary results show that method 1   and method 2 were unable to capture 

any statistical differences between the three profiles of the people showing different 

preferences (see table for values).  
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In method 3, the threshold selected was 0.707 which is the similarity of an indecisive 

person (the one that answers 7 times 1, 2 or 3 and 7 times 4 or 5) to a pure 

environmentalist. Where the similarity was greater than this opinion, a person was 

considered to have an environmentalist attitude. In this case, the proposed method was 

able to detect a significant difference between the ‘Too good to go group’ and the 

Supermarket group (Z= -1.71, p= 0.04). However, it found no differences between either 

group or Both. 
 

Table 1: Comparison of the results obtained using the three methods. 

 

Method 1 Above Threshold Below Threshold Sum 
Supermarket 45 (0.94) 3 (0.06) 48 (1) 

Both 63 (0.90) 7 (0.10) 70 (1) 

Too good to go 57 (0.91) 6 (0.09) 63 (1) 

 

Method 2 Above Threshold Below Threshold Sum 
Supermarket 36 (0.75) 12 (0.25) 48 (1) 

Both 57 (0.81) 13 (0.18) 70 (1) 

Too good to go 56 (0.88) 7 (0.12) 63 (1) 

 

Method 3 Above Threshold Below Threshold Sum 
Supermarket 32 (0.67) 16 (0.33) 48 (1) 

Both 51 (0.73) 19 (0.27) 70 (1) 

Too good to go 51 (0.81) 12 (0.19) 63 (1) 

 

4. Conclusions 

In this paper we contribute a new real-life application to capture differences across profiles 
towards FW by means of a similarity measure. Traditional measures based on psychometric 

scales are used in most cases to analyze scale data. Our study based on the results from the 

NEP scale show that the majority of participants were more environmentalists. In addition, 
our results suggest that considering the NEP scale as a qualitative scale and using a similarity 

measure based on linguistic computation, we can distinguish the different profiles while the 

classic psychometric tools are unable to do so.  
A limitation of the present experimental work is that our sample is comprised of only 

young adults. This is due to two reasons. Firstly, we know that younger people waste more 

food therefore it is worthwhile to study this particular population in an attempt to try to fight 

this issue to its root. Secondly, our recruitment is mainly done at the University’s premises 
which makes it challenging to test various age groups in person so that they can try the fruit 

themselves.  

In this paper we have combined experimental work with a qualitative reasoning approach, 
considering linguistic computation in the context of FW. Our findings hold the potential for 

replication in the future and we are optimistic that our work will inspire others to study this 

pressing phenomenon using innovative techniques.   
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Abstract. Surveillance of infectious diseases that can spread quickly among the 
population has become a critical goal nowadays due to the dramatic effect of 
diseases like SARS-CoV-2. One promising method to be able to monitor the spread 
of such diseases among the population of a city is the analysis of biological 
compounds in the sewage network of different cities. In this paper, we summarize 
the results of training a prediction model for SARS-CoV-2 cases based on historical 
biological data collected from different wastewater treatment plants (WWTP) 
located in different parts of Catalunya. We consider different approaches for the 
prediction problem and develop models based on extreme gradient boosting. Finally, 
we evaluate the quality of the results of our model and study the relevance of the 
different variables of the model using SHapley Additive exPlanations (SHAP) 
analysis. 

Keywords. Explainable AI, Machine Learning, Wastewater-based epidemiology 

1. Introduction 

During the COVID-19 pandemic, the research community found different ways of 
monitoring the SARS-CoV-2 within the population to estimate the trend of infection 
cases. One of them is sewage surveillance to understand the prevalence of COVID-19 
within the population. Different gene targets can be used to quantify the prevalence, such 
as the N1, N2, or E [1]. The prediction of SARS-CoV-2 cases using machine learning 
(ML) models is a difficult task due to its uncertainty in population behavior and unknown 
virus evolution, but gene target values can be processed and used to enhance them. 

In this paper we consider the predictive problem in Catalunya, using historic data 
for COVID-19 cases plus biological indicators obtained from a total of 56 WWTPs 
across different points of Catalunya [2]. The general goal is to obtain predictive models 
for covid cases in the next period based on previous COVID-19 cases and the current 
presence of these biological markers in wastewater. We consider different attributes 
related to either the water samples or the population linked with the WWTP where the 
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water comes from. As ML algorithms, we use ensemble trees obtained with extreme 
gradient boosting. Given the challenging nature of this problem and that some attributes 
have a high extraction cost, we not only consider the performance of the models obtained, 
but we also study the relevance of the different attributes, using SHapley Additive 
exPlanations (SHAP) analysis. Our final aim is to provide relevant conclusions that 
improve the data acquisition procedure for a more reliable and sustainable monitoring 
network for future similar infectious diseases. 

2. Materials and methods 

2.1. Sampling points and collected data 

The biological data from wastewater data was obtained from a total of 56 WWTPs 
selected based on two criteria: 80% coverage of the served population (about 6M 
inhabitants) and high territorial coverage (41 out of 42 regions covered). The sampling 
frequency was 1 week for some WWTP stations and biweekly for others, amounting to 
a total of 2000 samples. Each sample was obtained from a flow-proportional, 24h-
composite set of INLET subsamples, where each subsample was obtained every 20 
minutes2. Regarding the number of covid cases, we used the public data for municipal 
covid cases publicly reported3. 

The attributes used from each sample in the ML algorithm can be divided into 
four different groups: 1) parameters linked with the characteristics of the water flow 
including quality parameters such as TSS, COD and BOD, 2) a scaled value of the 
wastewater gene targets N1/N2, 3) WWTP population data such as inhabitants assisted 
and estimated citizens mobility, and 4) number of total covid cases in Catalunya in the 
last 14 days. 

We used gradient boosting to learn ensembles of prediction trees as the ML 
model. We used different metrics to evaluate the error: the mean absolute error (MAE) 
and the coefficient of determination (R2). The parameters used with xgboost are the 
number of trees: 500, maximum depth: 15 nodes, learning rate: 0.01, and subsample 
ratio: 0.5. 

2.2. Predictive exercises 

The problem of predicting future covid cases from biological samples in the setting 
considered here is very challenging, so we have considered four different specific 
variants of the problem, which predict the covid cases for each municipality: 

1. In our first approach, we want to predict the number of cases in the next week. 
We use the wastewater data (N1/N2 gen presence) plus the number of covid cases 
in the two previous weeks, the number of inhabitants, and estimated mobility of 
citizens, just to know how many people leave or enter the municipality. 

2. A second approach that we had is instead of predicting the total amount of cases, 
we use the number of cases for each hundred thousand inhabitants, given the same 
input data used in the first problem. 

 
2 The final data set can be found at Zenodo: https://zenodo.org/record/4955582#.ZGIwONJBxBW  
3 The COVID-19 cases data can be found at: https://analisi.transparenciacatalunya.cat/Salut/Incid-ncia-

de-la-COVID-19-a-Catalunya/623z-r97q/data  
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3. Given that we have found that depending on the analysis lab, the accuracy of the 

measured viral load differs, we have also considered learning a model for each 

analysis lab (three in total) to predict the average cases for every 100k inhabitants. 

Therefore, one of the three models is used depending on the municipality. 

4. Finally, we have considered the hardest problem: predicting covid cases using 

only wastewater data, without using the data from past covid cases count. 

3. Results 

3.1. Model predictions 

Table 1 shows the results of evaluating the models using a test set of cases from 

November 2020 to April 2021. The R2 explains the total variation of the model 

predictions, and the MAE is the average number of wrongly predicted cases. Combining 

them, we can understand the robustness of the models’ errors. The total cases prediction 

model shows a high R2 which indicates the reliability of the MAE value of 161. In 

contrast, the cases per 100k inhabitants model shows a low R2, indicating that the 149 

MAE is mixed by predictions with no error and predictions with a high error. The same 

happens for the cases per laboratory model, and this is because the models learn to 

predict only for some of the municipalities. Figure 1 shows a clear example of low and 

high-error municipalities. The total cases prediction without past cases information 

model is different since the R2 is low and the MAE is high, meaning that the model error 

may be represented across the municipalities. 
Predictive exercise Coefficient of determination 

(R2) 

Mean Absolute Error (MAE) 

Total cases prediction 0.90 161 

Cases per 100k inhabitants 0.45 149 

Cases per laboratory 0.28 226 

Total cases prediction without 

past cases information 

0.65 333 

Table 1. Scores of the models created for each predictive exercise 

Figure 1 shows the result of predicting using the second model for two municipalities. 

While both cases are standardized, their population density and local culture are 

different. For instance, Sant Feliu de Llobregat holds a population of 44.474 (2018) and 

an area of 11.8 km2, and Vielha e Mijaran has a population of 5493 (2018) and an area 

of 211.7 km2. Furthermore, they also differ in being an urban and a rural area. In this 

case, the model predicts better the cases for the higher-density municipality. 

 
Figure 1. Predictive exercise nº2 results. Left: Weekly predicted cases for the municipality Sant Feliu de 

Llobregat. Right: Weekly predicted cases for the municipality Vielha e Mijaran. 
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3.2. Explainability 

In this subsection, we identify the most relevant features of the prediction models we 

have developed. Our analysis is based on SHapley Additive exPlanations (SHAP). At a 

general level, and across all the ML models developed, the most important variables are 

the past number of cases and the wastewater indicator. Figure 2 shows the relevance of 

the past cases, being the most impactful feature in both cases and the importance of the 

wastewater indicator “N”, which is higher when predicting the cases per 100k 

inhabitants. The other features vary in importance depending on the predictive exercise. 

To predict the total cases, the inhabitants assisted by the WWTP, the citizens’ mobility, 

and the wastewater quality parameters are the most relevant, but to predict the cases per 

100k inhabitants, only the wastewater quality ranks high. 

 
Figure 2. SHAP value for the most important variables. Left: Total cases prediction. Right: Cases per 

100k inhabitants. 

To improve future feature engineering, we study the impact of the individual feature 

values for the model. Figure 3 shows the impact of past cases and the wastewater 

indicator for the model prepared to predict the cases per 100k inhabitants. The SHAP for 

both features indicates that the bigger the value, the higher the importance to the model. 

When the value is low, the importance is near zero and in some cases, the feature value 

has a negative SHAP value, meaning it confuses the model. Those negative values 

demand future feature engineering to ensure stable behavior. 

 

Figure 3. SHAP value for the standardized COVID-19 cases variable (left) and the N value (right). The X axis 

indicates the value of the feature, and the Y axis indicates the SHAP value for the feature.  

4. Conclusions 

The machine learning model is good at predicting how COVID-19 cases will change 

over time, but it struggles to predict the highest number of cases during a peak. The 

SHAP importance of the features varies depending on the objective variable to be 

predicted, but the number of people living in an area and the N indicator are always 
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relevant. To improve the model, samples should be collected more often. Right now, the 
frequency is one per week, but if it increases to three to seven samples, the model can 
better understand how wastewater samples relate to the number of COVID-19 cases daily. 
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Abstract. In the past few years, there has been an increase in commercial and re-
search focus on service robots operating in daily surroundings. These machines are
anticipated to function independently in busy settings, enhancing movement effi-
ciency and safety parameters, as well as social acceptance. Expanding conventional
path planning modules to include socially aware criteria, while sustaining speedy
algorithms that can adapt to human behavior without causing distress, presents
a significant challenge. To address this challenge, learning methods have gained
significant relevance. Among the various techniques, deep reinforcement learn-
ing, end-to-end, and inverse reinforcement learning have been the most promising.
However, it is difficult to determine which techniques are superior, and sometimes,
developers may obtain poor results due to inadequate data or experimental proce-
dures during the learning stage. Therefore, it is essential to evaluate and discuss the
best practices and options for an effective training stage that can improve results.
As we are specifically referring to social robots, the evaluation of results should
take into consideration social comfort as a key factor.

Keywords. Socially aware robotics, deep learning, multi-behaviour navigation,
social navigation, social comfort

1. Introduction

One of the challenges in social robotics is expanding conventional path planning modules
to include socially aware criteria. Learning methods such as deep reinforcement learning
(DRL) approaches like CADRL, SARL, and SOADRL have been proposed for learning
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navigation policies in socially aware criteria. End-to-end learning has shown promise
in scenarios where pedestrian positioning is challenging. Inverse reinforcement learn-
ing (IRL) offers a potential solution to automate reward function computation, with ap-
proaches like maximum likelihood estimation and Bayesian modeling showing promis-
ing results. However, poor results can occur due to insufficient data or experimental pro-
cedures, emphasizing the importance of evaluating and discussing effective training prac-
tices. Social comfort is a crucial factor in evaluating the outcomes of learning methods
for social robots.

2. Methodology

This section outlines the criteria that were employed to select the articles included in this
review and the criteria to analyze the experiments of the papers.

2.1. Article selection criteria

We meticulously compiled a selection of papers focused on social navigation, with par-
ticular emphasis on the topic of learning. Our approach involved a comprehensive review
of the literature, drawing from authoritative works such as [19], [4], [12], and [37], as
well as recent citations. We identified the most relevant papers that delved into the areas
of social navigation, comfort, and learning.

3. Experiments

3.1. Deep Reinforcement Learning and End-to-End approaches

On these collected of papers there are several techniques o combinations of them use
on each paper.[1],[2] and [7] use value networks and deep RL for learning social norms
in collision avoidance. [32] compares reward functions,[6] evaluates a controller train-
ing approach, and [14] employes optimized parameters (OP-DDPG) for collision avoid-
ance training. [9] evaluates Probabilistic roadmap (PRM-RL) on different maps. [22]
compares their model with existing ones in randomized environments,[3] trains a gaze-
modulated RL network for robot navigation and compare it with SARL.[11] propose a
socially normative navigation algorithm,[23] compare their policy with NH-ORCA, and
[15] use deep RL to train a robot in a simulated environment with changing obstacles.

[33] proposes curiosity-driven exploration, while [21] presents a simulative learn-
ing environment for socially concomitant navigation, both demonstrating their effective-
ness through experiments. [24] introduces a deep Q-network (DQN) agent surpassing
previous algorithms by learning challenging tasks from pixels and game scores alone.
Simulation is widely used for training motion planners in mobile robotics. [34] trains a
motion planner in the V-REP simulator for nonholonomic robots, while Fan et al. (2018)
efficiently explore the state space with multiple robots using the Stage mobile robot sim-
ulator. [29] employs an observable Markov decision process (POMDP) approach to train
navigation policies in diverse environments, while [5] trains a navigation algorithm in
the Gazebo simulator for obstacle avoidance and autonomous navigation. In contrast,
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[10] and [28] focus on expert demonstrations and evaluating path planning algorithms
through simulation.

Two studies, [20] and [26], evaluate their navigation methods using simulations.[20]
assess the navigation capability of a DQN agent in an unknown indoor environment while
avoiding obstacles. [26] trains a neural network-based motion planner to safely guide the
robot through environments cluttered with obstacles. Although [26] also evaluates their
method in real-world experiments, their simulation results demonstrate its transferability
to previously unseen virtual and real-world environments.

In real-world experiments, various navigation methods were evaluated. SA-CADRL
[1] and GA3C-CADRL [7] policies were implemented on robotic vehicles in pedestrian
environments, while [14] performed real indoor experiments with the IVO robot.[9] used
a PRM-based approach, [22] employed deep RL with 3D lidar and stereo camera, and
[33] tested their algorithm using a laser ranging sensor.[21] evaluated the transferabil-
ity of their policy by comparing it with humans in real-world scenarios. [20] evaluated
the DQL algorithm for autonomous mobile robot navigation in both simulation and real-
world experiments. [26] focused on generating training data for navigating a maze-like
area, while [27] demonstrated the generalization and robustness capabilities of models
trained purely in simulation. [34] evaluated the real-world performance of robot nav-
igation to reach targets.[8] successfully tested a collision avoidance policy on various
mobile platforms in different real-world environments.[10] trained a robot to navigate
in a real-world scenario using data collected by human experts. [5] trained a model in a
simulation environment and demonstrated its adaptability to real-world uncertainties by
testing it on a real tracked robot without fine-tuning.

3.2. Inverse Reinforcement Learning

In [38], real-world routing preferences are modeled using GPS data, while [16] demon-
strates successful navigation path learning from demonstrations using a crowd motion
simulator. [13] generates feasible velocity trajectories resulting in smooth paths for robot
navigation, while [35] introduces a software platform with various contributions includ-
ing GPU-based learning algorithms and teleoperation. [18] evaluates their approach’s
generalization to new situations using datasets of interacting pedestrians, while [36] col-
lects data for a robot’s path planning algorithm using lidar and remote control. [31] uses
Bayesian Inverse Reinforcement Learning to learn reward functions for adventure games,
and [25] demonstrates the effectiveness of their learning approach in enabling robots to
learn complex navigation behaviors with experiments on a real robot and a pedestrian
simulator.

However for real experiments [30] and [18] demonstrate successful social behavior
for mobile robots in crowded environments. [35] showcases the potential for robots to
provide helpful services in public spaces. [17] and [25] focus on robot behavior similar to
human drivers and respecting personal spaces, respectively. The IRL planner was faster
but more conservative, while the robot in [25] maintained personal spaces with the help
of a social relation tracker.
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4. Social Comfort

4.1. Deep Reinforcement Learning and End-to-End approaches

These methods ensure human-aware navigation and achieve socially compliant in dy-
namic pedestrian environments. They include SA-CADRL [1],long short-term memory
(LSTM) extension [7], the SOADRL algorithm [22], the neural network-based approach
[21], the danger-zone prediction method proposed by [32], the approach proposed by [14]
that combines machine learning techniques with the Social Force Model, the method pro-
posed by [11] that models both human-robot cooperation and inter-human interactions,
the attention mechanism-based system proposed by [28], and the approach proposed by
[29] that adapts to pedestrians in real-time while ensuring trajectory planning.

4.2. Inverse Reinforcement Learning

Several studies aim to develop socially compliant path planning frameworks for robots
in human environments. [16] replicates human pedestrian behavior, while [30] imitates
human behavior for socially compliant motions. [35] replicates human interactions, and
[18] focuses on learning pedestrian behavior to predict and navigate through them.Mean-
while, [36], [17], and [25] propose approaches that generate socially adaptive paths by
learning from demonstrated paths and taking social variables into account.

5. Discussion and Conclusion

The aim of this paper is to analyze the collected papers’ ideas to provide future navigation
algorithms with a source of methods that can be combined to improve social navigation
and achieve better results.

To ensure effective learning models, diverse datasets should be used instead of re-
lying on limited recorded datasets. The selected datasets should encompass various lo-
cations and environments for different purposes, not just a specific service or objective.
Examples of valuable datasets include ETH, EWAP, Motion Capture, ZARA, and UCY,
as used by [21]. Other notable datasets include Students [3] and WALLS [29]. Providing
these references is an important contribution of the paper.

Not all studies are evaluated through real experiments due to the difficulties of simu-
lating and generating scenarios. These limitations may include a lack of available robots
or test subjects. Nonetheless, studies like those by [30], which test algorithms in a tourist
environment, [34], which test algorithms in an office, and [8], which test them in a
crowded street and mall, provide crucial insights into different scenarios and random
people for evaluating and achieving robust coverage of situations.

In terms of social comfort, various strategies can be incorporated into navigation.
For instance, [3] and [21] add social norms, [32] presents the concept of danger zones,
[22] learns motion patterns, [10] and [28] propose adaptive robots, and [35] replicate
human-social interaction, and [18] discusses cooperative navigation.
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Abstract. In today’s networked systems a massive amount of data is produced ev-
ery day. These data can be modelled using graphs, where the nodes typically cor-
respond to users or devices and the edges to the connections between them. Al-
most all networks change over time, with new nodes and edges appearing or dis-
appearing as the system matures. Therefore dynamic graph models are more ad-
equate to analyse such networks than static graphs, and appropriate tools need to
be implemented to protect them. In this paper we obtain an edge differentially pri-
vate version of dynamic stochastic block model. We show experimentally that the
trends in the dynamic stochastic block model obtained from the original data are
well preserved with the additional privacy guarantees.

Keywords. Local Differential Privacy, Dynamic Stochastic BlockModel, Dynamic
Graph, Social Network, Edge privacy

1. Introduction

A massive amount of data is produced every day in today’s networked systems, such as
social networks, biological networks, internet peer-to-peer networks, and other technical
networks [1,2]. These data can be modelled using graphs, where the nodes typically
correspond to users or systems and the edges to the connections between them. However,
data changes with time, as well as the corresponding network models. Therefore static
graphs are inadequate to represent such complex network architectures.

It is well recognized that naive anonymization of a graph can result in disclosure.
Attackers can utilize their side-knowledge to infer private information of the graph. For
example, through de-anonymization [3], degree [4], 1-neighbourhood [5], or sub-graph
[6] attacks. For static graphs, appropriate privacy models have been devised and im-
plemented, which can be broadly divided into two categories: those that adhere to k-
anonymity [7] and those that adhere to differential privacy [8]. While using k-anonymity
the existing solutions explore the neighbourhood of the nodes where the anonymised
graph has at least k− 1 nodes with the same degree for each node, or, the same neigh-
bourhood, or, k−1 number of automorphic subgraphs etc. As for, differential privacy the
approaches are mainly centered on triangle counting, smoothing the sensitivity, subgraph
counting, clique counting or generating synthetic graphs [9,10,11]. Also, edge privacy
is more extensively used than node privacy in real-world applications as it provides effi-
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cient privacy protection, while keeping good data utility. Nevertheless, for the dynamic
graphs, there is not so much literature on privacy models or solutions.

In this work, we focus on edge differential privacy for dynamic graphs. We apply the
parallel mechanism [12] to guarantee edge differential privacy in the dynamic stochas-
tic block model [13]. We carry out an empirical evaluation on the Enron dataset [14]
to demonstrate how such algorithm preserves the edges’ privacy while maintaining the
utility of the dynamic stochastic block model.

2. Noise-graph Mechanism

In this section, we define the noise-graph mechanism [15] that we use to randomize the
edges in the snapshot graphs an thus protect their privacy.

We denote by G(V,E) the graph with the set of nodes V and set of edges E = E(G).

Definition 2.1. Let G1(V,E1) and G2(V,E2) be two graphs with the same set of nodes.
Then the addition G = G1⊕G2 is the graph G = (V,E) where E = (E1 \E2)∪ (E2 \E1).

We denote by G′ ∈ G (n, p), a random graph drawn from the Gilbert model (or the
Erdös-Renyi model), in which there are n nodes and each edge in G′ is chosen with
probability p.

Definition 2.2 (Noise-graph mechanism [15]). For any graph G with n nodes, and two
probabilities p0 and p1, we define the following noise-graph mechanism:

Ap0,p1(G) = G⊕G0⊕G1,

where E(G0) =E(G′)\E(G) for G′ ∈G (n,1− p0) and E(G1) =E(G′′)∩E(G) for G′′ ∈
G (n,1− p1).

3. Differential Privacy for Dynamic Graphs

In this section we provide the definitions of dynamic graph and local differential privacy
applied specifically to edges in a dynamic graph. Then, we present the definition of the
parallel protection mechanism and a condition so that these mechanism is ε-edge locally
differentially private [12].

We follow the definition of a dynamic graph [16] which is a network observed at
an initial state G0 which is a graph, and at a set of T further snapshots, evenly spaced
at integer times t = 1, . . . ,T . These other graphs are denoted as G1,G2, ...,GT . Note
that it may be assumed that all the graphs have the same set of nodes, considering that
V (Gi) =

⋃
i=0,...,T

V (Gi).

We denote by 1uv(t) the indicator function of edge uv in Gt , that is 1uv(t) = 1 if
uv ∈ Et , and 1uv(t) = 0 otherwise. Similarly, 1A (uv(t)) is the indicator function of edge uv
in A (Gt), the randomized graph.
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Definition 3.1 (Edge-local differential privacy for dynamic graphs). An edge random-
ization algorithm A : G → G , satisfies ε-edge local differential privacy (is ε-eLDP) if
for every pair of nodes u,v ∈V , any timestamp t ∈ {1, . . .T} and x,x′,y ∈ {0,1}:

P(1A (uv(t)) = y | 1uv(t) = x)≤ eε P(1A (uv(t)) = y | 1uv(t) = x′)

Definition 3.2 (Parallel protection mechanism). Let G = G0,G1, . . . ,GT be a dynamic
graph. Then, we define the parallel protection of the dynamic graph with parameters p0
and p1 as the protection process that provides G̃ = G̃0, G̃1, . . . , G̃T with G̃i = Ap0,p1(Gi)
for i = 0, . . . ,T . We denote the parallel protection of a dynamic graph G with parameters
p0 and p1 as A

||
p0,p1(G).

Remark 3.1. The mechanism A
||
p0,p1 is ε-eLDP if eε ≥max

{
1−p1

p0
, p1
1−p0

, p0
1−p1

, 1−p0
p1

}
.

4. Experimental Results

We perform an experiment on a dynamic social network constructed from the Enron cor-
pus [14], which consists of about 0,5 million email messages between 184 Enron em-
ployees from 1998 to 2002, with the same pre-processing as Xu and Hero [13]. In addi-
tion to the email data, the roles of most of the employees within the company (directors,
CEOs, presidents, vice-presidents, managers, traders, and others) are available.

We fit the Dynamic-Stochastic-Block-Model [13] to the data protected with differ-
ential privacy for ε values from 1 to 10. We note that for ε ≥ 7 the estimated probabil-
ities are the same as without any protection, and for ε < 3 the probabilities are almost
constant, for clarity we included only few values in Fig. 1.

Note that in Fig. 1 the trends of the original data are preserved for large enough ε
and flattened for smaller values. Still, it can be observed in Fig. 1a the increase in edge
probabilities from Enron CEOs to presidents as Enron’s financial situation worsened,
while in Fig. 1b other employees edge probabilities remain at their baseline levels until
Enron fell under federal investigation. More specifically, Fig. 1a shows that the effects
of CEO Skilling resignation in week 89 and the resignation of CEO Lay in week 111 are
preserved in the dynamic stochastic block model with differential privacy, since the two
most prominent peaks in the edge probabilities are present in the protected data.

5. Conclusions

In this work, we applied the parallel mechanism to guarantee edge differential privacy in
the dynamic stochastic block model. We carried out an experimental evaluation on the
Enron dataset, and observed that the trends in the edge probabilities obtained through the
dynamic stochastic block model are well preserved for ε values larger than 3. This shows
that it is possible to analyse dynamic network data with the added privacy guarantees.

It remains as future work to carry out a more detailed evaluation of the differentially
private mechanisms for dynamic networks proposed, applying them to different models
and inference procedures to study the dynamics of other time-evolving networks.
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(a) CEOs to presidents (b) Others to others

Figure 1. Estimated edge probabilities obtained by fitting the Dynamic Stochastic Block Model to the pro-
tected data. Note that for ε = 7 (yellow line) the estimated probabilities are the same as those of the Dynamic
Stochastic Block Model without any protection.
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Abstract. In particle physics experiments, calorimeters are in charge of measur-
ing the energy of incoming particles. In order to correctly estimate and evaluate
the energy and other properties of these particles, a process, called reconstruction,
is required. Because of the amount of collisions and the data-flow, reconstruction
algorithms need to be time savvy. The nature of the problem seems appropriate
for deep neural networks, yet the approach shows constraints. This paper presents
the application to the calorimeter of LHCb in the first upgrade phase under the so-
called Real Time Analysis framework, which is in charge of processing 30 MHz of
data in real time, with its pros and cons.

Keywords. High Energy Physics, Calorimeter, Deep Learning, Optimization,
Model Inference

1. The calorimeter reconstruction challenge

In the field of high energy physics (HEP) there are many computational challenges re-
garding data. As an example, the LHCb experiment at CERN currently processes 30
MHz of non-empty proton-proton collisions, which generate a data flow of 5 TB/s pro-
duced by the eight sub-detectors readout [2]. Far beyond the limits of storage technology,
this rate is filtered by a factor 400 by the called trigger system [1] before its storage. This
trigger relays on a full reconstruction of the collision events in order to make specific
selections of physics signatures to decide which events are stored for further analysis.
There are two stages in the trigger system: the High Level Trigger 1 (HLT1) [4], which
processes the full detector readout in a GPU framework and performs a partial recon-
struction of events and primarily selections; and the High Level Trigger 2 (HLT2) which
makes a full reconstruction of events using a quasi-real-time alignment and calibration of
the detector together with the order of a thousand specific selection algorithms. HLT2 has
a throughput of 10 GB/s of reconstructed events and is executed in a CPU framework.
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With independence of the trigger stage, the reconstruction of events consists on a
series of specific algorithms that process the data generated by each of the LHCb sub-
detectors. By analysing the interaction of particles with the detector, the particles pro-
duced in the collision are identified.

One of the eight sub-detectors in LHCb is the electromagnetic calorimeter (ECAL)
[10]. It is designed to measure the energy and position of particles as they interact with
the detector material with high precision and is the only detector capable to identify neu-
tral particles. It has a rectangular shape of 7.8×6.3 m and is placed perpendicular to the
accelerator beam pipe. The ECAL structure is segmented into individual square-shaped
modules that perform the energy measurement. Each module has a variable number of
readout cells depending on the position, which conform three rectangular regions with
increasing granularity around the central beam pipe. The output data obtained from the
calorimeter are the values from the 6016 readout cells concerning the accumulated en-
ergy deposited by incident particles in a single collision. The energy deposits from a
single collision are values from 0 to 10.240 called digits.

Regarding the reconstruction process, it consists on clustering together the energy
deposits that belong to the same incident particle, which are then called clusters. Al-
though the module shape is designed to contain the full energy of an incident particle,
they may not impact at the center of a module. Therefore, the energy shower deposited
by a particle is reconstructed as a 3× 3 cell group. Given the current LHCb running
conditions, ECAL has a high occupancy with the order of 250 clusters per event. This
implies that many clusters are overlapping in the inner-most region, which adds more
complexity to the reconstruction process.

Entering in the detail of a generic reconstruction for ECAL, it can be segmented
into three processes. The first step is to identify the seeds of clusters, defined as the most
energetic deposit in a local cell matrix of 3× 3. Only deposits of more than 50 MeV
are considered to be a seed as ECAL is focused in the reconstruction of photons and
electrons that deposit all of its energy in the calorimeter cells. This also helps to filter
out the background noise. The second step in the reconstruction chain is to tag the rest
of the digits from a single collision to the closest seed. If a digit is in between two seeds,
it is tagged to both of them and later processed as an overlapping cell. The final step
consists in accumulating the energy of all the digits tagged to a seed and account it as a
reconstructed cluster. In case of an overlapping cell, its energy is split according to the
energy of the overlapping clusters and each part is linked to the respective cluster.

2. Evolution of methodologies

The process of reconstructing calorimeter data can be viewed as a clustering problem,
where the primary objective is to group energy deposits from particles according to spe-
cific rules. Traditional unsupervised clustering algorithms use extensive recursive func-
tions with distance or density metrics for creating clusters [6]. However, the approach
taken for calorimeter data reconstruction in LHCb stands apart from classical clustering
algorithms. This distinction arises due to the strong physics and execution time require-
ments.

Focusing on the field of calorimetry in High Energy Physics, the Cellular Automaton
has been a benchmark solution for many years [3] in LHCb. A more recent optimization
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of the latter, an algorithm named Graph Clustering [14] is the current solution for the
ECAL reconstruction in HLT2. It is based in the use of graph data structures to store the
energy deposits from an event, such that the related digits are closely linked in the graph.
This allows for a fast and efficient processing of the overlapping clusters and a flexible
representation of data. Although Graph Clustering clearly outperforms the previously
used method in terms of execution time, it still has a quadratic complexity curve that
grows with the number of energy deposits. This points out the vision of future LHCb
upgrades in which the occupancy of the detector is expected to increase by a factor of 10
[8].

To keep up with such rates, there are two main approaches that can flatten the com-
plexity curve. The first one is to take advantage of parallel architectures such as GPUs
and FPGAs, which requires a non-trivial translation of the algorithms to take advantage
of small local operations that are highly parallelizable. In this direction, some efforts are
currently being made in order to adapt the logic of the Graph Clustering algorithm into
the preliminary ECAL reconstruction algorithm in the HLT1 GPU framework [15].

On the other hand, the second approach to reduce the reconstruction complexity
is through the use of deep learning models. If the ECAL readout data from a collision
would be modeled as an image, it would have 6016 pixels with values from 0 to 10.240
from which the reconstructed clusters energy and positions need to be extracted.

It has long been demonstrated that artificial intelligence is well suited for many dif-
ferent HEP challenges [11,9]. Specifically, deep learning models have proven to solve
many complex issues at very high speeds, only at the cost of increasing the time and
complexity of the training. However, complex models tend to explode in number of pa-
rameters, which end up causing the inference to be slow. There is a current trend in HEP
to make an efficient use of deep learning models by optimizing the networks itself. This
optimization is achieved when the needs of the problem to solve are well understood and
the network is modeled and trained accordingly.

On this same line, there is a proposed solution for the ECAL reconstruction that
uses a sequence of two convolutional neural networks [13]. The main aspect of such
approach is that segmenting the reconstruction process into steps allows to train neural
networks on the rules that solve a general formulation of the problem. Furthermore,
the understanding of the local nature of the problem leads to a simplification of the
data-set, where thousands of training samples are extracted from only 2000 full ECAL
simulations. Results regarding the inference time using simulation samples of LHCb
collisions show a nearly constant behavior towards the number of digits in a collision
compared to a version of the benchmark Cellular Automaton algorithm, as shown in
Figure 1.

3. Limitations and constraints

In the latest years, there has been an increasing interest in machine learning and deep
learning inference engines as a tool for fast deployment of AI models into production.
One of the standards used in HEP is the TMVA tool for performing multivariate analysis
in the ROOT framework [7]. It has long been used in LHCb for offline analysis of large
data samples using mainly boosted decision trees (BDT) and multi layered perceptrons
(MLP). But precisely because this tool is thought to be used in offline analysis, it priori-
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Figure 1. Scatter plot of the mean computational time over the number of digits per collision from LHCb
simulations. Comparing a Python version of the LHCb benchmark Cellular Automaton and the simplified deep
learning implementation [13].

tizes easy usability rather than inference performance. As an example, a fast neural net-
work based algorithm was proposed in 2017 for LHCb [5]. However the use of TMVA
tools was not sufficient to cope with the HLT2 throughput requirements and it required
by-hand modifications of the code to allow auto-vectorization and further optimizations
of the implementation.

Since this is not scalable and hard to maintain, other tools have started to come into
play. Focusing on the model deployment, ONNX is an open format built to represent ma-
chine learning models. It defines the building blocks of ML and DL models as common
operators and creates a common file format that allows to use the AI models in different
frameworks. On the same line, TensorRT is a software development key from NVIDIA
that provides high-performance deep learning inference for CUDA environments. It also
allows to read and use ONNX files.

Taking advantage of the NVIDIA tools for CUDA, recent studies have used Ten-
sorRT to test the inference of two benchmark dense neural networks in the HLT1 GPU
platform in LHCb [12]. The two networks tested are both MLP architectures using 17
input features from the LHCb tracking detectors. Looking at the overall results, the ker-
nel overhead is the main bottleneck for throughput but large batch sizes minimize the
throughput decrease. To give more detail, the first model tested is a dense neural net-
work with two hidden layers. With the order of 1000 parameters, the HLT1 reconstruc-
tion sequence shows almost no throughput reduction using one instance of the network.
However, compared to the second, larger approach, with six hidden layers of up to 128
neurons each, the throughput shows a decrease of almost 5%.

We can extrapolate those numbers to the simplified deep learning approach for the
ECAL reconstruction. Recalling the network architectures of the approach, it consists of
a first convolutional neural network with 1272 parameters for each of the three ECAL
regions. The input data is represented as images of sizes 64× 52, 64× 40 and 48× 36
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pixels for the Outer, Middle and Inner regions respectively. As a second sequential step,
the data from the first networks is processed in windows of 7× 7 cells to isolate the
relevant information for a single cluster. Then, this window is convoluted with a MLP
kernel of size 5×5, which has 108,993 parameters. Further details on the network chain
can be found in the original paper [13]. Overall, the overhead of the data processing and
the MLP network inference can be approximated to have the same cost as the six hidden
layer model tested in HLT1. To have a broad estimation of the whole impact of the ECAL
reconstruction approach, we need to add the inference cost of the first CNN. Although
it is negligible for one instance, the approach has one instance per region, which has an
impact of almost 6% to the total throughput. Therefore, with a broad estimation, we can
say that the DL approach for ECAL reconstruction would imply a throughput reduction
of 11% of the whole HLT1 sequence when executed inside the GPU framework of LHCb.

This high inference impact is further enhanced when compared with the cost of the
current calorimeter reconstruction in HLT1, which uses a set of CUDA algorithms to
find the cluster seeds and build 3×3 clusters around them. This simplified algorithm that
does not take into account the overlap between clusters represents a 4% of the total HLT1
reconstruction throughput.

4. Discussion and conclusions

All the algorithms currently implemented for HLT1 and HLT2 have a strong dependency
in the number of digits in a collision. Even tho the parallelization of CUDA algorithms
can help to mitigate this effect, the future prospects for the LHC experiments include a
major upgrade in which the objective is to increase the number of particles generated in
every collision by a factor of 10. In such a scenario, a deep learning model with nearly
constant inference time, regardless of data complexity, becomes highly valuable.

However, although the many application of AI models in HEP have demonstrated to
be very effective in data analysis and reconstruction, the inference of such models to the
real experiments frameworks is a clear bottleneck.

Through the study of the LHCb calorimeter reconstruction, we have seen that the
standard HEP tools for the inference of models are not scalable and require an expert
knowledge in advanced code optimization which sets a huge barrier for deploying or
testing the models.

On the other hand, newer tools are starting to be mature enough to allow a gen-
eralized format for inferencing AI models that provide fast inferences in an optimized
environment. However, the ECAL reconstruction process requires a set of complex op-
erations that are non trivial for an AI application. Even with an optimized and simpli-
fied network architecture, the resulting algorithm is expected to have a non-negligible
decreasing effect on the throughput even with parallel architectures.

The first outcome we want to raise is that deep learning models will only be suited
for HEP trigger-like applications if they are small, simplified and well optimized. This
can only be achieved when the insights of the problem are well understood and a network
is modeled according to them, instead of expecting a model to learn the general rules of
the problem by itself.

As a second message, it is key for the future development of deep learning appli-
cations in HEP to push the development of fast and optimized tools for inferencing AI
models inside HEP frameworks either with CPUs or GPUs.

N. Valls Canudas et al. / Reconstruction of the LHCb Calorimeter Using Machine Learning 281



Acknowledgement

This work is supported by MICINN under Grant PID2019-106448GB-C32 and by Gen-
eralitat de Catalunya under Grant 2021 SGR 01398.

References

[1] Aaij, A.; Benson, S.; De Cian, M.; Dziurda, A; Fitzpatrick, C.; Govorkova, E.; Lupton, O.; Matev, R.;
Neubert, S.; Pearce, A.; Schreiner, H.; Stahl, S. and Vesterinen, M. A comprehensive real-time analysis
model at the LHCb experiment; Journal of Instrumentation, 2019, 14(04).

[2] Bediaga, I.; Chanal, H.; Hopchev, P.; Cadeddu, S.; Stoica, S.; Calvo Gomez, M.; T’Jampens, S.;
Machikhiliyan, I.V.; Guzik, Z.; Alves, A.A., Jr.; et al. Framework TDR for the LHCb Upgrade: Technical
Design Report; Technical Report; LHCb-TDR-012; Geneva, CERN 2012.

[3] Breton, V.; Brun, N.; Perret, P. A Clustering Algorithm for the LHCb Electromagnetic Calorimeter Using
a Cellular Automaton; Technical Report; CERN-LHCb-2001-123; Geneva, CERN 2001.

[4] The LHCb Collaboration. LHCb Upgrade GPU High Level Trigger Technical Design Report; Technical
report, CERN-LHCC-2020-006, LHCb-TDR-021, CERN, Geneva, 2020.

[5] De Cian, M.; Farry, S.; Seyfert, P. and Stahl, S. Fast neural-net based fake track rejection in the LHCb
reconstruction; Technical report, CERN-LHCb-PUB-2017-011, LHCb-PUB-2017-011, CERN, Geneva,
2017.

[6] Han, J.; Pei, J. and Kamber, M. Data mining: concepts and techniques; Elsevier, 2011
[7] Hoecker, A.; Speckmayer, P.; et al. TMVA - Toolkit for Multivariate Data Analysis; arXiv preprint

physics/0703039, 2009.
[8] The LHCb Collaboration. Framework TDR for the LHCb Upgrade II - Opportunities in flavour physics,

and beyond, in the HL-LHC era; Technical report, CERN-LHCC-2021-012, LHCB-TDR-0231, CERN,
Geneva, 2021.

[9] Mazurek, M. Deep learning solutions for 2D calorimetric cluster reconstruction at LHCb.; 4th Inter-
experiment Machine Learning Workshop; Talk; LHCb-TALK-2020-178; 2020.

[10] Omelaenko, O.; Dalpiaz, P.; Guzik, Z.; Spiridenkov, E.; Jarron, P.; Semenov, V.; Ocariz, J.; Khan, A.;
Perret, P.; Schneider, O.; et al. LHCb Calorimeters: Technical Design Report; Technical Report; LHCb-
TDR-002; Geneva, CERN 2000.

[11] Qasim, S.R.; Kieseler, J.; Iiyama, Y.; Pierini, M. Learning representations of irregular particle-detector
geometry with distance-weighted graph networks.; The European Physical Journal C, 2019, 79(7), 1-11.

[12] Sclocco, A.; Ali, S.; van den Oord, G.; Cámpora Pérez, D.; de Vries, J.; Aaij, R. and van Veghel, M.
High-throughput machine learning inference with NVIDIA TensorRT; Presented at 26th International
Conference on Computing in High Energy and Nuclear Physics (CHEP23), Talk; Norfolk, Virginia, USA;
2023.
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Abstract. Over the past few years, Keyword Spotting (KWS) has emerged as a
popular area of research. Although numerous open-source KWS datasets have been
recently released, there is a general lack of realism in benchmarking the false alarm
rate (FAR) in real environments. This can produce models that achieve great ac-
curacies but are not able to work on real-world conditions due to a high number
of false triggers. In this work, we demonstrate that two recent KWS models re-
port state-of-the-art accuracies on Google Speech Command dataset but suffer from
high false alarm rates in presence of noisy environments. To this end, we propose
an extensive benchmark dataset comprising various real-world noises and sounds
to evaluate specifically the FAR across different acoustic environments.

Keywords. keyword spotting, command understanding, benchmark, false alarm
mitigation

1. Introduction

Keyword Spotting (KWS) is widely used nowadays for wake-up word detection and
command recognition. One of the main challenges of KWS systems is to achieve a
good detection accuracy of the target keywords while maintaining a low false alarm rate
(FAR). An occurrence of a false alarm (FA) takes place when the model identifies a word
that was not actually spoken, leading to a wrong action. It is crucial to reduce the number
of false alarms to the minimum, as the impact of triggering the device when the keyword
is not present is equal or even greater than the cost of not detecting it [1].

In recent years, several datasets have been released for training and benchmarking
KWS models. The most well-known is Google Speech Commands (GSC) [2]. This cor-
pus has 10 target keywords along with another 25 words that are used as negative sam-
ples to train the unknown class. Other less common datasets are Mobvoi [3], which has
two target keywords and an extensive set of negative samples composed of other words
and speech, and Multilingual Spoken Corpus [4], with 340,000 keywords in 50 different
languages.

However, none of the abovementioned datasets include a set of negative samples that
is representative enough of the background noises and sounds that can be found in a real
environment. This can cause a model to report great accuracies on these datasets while
they fail to work in a real environment due to a high number of false alarms per hour.

In this paper, we demonstrate that two state-of-the-art KWS models suffer from high
false alarm rates on real acoustic conditions even though they report high accuracies
on Google Speech Commands dataset. To this end, we propose an extensive dataset to
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benchmark specifically the false alarm rate in real environments of any KWS model.
This corpus contains more than 52,000 negative samples recorded in a variety of real
environments that represent many acoustic situations, and can be used to evaluate FAR
of any KWS model.

2. Methods

2.1. FAR Benchmark Dataset

Many open-source KWS benchmarks focus mainly on the ability to discern between
the target keywords and other non-target words. However, there is a lack of realism in
benchmarking FAR in presence of real-world noises and sounds, so that models are ro-
bust enough to work under real conditions. To alleviate this issue, we create an extensive
dataset composed of 52,198 1-second audio samples to benchmark specifically the false
alarm rate of any KWS model in real-world conditions. These samples contain sounds,
speech, and background noises recorded in different real situations. All samples that
comprise speech have been manually reviewed to ensure that they do not contain any of
the target keywords of the Google Speech Commands dataset. The samples are recorded
using a standard laptop microphone at 16 kHz, and are divided in multiple categories, as
listed in Table 1: in the category TV show, we include samples with several TV contents
playing in the background. To gather these samples, the microphone was placed in sev-
eral locations around the room, and the TV volume was varied several times. The pod-
cast category contains a loudspeaker playing several chapters of a BBC podcast. Simi-
larly, the street category has a loudspeaker playing noises recorded from a real street in
New York City. In the people category, we include samples with different crowds talking
in the background and, finally, the living room category includes multiple daily sounds
that can be found in a house, such as people eating at a table or the sound of a vacuum
cleaner.

Table 1. Categories and number of samples in our proposed FAR Benchmark dataset

TV Show Podcast Street People Living Room

#Samples 23,759 4,713 6,060 3,174 14,492
#Hours 6.6 1.3 1.68 4.03 4.03

2.2. Neural Network Architectures

We conduct the experiments using two state-of-the-art KWS architectures: the Multi-
head attention RNN (MHAtt RNN) [5] and the Keyword Transformer (KWT) presented
in [6]. The Multi-head attention RNN is based on the “Attention RNN” architecture [7],
which combines a CNN, a bidirectional LSTM, and an attention layer. The model has
the ability to capture local relations in a feature map and the ability of RNNs to focus
on long-term dependencies. The MHAtt RNN model takes the same architecture as the
Attention RNN with two main changes, which are a) replacing the LSTM with Gated
Recurrent Units (GRU) and b) using the multi-head attention method presented in [8] to
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focus on more than one relevant part of the input audio. The Keyword Transformer is the
first Transformer-based architecture for keyword spotting that relies solely on attention
layers. It takes as input the Mel spectrogram of the audio divided into several patches
within the time domain. These patches are flattened and mapped to a higher dimension d
using a linear projection matrix. Two learnable embeddings are then added to the input
patches to provide the encoder layers with some extra information: a class embedding
and a positional embedding. These updated inputs (the original spectrogram patches with
the extra embeddings) are then fed into a set of L encoder layers, which perform multi-
head attention with k different heads. We employ the code released by [9] to train the
MHAtt RNN model. For the KWT, we use the implementation released by [6].

3. Experiments

3.1. Dataset

We train the two selected KWS architectures on the Google Speech Commands (GSC)
dataset [2]. GSC is a large-scale open-source dataset that comprises over 100,000 utter-
ances of 35 different words recorded by thousands of speakers. It is widely used in re-
search and industry, and it has been key in advancing the field of speech recognition in
recent years. From the 35 available words, 10 are used as target keywords and the rest of
them are used to train the unknown class, as described in Table 2. In our experiments, we
use the split files provided by [2] to divide the dataset into training, validation and testing
set, with ratio 80:10:10. The unknown class is composed of a subset of 3,500 samples
from the non-target utterances to maintain a balance among classes.

Table 2. Target and non-target keywords included in Google Speech Commands dataset.

Target
keywords

yes no up down left
right on off stop go

Non-
target
keywords

zero one two three four
five six seven eight nine
bed bird cat dog happy

house Marvin Sheila tree wow
backward forward follow learn visual

3.2. Results

In Table 3 we evaluate MHAtt RNN and KWT in terms of accuracy on GSC and FAR
on our proposed FAR benchmark dataset. The two architectures report state-of-the-art
accuracies on GSC, achieving 99.34% in the case of the MHAtt RNN and 99.72% in the
case of KWT.

However, FAR results on our proposed dataset show that both models suffer from a
serious false alarm problem when facing noisy samples recorded in multiple real envi-
ronments. If we consider the case of a commercial voice assistant, it would be unaccept-
able that the system gets triggered by a non-target utterance more than 100 times every
hour in the best case scenario (considering the MHAtt RNN). In the case of KWT, this
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FAR increases up to 902 FA per hour. Overall, this demonstrates that the robustness of
a KWS model can not be benchmarked with enough confidence using only the accuracy
on GSC, as it may lead to a FA issue in real-life conditions.

Table 3. Accuracy on GSC and FAR results in our proposed FAR Benchmark dataset.

Model Accuracy (GSC) FAR (%) FAR (FA/h)

MHAtt RNN 99.34 2.88 103.6
KWT 99.72 25.06 902.1

4. Conclusions and Future Work

In this paper, we demonstrated that current KWS benchmarks are not sufficient to eval-
uate the robustness of the models in terms of FAR in real-life conditions. To this end,
we created an extensive dataset of real-world noises and sounds to benchmark FAR in a
variety of acoustic environments. Using this dataset, we proved that two state-of-the-art
models suffer from a serious false alarm issue when trained on Google Speech Com-
mands dataset. In future work, we plan to further investigate this issue and propose a
false alarm mitigation solution at the dataset level. Our next steps will be thus devoted to
reduce FAR in real-world conditions with minor impact on the accuracy of the models.
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Abstract. The Sons al Balcó project was a citizen science initiative that started
during the lockdown consisting in collecting videos recorded in domestic balconies
during 2020 and 2021, along with perceptual questionnaires about the soundscape.
It has developed into a citizen science project that aims at analyzing the quality of
urban quiet places. In previous work, we applied artificial intelligence techniques to
automatically detect and classify acoustic events present on the videos. However, to
better understand the impact of these events on people’s lives, it is important to con-
sider their perception of the soundscape. In this work, we propose a method to in-
corporate perceptual data into the acoustic event detection algorithm. Specifically,
we aim to predict users’ perception of the soundscape based on their responses to
the questionnaires. Our target is to train a machine learning model to predict the
perceptual rating of a soundscape based on the acoustic events and their acoustic
features present in a location. When completed, our work will enable a more com-
prehensive and accurate assessment of the soundscape, taking into account both
objective acoustic features and subjective perceptual responses.

Keywords. Soundscape, machine learning, AI application, neural networks,
perceptual soundscape evaluation

1. Introduction

Acoustic event detection and classification is a research topic that the scientific commu-
nity has widely explored in the last years [1]. Even though the field is still under devel-
opment, automatic AI tools to detect acoustic events have become more available. These
tools, together with an increment of awareness of the dangers of noise pollution, have en-
abled the emergence of new research areas related to soundscape evaluation. These eval-
uations can be carried out by means of quantitative data (e.g., equivalent noise level) or
qualitative data (i.e., the perception of citizens). However, until now, the perceptual eval-
uations of acoustic environments have been usually carried out by questionnaires made
to citizens, implying that the community still lacks an automatic tool to rate a soundscape
depending on how pleasant it is for citizens.
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For this reason, this paper proposes an experimental set-up to develop an artificial
intelligence model able to rate soundscapes trained with two different types of inputs:
(1) acoustic event labels obtained using a deep neural network and (2) ratings of humans
that have classified the soundscapes as pleasant or unpleasant using questionnaires.

2. Proposed experimental set-up

The data used to develop the automatic tool will come from the research project Sons al
Balcó, which was a citizen science project that gathered more than 600 videos together
with a perceptual questionnaire in different spots of Catalonia [2] during 2020 and 2021.
In previous works [1], a neural network that detected acoustic events was trained using
the sound from these videos. However, this network was not able to determine the quality
of the soundscape of the video.

This work proposes a system capable of estimating the quality of the soundscape
using as inputs the acoustic event labels together with the answers of the questionnaires
(see Figure 1). Specifically, the proposed pipeline consists of two experiments:

Experiment 1: Rate the soundscape as good/bad depending on the perception of
users. For this purpose, a binary classifier will be used (e.g., logistic regression).

Experiment 2: Estimate the soundscape quality using a 1-to-5 rating scale. In this
case, a regression algorithm will be used.

Figure 1. Proposed experimental set-up.

3. Conclusions

This paper proposes an experimental set-up to estimate the quality of a soundscape by
merging acoustic event labels obtained using automatic classifiers and the answers of
perceptual questionnaires.
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Abstract. In this study, we propose a methodology using hesitant fuzzy linguistic 
term sets to aggregate rating values. The main idea is to define an integrated 

methodology for collaborative platforms involving individuals that use the same set 

of linguistic terms with different semantics. The objective is to fuse the opinions of 

different profiles of reviewers or customers when assessing an alternative. The 

proposed approach allows considering previous assessments to give personalized 
meaning to a set of linguistic terms. To this end, the concepts of linguistic perceptual 

maps and projections among perceptual maps are introduced to model and aggregate 

reviewers’ different profiles. Finally, we compute a measure of consensus to capture 

the agreement among reviewers’ opinions. All these concepts are applied in a real 
case example of rating books from Amazon to demonstrate the potential of the 

methodology in facilitating the evaluation and comparison of different alternatives. 

Using our methodology, the degree of consensus among customers can be used to 

rate in a more precise way the books before recommendation. 

Keywords. Hesitant Fuzzy Linguistic Terms Sets, Consensus measurement, 

Customers’ profiles, Rating scales 

 

1. Introduction 

Ratings are usually used to assess alternatives and provide users with an insight into the 

shared opinions. Despite the widespread use of ratings as a means of evaluation, 

individuals may interpret them differently. Therefore, how can a system standardize the 

perception of diverse users to accurately interpret their rating scales? 
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 In this paper, we present a new methodology to aggregate assessments and measure 

consensus coming from a rating context. In general, rating scales do not consider that the 

assessments may come from individuals with different profiles, and they may be 

considering differently the meaning of the rating scales [1]. Different linguistic scales 

are simultaneously considered in this study to represent and aggregate individuals’ 

ratings taking into account not only their preferences but also their different perceptions 

[2, 3, 4]. In this way, the meaning of each linguistic term is not being considered the 

same for all reviewers, but different semantics for the same linguistic terms are 

considered depending on their profiles [5, 6]. 

 

In this study, we introduce the concept of common perceptual map, which provides 

a shared scale to represent different individuals’ perceptions together [8]. Second, we 

propose the use of a projection function for the representation of each individual’s 

linguistic assessment into this common perceptual map [8, 9]. Then, we propose the use 

of a centroid to aggregate the opinions of individuals. This centroid is obtained in the 

common perceptual map, where all opinions can be correctly represented. Finally, we 

consider a measure of consensus which considers the hesitancy and individual 

perceptions expressed in the common perceptual map. 

 

Data from Amazon Books’ recommender system is used to show the applicability 

of the proposed methodology in facilitating the evaluation and comparison of different 

books considering two different profiles of customers: lenient and strict. The data set 

considered for this application contains 3,000,000 reviews from more than 200,000 

books.  

 

The paper is structured as follows: Section 2 outlines the fundamental concepts and 

relations of hesitant fuzzy linguistic term sets (HFLTSs) to define the concept of 

perceptual map, including the notions of centroid and degree of consensus. Following 

this, Section 3, presents the methodology based on these concepts. In Section 4, an 

application to a real-world scenario based on Amazon Books’ recommender system is 

developed. Lastly, Section 5 summarizes the conclusions, challenges, and potential 

directions for future research. 

2. Preliminaries: Common perceptual map framework 

The general theoretical framework considered in this paper is based on the concept of 

HFLTSs introduced in [10] that allow users to express hesitancy in their opinions. In 

addition, in this section, we consider the concept of common perceptual map as 

introduced in [8, 9], as the framework in which rating values from different users’ 

profiles can be expressed and aggregated.  

 

Definition 1. Let � be a finite totally ordered set of basic linguistic terms � � ����� � �	
 
with �� � � � �	 . A basic linguistic perceptual map is a pair 
�� ��  where �  is a 

normalized measure over �, that is, �� � � ��such that � �
��� � �	��� � 
 

Remark 1.   Note that any basic linguistic perceptual map is associated to a partition � 

of the unit interval [0, 1] in n sub-intervals of lengths ��
���� � � �
�	�
  and 
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landmarks��� � �� � ��� ��������� � �	�� � ��	 � �. The relation of the landmarks and 

the width of the basic linguistic labels is � � � �
�!� !�� �and �
� � � � " � �� for 

any�# � ��� � $. 

 

The previous definition considers a universal set of basic linguistic terms but 

different interpretations of these terms, that is, all individuals use the same set of terms 

but each one has its own perceptual map. 

 

Definition 2. ([10]) Given a set of basic linguistic terms � � ����� � �	
, a hesitant fuzzy 
linguistic term set (HFLTS) over � is a subset of consecutive elements of �, i.e. % &
'��� �() � �* + �,��� - * - �(
, for some .� / + ��� � � $
 with . - /. 
 

The set of all HFLTS is denoted as 01. In [11] it is shown that this set has a lattice 

structure if the empty set is included. 

 

When reviewers give a rating to assess an alternative, they normally use a precise 

rating (a basic term in the defined terminology). However, when this assessment is 

projected onto a common scale, we will see that this rating introduces a certain level of 

hesitancy. For this reason, the HFLTS framework is very suitable in our approach. 

 

Remark 2.   Any HFLTS % � '��� �() + 01  is associated with the subinterval 

2����� �(3 4 2���3��  where �� ,  . + ��� � � $
,  are the landmarks corresponding to the 

partition � to which Remark 1 refers. 

 

Definition 3. Given the set 01, a linguistic perceptual map is a pair 
01� �� where � is 

a normalized measure over � and �5'��� �()6 � � �
�!� � �( " ����(
!�� . 

 

From now on, we call �
%� the width of %. The width of % match the length of the 

real interval associated. 

 

Definition 4. Let  
017� � �� �# + ���� � 8
 a set of�8 linguistic perceptual maps with 

9� � $ , the common perceptual map, 501:� �;6��is the linguistic perceptual map 

associated to the partition of the unit interval �; of landmarks < < ��� 
	7
���

! �� . 

 

Definition 5. If % � 2�� � �( 3 + 017, there exists a unique %= + 01: such that it has 

the same subinterval associated, 2���� � �( 3 4 2���3. We call %> the projection of % into 

01:� 

Definition 6.  Let 
01� ��  be a linguistic perceptual map. Given %�� �%?� + 01� �the 

perceptual-based distance between %��and %? is defined as: 

 @A
%�� �%?� � �B� � ��
%� C �%?� " ��
%�� " ��
%?� (1) 

where C denotes the connected union, that is, the less element of 01 to respect to the 

inclusion relation that contains both %� and %?. It is easy to prove that this definition 

gives indeed a distance in 01.  
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Definition 7. Let 
01� �� be a linguistic perceptual map. Let �%������ %!
 D 01 , the 

centroid of this set, denoted as %E , is defined as the element in 01 that minimizes the 

addition of distances to all the HFLTSs in this set: 

 

 
%F � GHIJKLM+0N

O @A5%�%(6
!

(��
 

(2) 

 

When the set of %PQR�� corresponds to the assessments provided by a group of 

DMs, the centroid is considered as the central opinion of the group of DMs. Note that, 

when 8 is an odd number, %F is unique.  Nevertheless, when 8 is an even number, there 

can be more than one HFLTS satisfying (2); then, in each application, an extra criterion 

must be used to select a specific centroid. 

 

Finally, in this context, we define the degree of consensus of a set of opinions 

derived from the addition of all the distances between the opinions and the centroid. 

 

Definition 8.  Let�S be an object to be assessed using HFLTS's from 
01� �� . Given a 

group of DMs, T � �U�� �U?� �� �� �� �� �U!
� � let �%������%!
�be their assessments of S�and 

%F�the centroid. The degree of consensus of the group is defined as: 

 
VW
T� � � "

� @A5%(�%F6!(��
X  

(3) 

where X�is a normalization term assuring VY is between � and �. 

3. Methodology: Aggregating rating values from different customers’ profiles 

In this section, we present a methodology to fuse the opinions of different profiles of 

customers or reviewers when assessing alternatives in a certain context. The 

methodology is a reduced version of the methodology introduced in [13], and it is 

inspired by a previous work in which the fusion of ratings was considered in evaluations 

obtained from recommender systems [12].  

 

The methodology follows four steps:  

 

Step 1. Define different profiles of customers: We consider that different customers 

interpret the same linguistic terms in different ways. A profile is a set of customers that 

share the semantics for these set of terms. Each profile has its own linguistic perceptual 

map (017� � �� 
 

Step 2. Obtain the linguistic perceptual map per each profile: For the profile #, 

� 
��� is calculated, from . � �� � � $ , as the relative frequency with which profile # 

assigns the basic label ��  in other assessments. It is reasonable that if the individuals of 

the profile use very often a determined basic label, the width of this basic label will be 

large. Once the set of widths has been determined, the landmarks of the associated 

partition ����� � �	7
 are computed as detailed in Remark 1.  
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Step 3. Obtain the common perceptual map: Once a linguistic perceptual map has 

been determined for each customers’ profile, the common perceptual map, (01:� �;�, is 
calculated whereby all the profile perceptual maps are unified. Then, all assessments are 

projected from its own linguistic perceptual map to the common perceptual map.   

 

Step 4. Compute the centroid and the degree of consensus in the common perceptual 
map: After the common perceptual map has been calculated, the centroid, %F, and the 

degree of consensus, VW
T�, are computed in this common space. 

 

4. An application to on-line books rating 

4.1. Data set description 

The data1 set used to illustrate the proposed methodology consists of two tables, one for 
books and another for reviews. Information about the books includes the title and 

category while the review information includes the reviewer id, rating, review text, and 

time it was written. To better exemplify the methodology, we focus on the ratings. After 

a cleaning process of dropping missing values and duplicates (we left the most recent 

review if the same reviewer reviewed the same book), there are 2,397,614 reviews, 

216,023 books and 1,008,972 reviewers. Then, we filtered for reviewers who had written 

at least 50 reviews to obtain the profile of each one. There were 2,656 reviewers 

satisfying this constraint who reviewed 81,382 books. At the end, only 2,060 books 

reviewed by at least 25 reviewers have been considered. 

4.2. Experimental approach 

In this case, a book may be rated on a scale from 1 to 5 stars, with each star representing 

a particular level of satisfaction. The set of basic linguistic terms in the context of this 

case is �� � ���� �?� �Z� �[� �\
. We follow the four steps proposed in Section 3 to find the 

centroid for each book and to compute the degree of consensus among reviewers in the 

common perceptual map. 

 

First, according to step 1, we divided reviewers into two groups or profiles based on 

the frequency with which they rated books with a rating of 5 stars. We have named the 

two groups of reviewers as: lenient and strict. Those who rated books with 5 stars more 

than 60% of the time were considered to be lenient and the remaining reviewers were 

considered strict. There were 1595 reviewers in the strict group who had written 191,610 

reviews. In the lenient group there were 1061 reviewers who had written 133.552 reviews.  

 

 
1The dataset is obtained from Kaggle.com and it is built from two sources:  

� https://jmcauley.ucsd.edu/data/amazon/ Citation Ups and downs: Modeling 

the visual evolution of fashion trends with one-class collaborative filtering R. He, J. 

McAuley WWW, 2016 Image-based recommendations on styles and substitutes J. 

McAuley, C. Targett, J. Shi, A. van den Hengel SIGIR, 2015 

� google books API. 
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Second, as presented in the step 2, we computed the relative frequency of the ratings 

for each group separately in order to obtain the perceptual map for each profile and its 

respective landmarks. These values are presented in Table 1. We also computed the 

perceptual map and its respective landmarks where different profiles are ignored. 
 

Table 1: Relative frequencies and widths of basics and landmarks of the partitions for the  

two profiles: lenient and strict and also without profiling.  
 

# scores �� �? �Z   �[  �\ 
lenient 1431 1861 5872 21332 103056 

strict 4961 10789 32424 71342 72094 

total 6392 12650 38296 92674 175150 
      

width of basics �� �? �Z  �[ �\ 
lenient 0.011 0.014 0.044 0.160 0.772 

strict 0.026 0.056 0.169 0.372 0.376 

no profiles 0.020 0.039 0.118 0.285 0.539 
      

landmarks  �� �? �Z �[ �\ 
lenient 0.011 0.025 0.069 0.228 1.000 

strict 0.026 0.082 0.251 0.624 1.000 

no profiles 0.020 0.059 0.176 0.461 1.000 
 

Third, from the group linguistic perceptual maps we obtained the common 

perceptual map considering the union of both sets of landmarks. Figure 1 shows the 

graphic representation of the perceptual maps corresponding to the two profiles and the 

common perceptual map. In addition, the perceptual map where different profiles are 

ignored is represented at the bottom of Figure 1.  

 

 
Figure 1. Graphic representation of perceptual maps for the two profiles: lenient and strict, the 

common perceptual map and, at the bottom, the perceptual map where no profiles are considered� 
 

The cardinals of �]  for lenient,  �^for strict and S (where no profiles are considered) 

are 5, while the cardinal of �; is N = 9 in this case.  

 

Following the last step of the methodology, the reviews were projected to the 

common perceptual map and the centroid and degree of consensus were computed for 

each book using these projections. In addition, we calculated the centroids and degree of 

consensus in each original perceptual map before the projection. At the end, we 

calculated the centroids and degrees of consensus taking into account all reviewers 

without differentiating them by their profiles.  
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4.3. Results and discussion  

First, before considering the projection of the reviews to the common perceptual map, 

we consider the distribution of centroids per each book separated by reviewer profile. 

This distribution is showed in Figure 2. Note that the centroid of a set of basics labels is 

always a basic label. 

 

 
 a)        b) 

Figure 2. Distribution of the centroids separated by profile a) strict, b) lenient� 
 

Figure 3 shows the distribution of centroids considering all reviewers together: on the 

left, the centroids in the common perceptual map (considering different profiles), on the 

right, the centroids where different profiles are ignored. 

 

As we can observe in Figure 2, most of the book centroids in both the lenient and strict 

profiles have rating of 5 stars and some others 4 stars, making them very difficult to 

differentiate. In contrast, in the common perceptual map, the centroids are spread across 

multiple ratings and less concentrated in anyone rating (see Figure 3a). The comparison 

of the distribution of centroids in the common perceptual map and in the perceptual map 

where no different profiles are considered accentuates this difference (see Figure 3b). 

 

 
       a)                                 b) 

Figure 3. Distribution of the centroids a) in the common perceptual map, b) where no different profiles 

are taken into account� 
 

Finally, for each book we compute the degree of consensus following (3), considering 

separately both profiles: lenient and strict (Figure 4) and considering both profiles 

together but using, on the one hand, the common perceptual map and, on the other hand, 

without using the profiles of the reviewers (Figure 5). 
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Figure 4. Box plot of distribution of degrees of consensus of reviewers separated by profile. 

 

 

 
Figure 5. Box plot of distribution of degrees of consensus calculated on the common perceptual map 

and in the case where different profiles are ignored. 

 

We can observe that the degree of consensus is greater in the lenient profile than in 

the strict one. On the other hand, the variability of this degree is also greater for the 

lenient profile. 

 

More interesting is the comparison when all reviewers are considered together. 

Taking into account their different profiles and working in the common perceptual map, 

the degree of consensus is greater and has less variability than in the case where the 

different profiles are ignored. 

5. Conclusions and future work 

We present an application of the use of linguistic perceptual maps as a tool to represent 

ratings. We consider a methodology able to aggregate assessments coming from multiple 

linguistic scales. The obtained results demonstrate the suitability of the methodology in 

a rating context where individuals may assign different meanings to available linguistic 

labels.  

A real case example with data from Amazon Books’ recommender system is 

provided to show the efficiency of the proposed methodology in facilitating the 

evaluation and comparison of different books.  
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Using our methodology, results show that a more discriminating aggregated rating 

is obtained. On the one hand, the centroids distribution is more accurate (less biased). 

On the other hand, the presented methodology further refines the concept of consensus 

since agreement does not necessarily imply that reviewers have given the same linguistic 

evaluation and disagreement does not necessarily mean that reviewers have given 

different linguistic labels. 

 

As future work, from a theoretical point of view, we will analyze the use of other 

aggregation functions to define the central opinion of a group of individuals’ 

assessments, and we will study their mathematical properties. In addition, we plan to 

define other ways to deduce individuals’ linguistic perceptual maps, such as text reviews 

or non-linguistic aspects such as the time spent to give the review. 

 

Finally, from a practical and business point of view we intend to explore two key 

areas. Firstly, we will investigate in the development of an interpretability function, 

capable of translating the outcomes generated by the common perceptual map into each 

of the distinct initial linguistic perceptual maps. Secondly, we will focus on the practical 

application by considering a broader range of profiles and incorporating the sentiment 

analysis extracted from written reviews into the definition of the linguistic perceptual 

map for each profile. 
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Abstract. Social media generate large amounts of almost real-time data
which can turn out extremely valuable in an emergency situation, spe-
cially for providing information within the first 72 hours after a disaster
event. Despite there is abundant state-of-the-art machine learning tech-
niques to automatically classify social media images and some work for
geolocating them, the operational problem in the event of a new disaster
remains unsolved. Currently the state-of-the-art approach for dealing
with these first response mapping is first filtering and then submitting
the images to be geolocated to a crowd of volunteers, assigning the im-
ages randomly to the volunteers. In this work we evaluate the potential
of artificial intelligence (AI) to assist emergency responders and disaster
relief organizations in geolocating social media images from a zone re-
cently hit by a disaster by (i) building a simple model of the capabilities
of each of the volunteers of the crowd; and (ii) intelligently assigning
tasks to those volunteers which can perform them better. We present
in this paper some new methods that outperform random allocation of
tasks in a simplified, scalable scenario. Moreover, we show that for a
given set of tasks and volunteers, we are able to process them with a
significantly lower annotation budget, that is, we are able to make less
volunteer solicitations without loosing any quality on the final consen-
sus.

Keywords. social media, disaster response, machine learning, geolocation,
crowdsourcing

1. Introduction

Photo geolocation is a hard task that has not been efficiently solved at the present
time despite many efforts and plenty of different techniques and strategies. Cur-
rently, the state-of-the-art approach for geolocation is first filtering and then sub-
mitting the images to be geolocated to a crowd of volunteers (e.g., [4]), assigning
the images randomly to the volunteers. In this work we aim to build a paradigm
to learn important characteristics about the annotators and use this information
to get a much more efficient consensus.

Our primary motivation for precise outdoor image geolocation is its applica-
tion to the Disaster Management field, where it can have a critical impact because
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a fast response is of paramount importance to help emergency aid. Our results
show that we are able to learn volunteers’ error profiles accurately enough so as
to later use this information to increase the quality on our geolocations.

In the following section we provide a formalization of the main problems we
will be dealing with, namely the crowdsourced geolocation problem and the active
crowdsourced geolocation problem. Later, we define two statistical models, and
several estimators and compare them on their quality when solving problems.
We end up with a brief overview of the related work and some conclusions. To
the best of our knowledge, this is the first time when the crowdsourced image
geolocation problem has been mathematically formalized.

All experiments and analyses shown in this work can be found and reproduced
at https://github.com/IIIA-ML/crowdsourced geolocation.

2. Problem formalization

Definition 1 (Crowdsourced Geolocation Problem (CGP)). In the CGP we are
interested in determining as accurately as possible the locations (in R

d) of t points
given as a set of tasks T = [1..t]. The information at our disposal to locate the
points comes from a set of a annotations (i.e., reported locations) A = [1..a] by
a set of w individuals W = [1..w] which we refer to as workers or annotators.
For each reported location a ∈ A, we know (i) the point ta ∈ T for which the
location is reported, (ii) the worker wa ∈ W that performed the annotation, and
(iii) the value of the position reported ra ∈ R

d. So, the input to the CGP is a
tuple 〈t, w, r〉 where t ∈ T a, w ∈ W a, and r ∈ R

a×d, and its output is a matrix
x ∈ R

t×d containing the estimated positions for the points in T .

In general, the real locations of the points are unknown. We will refer to the
real location of point k ∈ T as pk ∈ R

d. We will use w−1
j = {a ∈ A|wa = j} to

denote the set of annotations performed by worker j and t−1
k = {a ∈ A|ta = k}

for the set of annotations of task k. In the following, we will assume d = 1; that
is, we will assume that the points have to be located in a line.

As in the CGP in the Active Crowdsourced Geolocation Problem (ACGP) we
are interested in determining as accurately as possible the locations of t points.
However, in this case the annotations are not provided to us, but instead we are
entitled to select the annotators for each task.

Definition 2 (Active Crowdsourced Geolocation Problem (ACGP)). We are given
a set of w individuals W = [1..w] which we refer to as workers and a set of t
objects T = [1..t] which we need to geolocate and an annotation budget, which
indicates how many annotations we can make. We are requested to define an
annotation policy that at each point in time and based on the result so far, decides
which is the next task to annotate and to which worker should the annotation be
requested. The resulting annotation is incorporated as an input to the problem.
Furthermore, after obtaining the set of a annotations A = [1..a], the output of
the problem is a matrix x ∈ R

t×d containing the estimated positions for the t

points.
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3. The Constant Normal Model

The simplest model we will introduce for crowdsourced geolocation assumes that
the reported locations follow a normal distribution centered in the real value of
the point and with a standard deviation which is different for each annotator.

Definition 3 (Constant Normal Model (CNM)). We say that the set of annotations
A follow a CNM with parameter σ = 〈σ1, . . . , σw〉 if for each annotation a ∈ A we
have that ra ∼ N(pta , σwa).

Next, in Sections 3.1-3.3 we propose different estimators for σ, provided the
input of a CGP problem (pseudo-code algorithms for these estimators can be
found in the supplementary material). Then, in Section 3.4, we compare the dif-
ferent estimators proposed and we evaluate how much benefit we can take of the
constant normal model for the CGP in different scenarios.

3.1. Direct estimation

An initial estimation of σ can be obtained by (i) using the common estimator
of the mean of a normal distribution for the position of each point, and then
(ii) estimating sigma of each annotator by using the common estimator for the
standard deviation. Formally, the direct estimation method proposes to estimate

σ as σ̂j =

√∑
i∈w

−1
j

(ri−p̂ti
)2

|w−1
j | (1), where p̂k =

∑
i∈t
−1
k

ri

|t−1
k | (2). Thus, the final

consensus can be computed by a weighted average.

3.2. Iterative estimation

In the former section we have proposed an estimator for σ which in turn relies on
an estimator for pk. There, we used the mean of the locations reported for task k
as the estimator. This is the Maximum Likelihood Estimate (MLE) of the mean
as long as the annotators have equal variances. However, when the annotators
have different variances, the expression for the MLE of the mean is different, as
shown below (proof provided in the supplementary material).

Proposition 1. Provided a set of x1, . . . , xn values such that each xi is a sample

from N(μ, σi), the MLE for μ is μ̂ =
∑n

i=1 σ−2
i xi

∑n
i=1 σ−2

i

(3).

Note that Equation 3 can be understood as computing a weighted average of

the observations. We can define the weight of observation xi as ωi =
σ−2
i∑n

j=1 σ−2
j

(4),

with 0 < ωi < 1 for each i ∈ [1..n] and
∑n

i=1 ωi = 1, and then the MLE estimate
can be expressed as μ̂ =

∑n
i=1 ωixi (5). The iterative estimation method takes it

from where the direct estimation finished, and uses Proposition 1 to improve the
estimate of the means, provided that we have an estimate for σ. Thus, provided

we have an estimate σ̂, it computes the means as p̂k =

∑
i∈t
−1
k

riσ̂
−2
wi

∑
i∈t
−1
k

σ̂−2
wi

(6). The

resulting algorithm is described in Algorithm 1 in the supplementary material.
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A reasonable criterion for convergence is that the norm of the difference be-
tween σ̂ this iteration and the previous one is below a specific threshold. When
analyzing the results of estimation, we will realize that the iterative estimator
estimates σj to be 0 for the best annotator. Thus, its usage leads to erroneous
estimates.

3.3. Conservative estimation

In this section, we try to tackle the problem of iterative estimation, namely that
it overestimates the accuracy of one of the annotators. This objective is accom-
plished in the conservative estimation method by ensuring that the estimates for
σ are conservative. By conservative we imply that, when used to compute the
MLE of the means by Equation 3, the weights we assign to each observation (the
ωi’s defined in Equation 4) are never too large or too small. In this sense, the most
conservative estimate for σ will be the one which assigns equal value to every
annotator. This will result in the weights ωi being

1
n , and the corresponding esti-

mate (Equation 5) will be the average mean. Hence a conservative estimator for σ
will result in variances larger than its true value for the more accurate annotators
and variances smaller than the true value for the less accurate annotators.

The main idea to build a conservative estimator is to use different estima-
tors for the mean for each of the annotators. In this way, instead of comput-
ing a single estimate p̂k for each task k ∈ T , we compute an estimate p̂k,j
for each task k ∈ T , and for each annotator j ∈ W . p̂k,j differs from p̂k
in that it excludes the annotations of annotator j. Hence given σ̂, we com-

pute p̂ using p̂k,j =

∑
i∈t
−1
k
\w−1

j
riσ̂

−2
wi

∑
i∈t
−1
k
\w−1

j
σ̂−2
wi

(7), and given p̂, we compute σ̂ as

σ̂j =

√∑
i∈w

−1
j

(ri−p̂ti,j
)2

|w−1
j | (8). The conservative estimator is described in Algo-

rithm 2 in the supplementary material.
To improve our estimations, we modified our estimator by adding a check

to ensure balanced weights and replacing the weight of the best annotator with
that of the second-best. This upgraded approach will be called conservative-2
estimation and aims to prevent overconfidence scenarios. We will show in section
3.4 that this modification results in better estimations.

3.4. Experimental setting and results

In this section, we explain the experimental setup1 used in our study and compare
different estimators based on results obtained from synthetic data. The experi-
mental parameters, including number of points, number of annotators, number of
annotators a point is given to annotate (the so-called redundancy), sigma distri-
bution, and points distribution are varied to assess their impact on the methods’
performance. Each experiment is repeated 50 times for statistical significance.
Performance of each method is measured using mean location norm error and

1All experiments and analyses shown in this work can be found and reproduced at
https://github.com/IIIA-ML/crowdsourced geolocation
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Figure 1. Location error depending on number of points annotated.

mean sigma norm error, which calculate the difference between predicted and true
locations or sigmas.

Our baseline is the current state of the art practice, which consists in obtain-
ing the locations by just computing the mean of the annotations at each point.
The following results show the evaluation of this practice plus the regarding to
the already explained methods. Furthermore, the active strategy is also shown
(named 10Shot in the plots) which will be explained later on.

The influence of the total number of points on the methods’ precision is shown
in Fig.1. We start with a redundancy value set to 3, and vary the number of
points between 1000, 10000, and 100000. The points are requested at random
from a pool of 50 annotators with variances sampled from a uniform distribution
between 0 and 0.1.

More points do not significantly improve annotation quality, but they do re-
duce error variance. Working with more points leads to better mean and variance
estimations. We then investigate how much less annotation budget is needed for
a given error level when using a more advanced method. Fig. 2 shows the mean
location error as a function of redundancy for different methods and error levels.

We can see that if we for instance set the desired error value to 0.01, the
current practice would require around 20 annotators per image while the direct
method would only need 5 and the conservative-2 or iterative method would only
need 3. Thus, looking at Fig.2 we could state that the best overall method for
the CGP is the conservative-2 estimation, solving it with a significantly lower
annotation budget having fixed the error.

3.5. Active strategy for the ACGP: the K-Shot method

In this section, we tackle the Active Crowdsourced Geolocation Problem (ACGP)
where we are given an annotation budget and we actively decide which annotator
is responsible for annotating each of the points.

We solve the ACGP implementing the K-Shot method, where we divide the
points into K batches. We randomly select annotators to geolocate the first batch
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Figure 2. Mean location error depending on the redundancy value. CGP methods are shown
in dotted lines while the ACGP method, 10shot, is shown in solid lines and using a greediness
value of 1.1 and 1.4.

and estimate their variance profiles using conservative-2 estimator. Then, we
choose annotators with the best profiles for the following batches using the greedi-
ness parameter, properly explained later on in this section. We repeat this process
for all batches until all points are annotated. Algorithm 3 in the supplementary
material summarises this approach.

The greediness parameter helps control how many times certain points are
requested to be annotated by annotators. A higher greediness value means that
the best annotators are more likely to receive requests to annotate points. A
greediness value of δ = 1 distributes requests uniformly, while a value of δ = 2
doubles the probability of the best annotator receiving requests compared to the
worst annotator. In other words, this parameter balances precision and cost.

After several analyses, a greediness value of δ = 1.1 ensures that the best
annotator does not annotate more than twice the points it would have annotated
if the points would have been evenly requested among all workers.

3.6. Comparison between CGP and ACGP

In this section, we aim to show that we can indeed benefit from actively assigning
the points to the workers intelligently based on learning their variance profiles.
We decided to arbitrary set K = 10 and δ = 1.1 for the active method described
in the previous section. As explained before, this greediness value guarantees that
we do not overcharge some annotators.

K-Shot method outperforms other estimators in all experiment setups (Fig.1
and Fig.2), regardless of the number and distribution of points, and even with
a small greediness. Moreover, and as it is expected, the precision of this method
can be increased by raising the greediness parameter.
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4. The Geographic Normal Model

In the previous section, we presented the constant normal model, where each
annotator had a single parameter –namely, their standard deviation σj– and we
assumed that the reported location for any point located by the annotator fol-
lowed a normal distribution centered on the true position of the point with σj

as standard deviation. In this section, we allow the standard deviation of an an-
notator to vary depending on the true position of the point. That is, instead of
a single parameter σj ∈ R, in the Geographic Normal Model (GNM) we assume
that σj : R

d → (0,∞) is a continuous function of location.

Definition 4 (Geographic Normal Model (GNM)). We say that annotations follow
a GNM with standard deviation functions σ = 〈σ1, . . . , σw〉 if for each annotation
a ∈ A, we have that ra ∼ N(pta , σwa(pta)).

4.1. Parametric estimation

In this section, we propose to use a parametric expression to approximate the σj

functions. Our approximation parameterizes each function by means of a number
κ ∈ (0,∞), a set of c reference points x = {x1, . . . , xc}, with xi ∈ R

d, and a set
of weights v = {v1, . . . , vc}, with vi ∈ (0,∞). Provided x, v, and a point p, the

standard deviation at p is approximated as s(p;κ,x,v) =
∑c

i=1 vi exp(−κd(p,xi))∑
c
i=1 exp(−κd(p,xi))

,

where d(p, xi) = ‖p − xi‖, that is, the Euclidean distance between p and xi. We
keep κ and x the same for all workers, but we have a different set of weights vj for
each worker j ∈ W. In the following we note σ̂j(p) = s(p;κ,x,vj) and so we have

that for each a ∈ A, ra ∼ N(p̂ta,wa , σ̂wa(p̂ta)) where p̂k,j =

∑
i∈t
−1
k
\w−1

j
riσ̂wi

(p̂k)
−2

∑
i∈t
−1
k
\w−1

j
σ̂wi

(p̂k)−2 ,

and p̂k =

∑
i∈t
−1
k

ri

|t−1
k | is the usual mean.

Now that the model is defined, our objective is to find the values for
{v1, . . . ,vw} with maximum likelihood on that model. The problem can be effec-
tively solved through quasi-Newton methods such as LBFGS [9] as long as the
number of annotators and the number of reference points is not very large. Using
MCMC simulation to obtain the mean of a set of posterior distribution samples
with the help of the Stan software and by fixing the number of reference points
to 15, we can get a proper estimation, as we will see in the following section.

When using this method to solve the CGP it will be referred as the Spatial
OneShot method, as opposed to the name given to the active strategy.

4.2. Experimental setting and results

New experiments use continuous functions instead of single values to model an-
notators’ profiles. Cubic polynomials are generated with a maximum height of
0.2 and a minimum of 0.001 using Scipy’s CubicSpline library. Moreover, 10000
points, 10 annotators, a redundancy value of 5 and the same error metric are
used. Again, each experiment is repeated 50 times for statistical significance.

Spatial OneShot is the best estimator according to Fig.3 (left), except for
the Spatial K-Shot method. This is expected since the previous methods try to
estimate constant variances.
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Figure 3. (Left) Mean norm error for each of the methods using δ = 1.1 and δ = 2 for the
active methods. (Right) Annotator’s variance profile (in black) and the variance profile learned
by different methods using δ = 2 for the active method.

4.3. Active strategy for the ACGP: the Spatial K-Shot method

The Spatial K-Shot method is similar to the K-Shot method. Still, it differs: it
divides points into two groups, using a small percentage of the points to learn
the variance profiles and iterating through the other points to recompute the
variance functions. Initial annotations are randomly requested, while subsequent
annotations are more likely to come from the best annotators, depending on the
greediness parameter, as mentioned before. The algorithm described can be found
in Algorithm 4 in the supplementary material.

4.3.1. Comparison between CGP and ACGP

In this section, we compare the methods regarding the CGP described previously
and the active method exposed before. To do so, we again divided the K-Shot
method in K = 10 equal batches and we used 10% of the points as the first batch
in the Spatial K-Shot method. Moreover, we used a greediness value of δ = 1.1
and δ = 2 for both active methods. In Fig.3 (left) we can see the performance of
the methods by using the mean error metric. We can see that the Spatial K-Shot
method outperforms the rest only when the greediness parameter is high enough.
Just as in our first model, the higher the greediness, the better the active method
performs. However, a really high greediness value could have a detrimental effect
since the best annotators would be overdemanded.

5. Related work

The difficulty in the automatic geolocation of photos without geotags has led to
the use of crowdsourcing to compensate for the shortcomings of machine learn-
ing methods (e.g., [1, 6, 10, 13]). Geolocation precision is critical in emergencies
to guide first responders. Studies show that leveraging the wisdom of the crowd
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improves data quality, but task assignment is challenging and requires worker
expertise and quality (e.g., [8]). Research on worker-task matching spans a broad
spectrum of approaches, such as modelling worker skills (e.g., [11]), spatial crowd-
sourcing (e.g., [15]), and incorporating a trust model between workers to attain
data quality (e.g., [14]). We contribute to creating computational models of worker
geolocation performance, building on a probabilistic framework for annotation
aggregation [3]. Familiarity with regions of interest, independent of worker loca-
tion, may also benefit geolocation tasks. This paper presents a geolocation-specific
extension to the mentioned probabilistic framework and will be integrated into
the Crowdnalysis software library [2]. Refer to [5, 7, 12] for further perspectives
on crowdsourcing and different assignment approaches.

6. Conclusions and future work

This paper presents two different models, the Constant Normal Model and the
Geographic Normal Model, to tackle the Crowdsourced Geolocation Problem and
the Active Crowdsourced Geolocation Problem, respectively. One key aspect of
this work is the focus on learning annotators’ variance profiles w.r.t. location
of tasks, an innovative approach that surpasses current state-of-the-art meth-
ods. Several dedicated methods have been developed to achieve this, such as the
conservative-2 and K-Shot algorithms, which enhance consensus quality and re-
duce annotation costs. We believe these contributions advance the field of crowd-
sourced geolocation and hold potential for various domains of application, such
as crowdsourced data classification or crowdsourced data evaluation.

There are several future research avenues for further enhancement of the
proposed methods. Firstly, analysing a broader range of scenarios and determining
the optimal method under different conditions would be beneficial. This could
involve fixing variables at different values, exploring various combinations of the
number of points and annotators, and even utilizing different data distributions.
Optimizing specific hyperparameters that were arbitrarily chosen, such as the
number of batches in active methods or the number of reference points in the
parametric estimator, could lead to improved results.

Moreover, both models can be enhanced by increasing the dimensions used.
For instance, expanding from one dimension to two dimensions would enable
an effective representation of latitude and longitude. This enhancement would
facilitate more accurate and context-aware predictions, empowering the models
to better understand and interpret spatially related data.

Additionally, active learning approaches could be used to cease requesting an-
notations for instances that have already achieved a clear enough consensus. This
effective strategy would reduce costs by eliminating the need for further annota-
tions in such cases. Last but not least, it remains a future task to implement and
validate the methods described in a real-world scenario, gathering and requesting
data from actual citizens.
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Sentiment Analysis of Gastronomic Posts
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Abstract. This paper presents an approach for analysing gastronomic images and
also their related comments published by the Getcookingcanada Instagram ac-
count, which belongs to a cooking school. Our approach processes the published
images to calculate the moods that the image can generate depending on its colour
palette, and also analyses the comments related to each publication for determining
the positive or negative sentiment associated to them. A dataset containing all these
data has been built, and then the correlations among the data has been developed in
order to explain the relation between the mood adjectives and the result of the senti-
ment analysis of the comments of the food images. 673 food images were analysed;
the data analysis was carried out using the Kruskal-Wallis one-way ANOVA test
on ranks and Jonckheere-Terpstra’s test. Our results show that there is a significant
difference between the different adjectives in terms of sentiment analysis.

Keywords. Sentiment analysis, Gastronomy, Instagram, Social media, image
processing, colour palette, natural language processing, tourism, regression,
ANOVA, deep learning

1. Introduction

Gastronomy is a key component in the promotion of tourist destinations. Gastronomic
experiences influence human behaviour because they stimulate pleasure [1], and they
can be used to understand local culture, its traditions, and its history [2,3,4]. These can
also provoke feelings of involvement and attachment to a place [5]. Local food could
influence destination choice and perception of experience both before and after a trip [6,
7,8]. According to [9], the internet provides positive destination image for pre-travelling
as a marketing strategic to provide a holistic travel experience.

The most common channel for the gastronomic promotion of destinations is through
official tourism websites and social media that display the most typical local dishes
[10,11,12,9]. On these websites and social media, information, photos, and graphics are

1All authors contributed equally to this paper.
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provided that create a gastronomic image [10]. According to [13] one of the ways to bet-
ter attract tourists is by using the visual media-oriented Instagram social network, where
posting gastronomy-related content is termed foodstagramming. Food images posted on
social media help tourists meet their needs for entertainment, personal identification, and
social interactions [14], resulting in better dining and travel experiences [15].

According to [13], in order to attract potential tourists, tourism authorities and mar-
keters are leveraging touristic photos to pave the road for destination promotion and im-
age development [16,17]. In other words, tourists simultaneously become producers and
consumers of locations and the visual culture connected with them [18]. When a tourist
travels away from home, taking and sharing travel images allows her to act as both a con-
sumer of destination experiences and a narrator of these experiences to friends and fam-
ily back home [18]. This combined role of actor and narrator has many advantages for
vacation selfies.Furthermore, according to [19] the sentiment analysis can be used for the
purpose of consolidating the pictorial and textual information and better understanding
what foodstagrammers share about their culinary experiences. Therefore, being able to
understand the impact of food images published in social media is important. And this is
the aim of this research paper, specifically the paper analyses the food images published
by the Getcookingcanada Instagram account in order to get knowledge about which sen-
timents produce, and the sentiment that their comments generates, and obtain relations
among all of these. The rest of this paper is structured as follows. Section 2 presents
how to analyse each image, which means how we can assign an adjective to an image
following the methods presented in [20]. Also, in this section how the sentiment analy-
sis done with the comments associates to each image is presented following the trends
presented in [21]. Section 2.1 shows the methods used for our analysis. Results obtained
are described and discussed in Section 3. Finally, conclusions and ideas for future work
are presented in Section 4.

2. Methodology

2.1. Kobayashi’s Model: Colour Image Scale

One of the aims of this paper is to analyse food colour and the moods that it can produce.
To this end, we use Kobayashi’s Colour Image Scale model, which was developed to
define how a single colour and harmonic combinations of colours affect people’s moods
[22].

After a series of studies, Kobayashi created a system that: (i) defined a two-
dimensional space based on the perceptual qualities of warmth/coldness and hard-
ness/softness of colours, and defines coordinates for 130 colours on this space; (ii) as-
signs labels related to mood to particular areas in this space (for example, happy and vig-
orous); (iii) groups labels (i.e., areas in the perceptual space) that are related to different
lifestyles (causal, modern, romantic, natural, classic, and elegant); and (iv) enables a
predominant adjective to be assigned to a colour scheme.

To verify the adjectives in the dish’s images, an automatic method was applied to
associate a Kobayashi’s adjective to the colour palette of the appearance of a dish.

In order to automatically assign an adjective/keyword based on Kobayashi’s model
to the colour palette corresponding to the image of a dish next process has been carried
out:
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Table 1. Examples of adjectives and corresponding Kobayashi’s colour palettes

Adjective Kobayashi’s Colour palettes

Aromatic

Citric

Fresh

Healthy-light

Romantic

Wholesome

• Every picture is segmented, so that only the parts of the image showing food are
kept. The segmentation was done automatically by applying the method described
in [23].

• For each image of a dish the most representative Kobayashi’s colours of the image
are calculated. Then, for each combination of three of these colours, a Kobayashi’s
colour palette is searched. Not all the combinations result in a Kobayashi’s colour
palette.

• For each Kobayashi’s colour palette obtained before, a keyword/adjective in the
Kobayashi’s model is assigned.

To calculating Kobayashi’s colours, the Euclidean distance between the RGB
colours in the images and the RGB colour representations of Kobayashi’s model is used.

Some examples of adjectives and Kobayashi’s palettes are shown in Table 1. This
table also shows up to six Kobayashi’s colour palettes associated to each adjective (note
that some adjectives have less than six colour palettes defined in the model).

2.2. Sentiment Analysis of the comments associated to each image

In our study, the polarity of the comments associated to an image was obtained using
a model based on DistilBERT [24], a deep learning model based on transformers. The
score of this was discretised converting it into the qualitative labels Positive, Neutral
and Negative. The experience by the Influencers or Instagrammers is measured as years
pass by, since they are gaining experience progressively and their uploaded photos are
increasingly more attractive to their followers.

3. Experimentation and results

This study is based on a dataset culinary images published in the Instagram account
@getcookingcanada2 by the Get Cooking online cooking school. These images and their
associated comments were retrieved using the Instagram API.

To this end, the following steps have been carried out:

Data collection and preprocessing We downloaded images and kept only food images;
other images containing people, such as a chef or a student, were discarded. We
applied the methods described in the previous section to assign a sentiment analy-

2Getcookingcanada Instagram account: https://www.instagram.com/getcookingcanada/. We were
granted permission to process their images.
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sis score each image based on to the associated comments, and to assign up to five
Kobayashi’s adjectives to each image.

Data treatment: Processing and analysing the information obtained: Tabulation, com-
parative graphics, and analysis thereof, through research instruments. The data
analysis to test the proposed research has been done using a Kruskal-Wallis one-
way ANOVA by ranks test and Jonckheere-Terpstra test by using the version 26
SPSS program.

Hypothesis: There are differences between the adjectives in terms of sentimental anal-
ysis.

The initial dataset has 1523 culinary images, of which 958 had comments, with an
average of 3.05 comments per image. Only the images with comments are used.

The first part of the experimentation is the application of the automatic label pro-
cess of the Kobayashi’s model to the images of the dataset, which involves extracting the
colour palettes from the culinary images published in the Instagram account @getcook-
ingcanadain order to associate a feeling or mood with them. Specifically, these images
refer to dishes.

The main aim is to propose possible feelings that a user can have when seeing those
images. Note that Kobayashi’s model defines cognitive labels based on colour palettes
only, and no extra information about the image is used. To be able to apply the proposed
method to images, the following steps are necessary: first, colours in each image are
discretised and the corresponding colour names (QCLAB) are obtained. Then, all palettes
based on the 5 most frequent chromatic colours in the image are considered, but only if
the combined frequency of all colours is at least 30% of the total of colours (including
also grey scale colours). This prevents assigning mood keywords to palettes that are not
representative enough. It also prevents assigning no relevant adjectives to images where
grey scale colours predominate. Table 2 shows the results of the experiment for some of
the food images of the dataset (columns one, two and four).

Next, a study between the main adjective with the rate of sentiment analysis is car-
ried out. In addition to removing images without comments the dataset was pre-processed
to remove the adjectives that are not present in the dataset at least four times, because it
is a condition to apply the Kruskal-Wallis test and the Jonckheere-Terpstra test. The 673
culinary image that fulfilled these requirements were used in the experimentation.

Table 2 shows (i) an example of the digital images used for extracting the colour
palettes, (ii) the name of the dish, (iii) the sentiment analysis score obtained for the
comments of the post, (iv) the semantic adjectives (representing a mood following
Kobayashi’ model) assigned, and (v) some of the comments analysed. The five most rel-
evant semantic adjectives for each image are shown, in order of relevance (not all are
equally relevant).

After applying the tests, the most important results are summarised in the following
list (Result 1–6):

Result 1: The main adjectives that appear in food images are shown in Figure 1 and Ta-
ble 3. It is worth noting that Romantic is the most repeated adjective (see Fig-
ure 1) with a percentage of 25.3%.

Result 2: A Kruskal-Wallis and one-way ANOVA by ranks test (see Table 4 and Fig-
ure 2) showed that there was a statistically significant difference between the
score of the sentiment analysis and the Kobayashi’s adjectives (p = 0.00049).
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Table 2. Results: Sentiment analysis score (SA), five main adjectives given by Kobayashi’s model, and com-
ments (C# is a commentary and A# is the answer).

Images Digital Name SA Adjectives and score Comments

Tempering
Coconut Chutney

.999

Refreshing (2.22), Fresh
(1.49), Amiable (0.90),
Healthy (0.78), Masculine
(0.78)

C1) I understood very lit-
tle from all the words but
looks delicious

Dal Tadka,
Indian cuisine

.996

Romantic (1.16), Amiable
(0.76), Bright (0.67),
Wholesome (0.62), Bold
(0.61)

C1) Aloo Gobi had been
one of the dishes I learned
that I make the most since
class. Love this dish!

Salmon .995

Romantic (1.34), Amiable
(0.75), Supple (0.69), Soft
(0.68), Masculine (0.67)

C1) looks fantastic
C2) Looks amazing. I
thing like a perfectly
cooked salmon

Risotto and
Arancini

.964

Romantic (2.16), Light
(1.43), Crystalline (1.43),
Amiable (1.00), Charming
(0.77)

C1) let’s go!!
A1) ummmmmmmmm
YES PLEASE

Soft Venison
with Parsnip Pure

.741

Amiable (0.87), Bold
(0.86), Innocent (0.86),
Light (0.86), Bright (0.86),
Festive (0.86)

C1) Omg this is incredible
A1) thank you, We were
pretty happy with this dish
C2) This was sooooo
yummy
C3) Wow!!!!! Looks so
amazing

Beef Wellington
Mushroom Sauce

.461

Romantic (1.16), Mascu-
line (0.59), Supple (0.58),
Intellectual (0.58), Charm-
ing (0.58)

C1) I would so happily
do that!!, unfortunately we
cannot take it this
C2) It was an awesome
class.

Crostini with
Roasted

−.761

Light (1.60), Romantic
(1.59), Amiable (0.83),
Wholesome (0.82),
Healthy (0.81)

#Vegetarian #Cooking-
Classes

Result 3: The Box-plot (see Figure 2) shows that the Wholesome adjective (15) has a
minor score mean (0.256) in the sentiment analysis process from other adjectives.
On the opposite side it is the Charming adjective (3) with the mayor score (0.443)
although this one is not very representative as there are only four images.

Result 4: Since significant differences have been found, then multiple pairwise compar-
isons have been done. Table 5 shows the pairs where significant differences have
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Figure 1. Frequency of adjectives appearance

Table 3. Frequency & Percentage of adjectives: Amiable (1), Bright (2), Charming (3), Crystalline (4), Festive
(5), Fresh (6), Healthy (7), Light (8), Masculine (9), Modern (10), Neat (11), Romantic (12), Supple (13),
Untamed (14), and Wholesome (15)

Adjectives 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 Total

Frequency 130 36 4 31 34 25 30 70 44 15 40 170 15 11 18 673
Percentage (%) 19.3 5.3 0.6 4.6 5.1 3.7 4.5 10.4 6.5 2.2 5.9 25.3 2.2 1.6 2.7 100
Mean Score .402 .368 .443 .293 .394 .348 .350 .316 .359 423 .351 .271 .317 377 256 –

Table 4. Kruskal-Wallis Test and Jonckheere-Terpstra Test

Kruskal-Wallis Test Jonckheere-Terpstra Test

N 673 N 673
Value of Statistic 49.61 Value of Statistic 82723.50
Grade of Freedom 14 Standard Error 2874.48
Asymptotic Sig. (2-sided test) 0.000 Standard Test Statistic -5.388

Asymptotic Sig. (2-sided test) 0.000

been found with a level of significance α = 0.05 (21 of 105=
(

15
2

)
pairwise).

Result 5: In order to confirm the results obtained with the Kruskal-Wallis test, the
Jonckheere-Terpstra test for ordered alternatives is carried out. In Table 4 can be
seen from the Jonckheere-Terpstra test that there was a statistically significant
trend of sentiment scores with adjectives. That is, there is a difference between
the adjectives in terms of sentiment analysis.

4. Discussion & Conclusion

Our main aim was to rate the users’ preferences according to the colours displayed in
the images and also to propose possible feelings that a user can have when seeing those
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Figure 2. Box-plot of the score for each adjective

gastronomic images. With this information, restaurants would be able to design dishes
using colours that may satisfy their future clients.

Our results show that there are statistically significant differences between the senti-
ment analysis scores assigned to images whose colours can be described using different
adjectives using Kobayashi’s model. This implies that it is possible to use a palette of
colours to evoke a mood, and that this has detectable effects using sentiment analysis.
Therefore, the evoked positive emotion may produce a good response for consumers.
Moreover, this paper confirms the result by [20] that shows empirical evidence of the
value of mood descriptors derived through colour.

We conclude that Kobayashi’s model could be a good tool that can be used for mar-
keting issues, considering restaurants and promoters of gastronomic tourism that adver-
tise on social networks (e.g., Instagram, Facebook, TikTok). It is important to continue
our studies into how colours influence people’s behaviour when choosing a dish, and
which sort of food is more attractive from the point of view of food colours in their gas-
tronomy. In addition, this could give the chefs the possibility to categorise the adjectives
into positive and negative moods. Furthermore, the moods that the chef wants to evoke
in the dish are related to positive or negative Sentiment analysis. Businesses can display
pictures of their food that have specific colour palettes to make it more appealing to po-
tential customers or tourists. Therefore, if chefs or marketers want to evoke a sustainable
or healthy mood through food images, they can use a recommendation system to help
them.
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Table 5. Multiple pairwise comparisons. The columns shows Kobayashi’s adjectives, the test statistic, the
standard error, the test standard error and the p-value

Multiple comparisons of pairwise
Pairwise Test Stat Std. Error Std. Test Stat p-value
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Wholesome←→Masculine 140.488 54.419 2.582 .010
Wholesome←→ Bright 154.222 55.835 2.762 .006
Wholesome←→ Amiable 162.737 49.611 3.280 .001
Wholesome←→ Untamed 162.955 72.785 2.239 .025
Wholesome←→ Festive 179.485 56.338 3.186 .001
Wholesome←→Modern 193.964 68.007 2.852 .004
Wholesome←→ Charming 229.625 103.883 2.210 .027
Romantic←→ Healthy 74.593 36.800 2.027 .043
Romantic←→Masculine 78.865 31.721 2.486 .013
Romantic←→ Bright 92.599 34.094 2.716 .007
Romantic←→ Amiable 101.113 22.496 4.495 .000
Romantic←→ Festive 117.862 34.912 3.376 .001
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Abstract. During disasters, social media can serve as a valuable source of real-time
information about the impacts on people and infrastructure. However, due to the
lack of geographical information in most social media posts, this information is
often underutilized by first responders. Previous research has attempted to estimate
the location of individual social media posts using text and image analysis, but
limitations still exist in fine-grained disaster area mapping. To address this issue,
this paper analyses the performance of combining text from social media post with
textual information from the images on improving the geolocation of social media
information during a disaster.

Keywords. Social Media, Disaster, Text Extraction, Geolocation

1. Introduction

Social media users share details about damaged infrastructure, injured victims, damage
severity, and real-time situation of disaster scenes [1]. On the platforms, the social media
posts may contain geolocation information. Such information is important for disaster re-
sponders to map the impacted area and take action to the situation quickly. However, only
3% of social media posts contain structured geolocation information [2,3], challenging
the use of social media information in disaster management.

The potential of using social media data to improve disaster response attracted re-
searchers to combine natural language processing (NLP) techniques and gazetteers to
retrieve geolocation information. A large part of work contributions to geolocate social
media posts focus on text analysis, for instance analyzing the text associated with images
to find the location where the images were taken. These approaches have been proven
to be able to geolocate a significant percentage of social media posts at country and city
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level. Text-based geolocation approaches have also been combined with crowdsourcing
to increase the precision of the location. However, this hybrid approach, while perform-
ing well in terms of precision, can delay the production of a disaster area map due to the
manual geolocation process. Therefore, it is necessary to increase the number of auto-
matically geolocated images in order to reduce the time needed to produce the disaster
area map.

The text contained in images, such as street names, traffic signals, and names of
businesses or points of interest, serves a crucial role in crowdsourcing the geolocation
of images. However, to the best of our knowledge, the automatic extraction of text from
images and combining the extracted text with social media posts to retrieve geolocation
has never been explored.

This paper presents a pipeline that utilizes text information extracted from social
media images to improve the creation of disaster maps. The study systematically analyses
the value of text embedded in images attached to social media posts for improving social
media information during a disaster.

The remainder of the paper is structured as follows: Section 2 discusses related work.
Section 3 presents the proposed approach. Section 4 shows the experimental results us-
ing real social media data from four disaster events. Section 5 describes the discussion.
Finally, Section 6 reports the conclusion and future works.

2. Related works

The studies on geolocation in social media have attracted many researchers. Moreover,
the research on text analysis for inferring geolocation information has been growing
steadily recently. Several approaches have been presented, for instance, named entity
recognition (NER), location-indicative word (LIW), user location profile (ULP), and so-
cial relations [4].

Some previous works attempted to develop methodologies based on machine learn-
ing, crowdsourcing, or hybrid approaches. Lorenzo et al. [2] proposed a text-based ma-
chine learning approach. They combined NER and network theory to extract relevant
location information from tweets. The approach has been applied to nearly 3 million
tweets, managing to extract country-level geolocation with 89.8% accuracy.

In another work, the authors exploited a naı̈ve Bayes probabilistic method com-
bined with location indicative words techniques. Focusing on feature selection, their
work aimed at city-level geolocation. The results demonstrated how selected features
outperformed the complete feature set [5].

Another popular approach to acquiring geolocation is extracting the location from
the user’s profile. In various works, authors processed the information in the user profile
using a NER approach to obtain users’ locations. However, the location quality could be
limited, e.g., the users might write a fictitious location in their profile [6,7,8].

In [8] and [9], the authors proposed social relation techniques to obtain geolocation
prediction. Specifically, they estimated the location based on the friendship network.
However, also in this case limitations could arise. For example, users could be linked
with someone they do not actually know (e.g., public figures). Furthermore, the approach
demands high computational resources for processing.

In terms of text-based geolocation prediction algorithm, Scalia et al. proposed an
approach called CIME, a technique based on NER and disambiguation of candidate lo-
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cations [10]. An application of this methodology to large-scale flood characterization is
proposed in [11]. Shankar et al. developed Crowd4EMS, a platform to geolocate a social
media post, has successfully combined crowdsourcing techniques and an automatic ap-
proach for gathering information. Figure 1 illustrates how crowdsourcing can be lever-
aged to validate automated information extraction. The picture on the right, collected
from Twitter, represents damaged buildings due to an earthquake. The picture on the left
shows the same location on Google Street View. Using a crowdsourcing platform, crowd
workers were asked to identify whether the image is located in a specific location. The
approach was evaluated using data related to the Amatrice 2016 earthquake [12].

Figure 1. The crowdsourcing approach to validate geolocation information of a social media image

Besides text-based geolocation prediction, research on image-based geolocation pre-
diction also exists. Murgese et al. address the problem of estimating images’ locations by
introducing Focal Modulation Network. They used geolocated images from Flickr and
Mapillary 2 to evaluate their approach. However, the approach was not performing well
with Flickr data which is more similar to the one used in disaster situations [13].

In a more recent study, Firmansyah et al. proposed a text extraction from images
pipeline. This pipeline enables the integration of the extracted text into several geoloca-
tion prediction algorithms. The result shows that the geolocation prediction is reasonably
good at the country level [14].

Despite extensive work on post-based and initial works on text extraction from im-
age geolocation prediction, the approach proposed in this paper builds on the pipeline
proposed by [15] and [14] which focuses on the geolocation of social media information
by analyzing the text extracted from the image. Instead of focusing on a country level,
this research aims to evaluate the number of more specific impacted disaster areas.

3. Our approach

This research evaluates the potential of using text extraction from social media images
to find their locations. An image often comes with relevant text information such as the
name of a street, a shop name, traffic signals directions, a hotel or a hospital name, which
are key clues for deriving the location of an image.

The proposed approach aims to combine the extracted text from the images with so-
cial media post and predict the geolocation information using state-of-the-art algorithms
from the literature.

2https://www.mapillary.com
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Our approach proposes a pipeline for extracting relevant information from social
media, related to a given disaster, and locating them in a disaster map to allow emergency
responders to take better-informed decisions. Figure 2 illustrates the proposed pipeline,
which is composed of five processes:

1. Social media crawling process fetches informative posts from social media by
selecting appropriate keywords which depend on the type of disaster.

2. Cleaning and Filtering process retains posts that are relevant to the event, re-
moving duplicates, memes, not safe to work, and images which do not provide
information related to the disaster event (i.e. not informative images).

3. Text extraction from images combined with text from post process automat-
ically extracts any text in the social media images. Then, we combined the ex-
tracted text with text from social media posts. They will be used later on by text-
based geolocation algorithms.

4. Geolocation prediction process retrieves the candidate locations for each text
fragment using text-based geolocation algorithms.

5. Map visualization process implements a disaster map where each dot represents
a social media image.

Figure 2. Pipeline using text extraction from images to geolocate social media data

4. Experimental settings and results

4.1. Dataset assessment

The dataset used for the validation of the presented approach is composed of Twitter
data from two types of disasters, earthquakes and floods. The dataset consists of two
modalities: text and images. The dataset has been created using the Social Media for
Disaster Risk Management (SMDRM) Platform[16] gathered by Copernicus Emergency
Management Service3.

The text dataset contains 5,430 posts. From that number, we found that about 4,714
posts were unique. Furthermore, the images dataset contains 1,752 images from four
disasters, Catania floods, 2021 (70 images), Central European floods, 2021 (214 images),
Croatia earthquake, 2020 (549 images), and Haiti earthquake, 2010 (961 images).

3https://emergency.copernicus.eu/
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To evaluate which images contain text, a crowdsourcing project was created using
the Citizen Science project builder 4 as shown in Figure 3. This analysis is used later on
as a ground truth to evaluate the automatic extraction of text. Each image is classified into
three categories:(1) “yes”, (2) “no”, and (3) “yes, but not legible”, as shown in Figure 3.

Figure 3. Classifying the images using Citizen Science Project Builder

From 1,752 images, we observed 852 images (49%) having text, 281 (16%) catego-
rized as “yes but not legible” and 619 (35%) images not containing text. The class “yes
but not legible” was defined as having small or blurry text which cannot be readable (see
Figure 4).

Figure 4. Images category distribution

Out of the 1,133 images containing text, we found 3 images were no longer accessi-
ble after these operations. Then, we finally considered 1,130 images.

4.2. Experimental settings

Recent advances in computer vision enable highly accurate extraction of text from im-
ages. In this research, we incorporated several existing technologies. We used the Ama-
zon Rekognition service to extract text from images. The service implements a Convo-
lutional Neural Network (CNN) pre-trained on a large labeled dataset. Previous research
demonstrated that Convolutional Neural Networks show excellent performance when
dealing with image data.

In terms of development environment, programming language, and library, we relied
on Python and Google Colab as a development environment. The folium5 library was
used to visualize the predicted geolocation in a map.

4https://lab.citizenscience.ch/en/
5https://python-visualization.github.io/folium/
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A geolocation algorithm, CIME, was implemented into the experiment. The CIME
algorithm is deployed in two different configurations, with or without providing the de-
tected language. The language was estimated directly from the text. The estimation was
performed using the langdetect6 library, which supports 55 different languages.

4.3. Experimental results

The Amazon Rekognition7 service extracted the text from 1,130 images. From 1,130
images, Amazon Rekognition managed to detect the text of 1,029 images. From 1,029
images, we selected 532 images containing real text by excluding images with banners,
news logos, images caption, and watermarks. To observe the improvement, we concate-
nated the extracted text from images into the post. Finally, we had 532 data that were
concatenating extracted text from images and social media posts. The text from the post
and text from the images were concatenated using a space as the separator. The text
concatenated text was then fed to the CIME algorithm for inferring geolocation infor-
mation. We aim to measure the delta improvement between text from the post and the
combination of text from the post and text from images.

4.4. Assessing the relevance of texts from images for geolocating the image

This subsection shows the comparison between different settings in the experiment and
measures their enhancement. The goal of this subsection is to contrast the results when
incorporating the extracted text from images into social media posts and having only text
from social media posts.

CIME without language prediction CIME with language prediction
Macro average Post Post+Image Delta Post Post+Image Delta

Precision 0.91 0.96 0.05 0.91 0.96 0.05

Recall 0.97 0.97 0 0.97 0.97 0

F1 score 0.93 0.96 0.03 0.93 0.96 0.03
Table 1. Delta improvement in the two different settings of geolocation algorithm

Table 1 demonstrates the macro average score for each CIME algorithm setting.
Macro average is the arithmetic mean of the scores on individual classes. The macro
average includes precision, recall, and F1 score. The term post refers to text from post.
The term post+image indicates to the concatenated text (text from post and text from
images). Overall, both settings produce better performance for the combination of text
from the post and text from images compared to text from the post. The improvement
is ranging from 3 to 5 % for each performance metric. Furthermore, we found that the
different settings (with or without language prediction) indicated no difference result.

In the CIME algorithm without language setting, the number of candidates were
decreasing from 310 (only post) to 257 (post + extracted text). Despite the lower number
on the post and extracted text, we found that this combination provided better precision,
recall, and F1 score. In the CIME algorithm with language settings, the total number of

6https://pypi.org/project/langdetect/
7https://aws.amazon.com/id/rekognition/
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candidates were equally declining from 307 (only post) to 258 (post + extracted text).
Similar to previous settings, the result demonstrates better performance.

4.5. Evaluation of distribution of administrative level boundaries

This experiment analyses the administrative level boundaries obtained by the CIME al-
gorithm using just posts and CIME algorithm using posts and texts extracted from the
images. The administrative level represent the details of a feature within a government
hierarchy. 8. Intuitively, using texts from images and text from the post would better in-
form the CIME algorithm and the distribution of administrative level boundaries will be
more precise, i.e. using the text extracted from images we are able to geolocate more
images at the level of the street and number of the building.

Figure 5 illustrates the distribution of candidates based on the administrative level.
In general, the x-axis represents the detail of the administrative level while the y-axis
shows the candidate percentage. We can observe that the distribution is concentrated
in administrative level 15 (equivalent to quarters, neighborhood). For the experiment
without a language detection setting, the percentage is improving from 63% (see green
bar) to 65% (see blue bar). For the experiment with the language detection setting, the
percentage is increasing from 62 % (see orange bar) to 64 % (see grey bar).

Figure 5. Admin level discrete distribution

4.6. Evaluation of candidate within bounding box and map visualization

This experiment analyses the ratio of geolocation candidates predicted within the af-
fected area for each of the four disasters presented in the database. Each affected area
is represented by a bounding box as shown in Figure 6. Each dot represents a geoloca-
tion candidate and the geolocation algorithm setting (without language or with language
detection). The blue bounding box was manually created and represented the impacted
area. The rationale for creating this bounding box is to provide a middle point and trade-
off between ”too general” and ”too tight”. The term ”too general” refers to the wide
area for instance country level, while ”too tight” means that it only concentrated on the
impacted area based on Copernicus activation 9.

8https://wiki.openstreetmap.org/wiki/Key:admin level
9https://emergency.copernicus.eu/mapping/list-of-activations-rapid
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For CIME without language setting, about 42% (310/736) of text from posts were
within the bounding box. While 43.2% (257/594) of concatenated text was inside the
bounding box. There was a 1.2% improvement in the number of candidates predicted in
the bounding box. For CIME with language setting, About (307/758) 40.8 % text from
posts and (258/630) 40.9 % post + extracted text were within the bounding box.

Figure 6. Maps with predicted geolocation

5. Discussion

Results from the experiment show that adding extracted text from images to text from so-
cial media post increases the performance. The result demonstrates consistent improve-
ment in both language prediction and without language prediction settings. Practically
speaking, the operation team, public information team and the first reponders could ben-
efit the practical contribution from the research as the end users [17].

As the additional practical contribution, we also proposed a pipeline that could be
deployed as a feeder for a text-based geolocation prediction algorithm. The evaluation
was done by measuring the performance of the extracted text from images into the con-
tents of the posts with the text from posts.

However, we identified that there are four limitation on the use of social media data
in the context of disaster response. First, the risk of having false geolocation informa-
tion should be also considered carefully before adapting the approach to the production.
Second, the issue of inclusiveness and accessibility needs to be anticipated for instance
by providing data from various social media platforms (Facebook, Instagram, Flickr, and
Foursquare). Third, the privacy aspect needs to be reviewed regularly in accordance with
privacy policy. For instance, by removing personal information such as name, identifica-
tion number, age, exact address in the social media data. Finally, the semantic meaning
on Twitter might be more difficult to interpret compared to Facebook. This could happen
because the character limitation in Twitter platform [18].

Even tough social media offers some advantages, it also comes up with the down-
side. As an example, the data might be irrelevant and noisy. One approach to address this
problem is by incorporating the combination of machine learning and human (expert or
crowd) to filter out the misinformation or noise.
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6. Conclusion and Future Works

Geoinformation in social media posts serves a significant role for the first responders in
the event of a disaster. However, most social media content does not contain geolocation
information originally. Despite abundant research on text-based location prediction con-
ducted by researchers in recent years, the research on combining text extraction-based
geolocation from images and social media posts was still not discovered.

This paper analyses the potential of automated text extraction from images to en-
hance geolocation prediction. The proposed approach builds on the state-of-the-art text-
based geolocation algorithms, by providing them a concatenation of extracted text from
the images and the text from the post. The experimental result shows that the extracted
text from images better infers the text-based geolocation algorithm thus improving the
quality of geolocation candidate predictions.

As a future works, we plan to improve the geolocation prediction by filtering process
by favoring the clear location indication in the social media images, might augment the
quality of geolocation prediction.

Measuring multiple dimensions in order to establish a confidence score, for instance
lightning condition, text direction in the images, extracted text confidence, number of
times that the image appears on social media (also possibly in the past), geographical
distribution of the predictions, and scoring derived from the disambiguation process,
might be meaningful to investigate and corroborate the efficacy of the predictions. This
measurement could be also considered as future direction of the works.
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Elena Álvarez-Garcı́a a and Daniel Garcı́a-Costa a and Joan Vila-Francés b and
Francisco Grimaldo a,1

aDepartment of Computer Science, University of Valencia, Spain
b IDAL, Intelligent Data Analysis Laboratory, University of Valencia, Spain

Abstract. Social media increase the transmission of false news, hoaxes and opin-
ions, misleading, manipulating and misinforming the population due to the speed
at which information spreads. Currently there are different websites known as fact-
checkers that help to unmask news as Maldita or Newtral in Spain. They analyse
certain news and publications in different media like Twitter, and report on their
attempts to manipulate the population with accurate data. To do this, people in
charge, analyse the news and look for reliable sources that help to contrast them,
but as it is a tedious and manual job, it is not possible to deal with the large amount
of information published on networks. The main objective of the work consists of
analysing and understanding the emotional information of miss-informed texts in
order to identify patterns and characteristics that could possibly be repeated in pub-
lications that seek to manipulate and provide false information. In this case we used
tweets focused on the last political elections in different regions in Spain: Madrid,
Catalunya, Castilla y León and Andalucı́a. The extracted characteristics, such as
emotions, sentiments, toxicity and fakeness, have been obtained using pre-trained
models. Finally, based on the characterisation of the texts and the veracity of each
one, we train a model capable of approximating whether or not a tweet is a hoax
based on the way it is written.

Keywords. Characterisation, Sentiment Analysis, Fake news, Politics, NLP

1. Introduction

The transmission of fake news, hoaxes and opinions is part of a generalized phenomenon
that affects the population, misleading, manipulating and misinforming them. Although
this problem has always been present in societies throughout the ages [1], it has increased
due to the speed at which information spreads in media such as Facebook, Twitter or Tik
Tok, and could lead to the amplification of the general lack of trust or the stigmatisation
of vulnerable groups, increasing the difficulty to separate what is rumour from what is
fact [2].

In order to unmask fake news and seek the truth of the information, fact-checkers
nowadays have gained an important position in journalism [3], evaluating the veracity of
claims generally by public figures such as politicians, journalists, etc. and trying to reveal
this false claims to the population There are important companies or associations such as
Chequeando 2 in Argentina, Verificado 3 in Mexico and Maldita4 or Newtral5 in Spain

1Corresponding Author: Francisco Grimaldo, Department of Computer Science, University of Valencia,
Spain; E-mail: francisco.grimaldo@uv.es.

2https://chequeado.com/
3https://verificado.com.mx/
4https://maldita.es/
5https://www.newtral.es/
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that try to analyse certain news and publications, written in Spanish, in different media
like Twitter, and then report on their attempts to manipulate the population with accurate
data. There are also well known fact-checkers for Catalan as Verificat 6. Nevertheless,
validating fact-checking is challenging, given the fact that to do this, people in charge
have to analyse the news and look for reliable sources that help to contrast themmanually.
This tedious work becomes not possible to deal with the large amount of information
published on networks.

The study in fake news detection on social media has grown enormously and has
gained a lot of attention during the last few years, being a very attractive and interesting
study for researchers from all over the world [4], developing and using computational
techniques to solve this problem [5]. However, the detection of hoaxes or fake news in
social networks poses many challenges and problems. Focusing on Twitter, there are
many characteristics that we could look at to detect if a tweet is false, such as the way in
which it is written, the credibility of the user, the content, the subject, the media ...

Although there are models such as NarrativaAI 7 that helps to detect potentially
misleading news written in Spanish, depending on whether there is information about the
news on reliable sites, we have focused on analysing the textual information of the tweet,
as the sentiments, to identify patterns in hoaxes, with the objective of understanding the
written differences between fake or real tweets. For this purpose, we extract and select
the most representative sentiment and emotional characteristics from tweets proceeding
from a set of Spanish political elections dated in the last years. We will analyse how
the way hoaxes are written in Spanish and the malicious style of writing false news, so
that people perceive them as true using NLP and Data Mining techniques as Sentiment
analysis [6] to accelerate the process of identifying fake news.

2. Proposal and Methodology

This contribution proposes to analyse the written style of Spanish hoaxes by sentiment
and emotional analysis using pre-trained models. In this case, the datasets used to carry
out the work are about politically themed twitter texts extracted with the Twitter Aca-
demic API 8 during the election period in certain autonomous regions. We worked with
these data because they can be pseudo-labelled more easily with fact-checkers webs.
However, the technique we propose is agnostic to the subject matter of the texts. Finally,
with the characterisation made, we trained a model with the text of the tweets together
with the characterisation and a custom tag identifying manually the veracity of the in-
formation. The model will give an approximation of whether a tweet may be a hoax
depending on the way it is written.

For creating the tweets datasets, we selected the last political elections in different
regions in Spain: Madrid, Catalunya, Castilla y León and Andalucı́a. First of all, we made
a search of the most propagated hoaxes in those election periods published in platforms
against fake news such as maldita.es, newtral.es or verificat.cat 9. Once the hoaxes have
been identified, we proceed to extract the keywords of each fake to find other tweets that
talk about this hoax, building with them different queries to the Twitter API using the

6https://www.verificat.cat/es
7https://huggingface.co/Narrativaai/fake-news-detection-spanish
8https://developer.twitter.com/en/products/twitter-api/academic-research
9https://verificat.cat/
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Twarc2 Python library. For example, for the hoax ”The company Indra is in charge of the
electoral recount of the postal vote”, keywords would be “(indra electoral recount)”. In
this way, and limiting the time period of the query to that of the election campaign, we
obtain a set of tweets that talk about or spread the hoax in different ways. We label them
as a fake news with the custom tag veracity false.

To obtain tweets that do not talk about such hoaxes and considered as real in-
formation, we made queries with generic election hashtags from each campaign (e.g.:
#EleccionesCatalanas, #14F, #EleccionesAndalucia2022) to extract them with the API.
Tweets previously classified as hoaxes with this hashtags are eliminated if any. They are
labeled as not hoaxes with the custom tag veracity true. To obtain the best possible results
the formed datasets containing hoaxes and non hoaxes tweets were balanced, having ap-
proximately the same number of hoaxes (veracity=false) as non-hoaxes (veracity=true).

Dataset Captured period Num hashtags Num hoaxes Veracity Veracity Count

Andalucia
3 May 2022 - 19 July 2022 24 12 True 577

False 561

Castilla
y León

1 Dec. 2021 - 13 Mar. 2022 13 5 True 1537
False 1530

Catalunya
1 Dec. 2020 - 14 Mar. 2021 6 45 True 1673

False 1662

Madrid
18 Mar. 2021 - 4 June 2021 11 53 True 10826

False 10078

Table 1. Size and number of dataset hoaxes and non-hoaxes (veracity).
Table 1 shows the four different datasets with the number of hoaxes and non hoaxes

(Veracity Count). We also indicated the number of hoaxes reported in fact-checkers web-
sites and the number of generic hashtags that we used to extract the tweets.

In order to make the sentiment analysis, we preprocess the tweets removing URLs
and stop-words and lemmatizing the texts. Then, we apply different pre-trained models:
Pysentimiento 10 for emotions or sentiments analysis, Newtral model 11 for obtaining the
level of toxicity and NarrativaAI model to obtain an approximation about the potentially
of being deceptive news. All extracted characteristics represent a percentage from 0 to 1
of the feature in the text.

Since the characteristics mentioned above are closely related to each other and this
relationship could affect some models. We calculated Spearman correlations to denote
which variables measure the same attribute and select the most independent ones in order
to create the final model. Analysing it we decided to remove AGGRESSIVE (aggres-
sive - hateful [0.95]), ANGER (disgust - anger [0.94]), NEGATIVE (negative - anger
[0.71], negative - disgust [0.77], negative - neutral [-0.82], negative - positive [-0.85]) and
VERY TOXIC (toxic - very toxic [0.87]) from the characteristics because they showed
the highest correlation with another one.

Once removed, we calculated the AUC/ACC and the F1-score for each characteristic
related to the veracity label. In this way we will be able to know which emotions are more
related to the hoax class. The results showed a relation in tweets with the veracity label.
In general, disgust, fear and sadness are the most predominant and repeated emotions in
tweets tagged as hoax comparing the four datasets. In not fake tweets the most repeated
emotions were joy, neutral and positive, which can lead to the thought that the way of
writing hoaxes is usually more negative and tries to transmit something bad about some
topic.

10https://github.com/pysentimiento/pysentimiento
11https://huggingface.co/Newtral/xlm-r-finetuned-toxic-political-tweets-es

E. Álvarez-García et al. / Text Characterisation for the Fight Against Political Misinformation332



Finally we created a non-parametric model (Random Forest) with the independent
characteristics selected after comparing the results of the Spearman correlation to analyse
and approach whether or not the tweet is a hoax according to the extracted characteristics.
To verify if the trained model works in other contexts in addition to the training one, we
created a cross validation test using the four datasets from the Spanish regional elections.
Each dataset involves different politic parties, geographical contexts and in the case of
the Catalonian datasets, language. We validated each model with the other three datasets.
Table 2 shows AUC and F1-score obtained for each of the test models. In each test the
Random Forest has been trained with the set of data coloured in grey and test with the
rest. The media of AUC and (F1-score) of cells used for train in each model is 0.951
(0.877) while the media in test is 0.791 (0.709). The results show high AUC and F1-socre
values in all tests, so we can say that the model is generalisable in different contexts.

Madrid Castilla y León Catalunya Andalucı́a
Model 1 0.907 (0.817) 0.902 (0.821) 0.717 (0.618) 0.819 (0.716)
Model 2 0.797 (0.723) 0.988 (0.937) 0.666 (0.628) 0.774 (0.715)
Model 3 0.811 (0.734) 0.849 (0.769) 0.934 (0.849) 0.772 (0.699)
Model 4 0.841 (0.705) 0.881 (0.789) 0.660 (0.588) 0.976 (0.905)

Table 2. Evaluation of Random Forest model generation. [AUC(F1-Score)]. Gray cell indicates the training
dataset while white cells the test.

3. Discussions

Analysing the way tweets are written and the emotions they reflect and transmit can help
us to approximate if we are dealing or not with a hoax. The results obtained in this work
conducts us to understand that normally fake news are written in a more negative way,
being disgust, fear and sadness the most representative emotions in tweets tagged as
hoax in the four datasets of the regional elections that we used to carry out the work. We
created a web-app to visualise the tweets, with the characteristics and the probability of
a hoax extracted with the model, this can help to understand when it may be fake news.
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Abstract. In this work we present the Interactive SAT Tracer (SAT-IT), a vi-
sual and interactive tool to monitor and illustrate the basic algorithms for solving
the Boolean Satisfiability Problem (SAT). We consider three algorithms with pro-
gressively increasing sophistication: simple backtracking, its extension with unit-
propagation, so called Davis-Putnam-Logemann-Loveland (DPLL), and its further
extension with clause-learning and conflict driven, so called Conflict-Driven Clause
Learning (CDCL). The motivation of this tool is to provide an environment where
the user can see the full trace of a SAT solving process in a compact but detailed
way and understand the reasons why each variable assignment, backtrack or back-
jump occurs. Moreover, we want the user to be able to control the evolution of the
solving process at the desired pace, and let they choose what branchings (or deci-
sions) must be done. Being able to control the solving process and having detailed
information of this process, results in many pedagogical and research applications
such as understanding algorithms or designing encodings.

Keywords. SAT, CDCL, DPLL, tool, tracer

1. Introduction

The Boolean Satisfiability problem (SAT) is the paradigmatic NP-complete prob-
lem [1,2]. This is the problem of deciding whether a Boolean propositional formula can
be satisfied. This problem is not only relevant for being the first problem that was shown
to be NP-complete, but his popularity and research interest have been continuously in-
creasing during the last decades for its applicability as a problem-solving paradigm.

The key factors in the success of SAT are the facility to translate a plethora of hard
constraint satisfaction and optimisation problems to SAT formulas, and the development
of extremely efficient algorithms for solving such formulas. Despite the enormous the-
oretical computational complexity of SAT, nowadays we have efficient methods capa-
ble of solving huge formulas coming from problems of industrial interest such as circuit
verification [3], planning [4], scheduling or timetabling [5,6], to name a few.

Except for very specific domains, there is one clearly predominating algorithm to
solve SAT: the Conflict-Driven Clause Learning algorithm (CDCL). The essence of
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CDCL is a combination of search and inference. It consists of a (non-chronological)
backtracking scheme that explores a search tree to find a solution if any exists, enhanced
with the Unit Propagation (UP) rule and which uses the Resolution rule to learn new
clauses from dead ends of the search tree. Therefore, understanding the basics of SAT-
solving requires to get familiar with the previously mentioned inference rules and their
integration into a SAT solving algorithm. In this regard, in [7] a very compact and precise
rule-based framework to describe SAT solving algorithms was presented.

Inspired by the previously mentioned framework, in this work we present the In-
teractive SAT Tracer (SAT-IT), a visual and interactive tool to monitor and illustrate
the basic algorithms for SAT solving. In order to facilitate the learning of SAT solv-
ing techniques to users that start without a background knowledge, we consider three
algorithms with progressively increasing sophistication: simple backtracking, its exten-
sion with UP, so called Davis-Putnam-Logemann-Loveland (DPLL), and its further ex-
tension with conflict-driven clause learning, i.e. CDCL. In contrast to the teaching tool
LearnSAT [8] our tool provides an interactive environment with some graphical support.
The motivation of our tool is to provide an environment where the user can see the full
trace of a SAT solving process in a compact but detailed way and understand the rea-
sons why each variable assignment, backtrack or backjump occurs. Further information
is included in the tool, such as the sequence of resolution rules involved in each conflict
analysis, what clauses have been learnt, or what are the inspected literals involved in the
2-watched literals scheme for implementing UP. Moreover, the user is able to control
the solving process evolution at the desired pace and choose what variables should be
used for branchings (or decisions). The system displays a full log of the SAT solving
process that allows to see the overall progress of the execution until the current point,
and users can go back to any previous point of the solving process to reinspect or to try
“what if” scenarios. In particular, one could see which variables are unit-propagated af-
ter some particular assignments. This could serve the user to get some practical insights
of some properties of the encodings such as correctness or generalized arc consistency
enforcement by UP.

In the rest of the paper, we review some preliminary concepts in Section 2, we
present the SAT-IT rule-based notation in Section 3, we describe the considered algo-
rithms for SAT solving in Section 4, we describe the SAT-IT tool in detail in Section 5
and we conclude in Section 6.

2. Preliminaries

A propositional variable x can take Boolean truth values, i.e. 0 (meaning false) or 1
(meaning true). A literal l is a variable x, or a negated variable ¬x. A clause is a disjunc-
tion of literals l1∨ ·· ·∨ lk. A propositional formula in Conjunctive Normal Form (CNF)
is a conjunction of m clauses c1∧·· ·∧ cm. A CNF is usually seen as a set of clauses. An
assignment is a mapping from propositional variables to {0, 1}. An assignment satisfies
(respectively falsifies) literal x if x = 1 (respectively x = 0), and satisfies (respectively
falsifies) literal ¬x if x = 0 (respectively x = 1). An assignment is often expressed as a
set of satisfied literals, e.g. x = 1,y = 0,z = 1 can be expressed as {x,¬y,z}. A literal
l is defined in an assignment M if l ∈ M or if ¬l ∈ M, and otherwise is undefined. An
assignment is complete if all the variables are assigned a value, otherwise it is partial.
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Given an assignment, a clause is satisfied if at least one of its literals is satisfied, it is
falsified if all its literals are falsified, and it is unit if all its literals are false but one which
is unassigned. A CNF is satisfied if all its clauses are satisfied. An assignment satisfies a
formula F if it satisfies all the clauses of F . We call an assignment satisfying a formula
F a model of F . Given two formulas F and F ′, we say that F ′ is a logical consequence of
F , denoted F |= F ′, if every model of F is a model of F ′. This notation can be extended
to clauses and assignments: a clause C and a negation of a clause ¬C are also formulas,
and an assignment M can be seen as a conjunction of literals, i.e. also as a formula. Then,
M |=C means that assignment M satisfies clauseC and M |=¬C means that M falsifies C.

Definition 1 The Boolean satisfiability (SAT) problem consists in determining whether
there exists a model for a given CNF formula.

The unit propagation and the resolution rules play a central role in SAT solvers.

Definition 2 Given an assignment M and a clause C ∨ l such that M |= ¬C and l is
undefined in M, (i.e., C ∨ l is a unit clause given M), the unit propagation (UP) rule
extends M to M∪{l}.

Definition 3 Given two clauses C∨ l, C′ ∨¬l, the resolution rule derives the clause C∨
C′. It holds that (C∨ l)∧ (C′ ∨¬l) |=C∨C′.

Modern SAT solvers implement the Conflict-Driven Clause Learning (CDCL) algo-
rithm. It is an algorithm that combines search and inference. Moreover, CDCL solvers
include a series of techniques which are crucial to achieve the best performance, such as
restarts, the variable-elimination inprocessing and the learnt clause removal [9]. How-
ever, for now SAT-IT only focuses on the basic search and inference components.

In particular, SAT-IT is designed to explain the search component of SAT-solving al-
gorithms by starting with a naive backtracking scheme which is incrementally enriched,
obtaining the Davis-Putnam-Logemann-Loveland (DPLL) algorithm at a first step, and
the CDCL algorithm at a second step. The most basic backtracking scheme tries to find
a model by successively assigning arbitrary truth values to the variables (it makes deci-
sions). If a clause is falsified (it finds a conflict), it undoes a decision (it does a backtrack)
and continues the search, thus forming a search tree. If this basic backtracking scheme is
improved by applying UP whenever possible, we obtain the DPLL algorithm. The deci-
sion level of an assigned literal l is the number of decisions made before being assigned
(including l), and the decision level of an assignment (or of a point of the search tree) is
the maximum decision level of its literals. If a conflict is found at decision level 0, the
formula is unsatisfiable. Finally, CDCL improves DPLL with clause learning. When it
reaches a conflict, conflict analysis is performed to derive a new clause explaining the
conflict, and it does a non-chronological backtrack (or backjump). This new clause is
inferred with a sequence of applications of the resolution rule, and is added to the for-
mula (it is learnt). We refer the reader not familiar with SAT to [10,11,12,7,13] for more
detailed explanations about DPLL and CDCL.

3. SAT-IT Rules

In [7] there was presented a rule-based framework to describe the DPLL algorithm and
some extensions such as CDCL, or DPLL(T) for solving Satisfiability Modulo Theories
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DECIDE:

M ‖ F =⇒ M ld ‖ F if

{
l or ¬l occurs in a clause of F

l is undefined in M
BACKTRACK:

M ld N ‖ F ∪{Ci} =⇒ M ¬lk ‖ F ∪{Ci} if

{
M ld N |= ¬Ci

N contains no decision literals
FAIL:

M ‖ F ∪{Ci} =⇒ FailState if

{
M |= ¬Ci

M contains no decision literals
UNITPROPAGATE :

M ‖ F ∪{Ci} =⇒ M li ‖ F ∪{Ci} if

⎧⎪⎪⎨
⎪⎪⎩

Ci has the form C′ ∨ l

M |= ¬C′

l is undefined in M
BACKJUMP:

M ld N ‖ F ∪{Ci} =⇒ M l′ j ‖ F ∪{Ci} if

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

M ld N |= ¬Ci, and
there is some clause Cj such that:

Cj has the form C′ ∨ l′,
F ∪{Ci} |=Cj and M |= ¬C′,
l′ is undefined in M, and
l′ or ¬l′ occurs in F or in M ld N

LEARN:

M ‖ F =⇒ M ‖ F ∪{Cj} if
{
each literal of Cj occurs in F or in M
F |=Cj

Figure 1. Rule-based representation of SAT-IT.

(SMT). This framework allows to formally reason about the algorithms using a simple
representation. SAT-IT works with (a slight modification of) a subset of the rules pre-
sented in [7], that is listed in Figure 1, and described after providing some notation.

A state is defined as a pair of the form M‖F , where M is a (partial) assignment and F
is a formula in CNF, i.e. a finite set of clauses. Every rule, of the form M‖F =⇒ M′‖F ′,
can only be applied if a set of conditions over M‖F are satisfied, and its application
changes the state from M‖F to M′‖F ′. Then, the process of solving a SAT formula F
is represented as a sequence of states S0 =⇒ S1 =⇒ S2 =⇒ ·· · =⇒ Sn obtained by a
sequence of rule applications, where S0={}‖F . If F is satisfiable, then Sn is of the form
M‖F ′, where M is a model of F . Otherwise (i.e., F is unsatisfiable), Sn is the special state
FailState. A partial assignment is not represented as a set of literals but as a sequence M
of literals tagged with superscripts. We write together assignments and literals to denote
concatenation, e.g. M l is the sequence M followed by literal l.

The rules used by SAT-IT are the following:

DECIDE: Extends the partial assignment with an undefined literal l (it decides l).
BACKTRACK: This rule can be applied when an existing clauseCi is falsified by the par-

tial assignment, and the partial assignment contains some decided literal. The last
decided literal l is negated, and all literals after l are removed from the assignment.
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FAIL: This rule can be applied when an existing clause Ci is falsified by the partial
assignment, and the partial assignment does not contain any decided literal. The
result is the FailState (the formula is unsatisfiable).

UNITPROPAGATE: This rule applies UP on the unit clause Ci =C′ ∨ l.
BACKJUMP: This rule can be applied in the same case as the BACKTRACK rule. How-

ever, instead of negating the last decision, the rule removes the partial assignment
until (and including) a decision ld , which is not necessarily the last decision (i.e.,
it performs non-chronological backtracking). The backjump decision level d is de-
termined by a clause Cj = C′ ∨ l′ which is falsified by M l N. More precisely, d
is one plus the largest decision level of literals in C′. Note that Cj does not nec-
essarily exist in F,Ci, but it must be a logical consequence of F,Ci. Note also that
clause C′ is unit with assignment M, and therefore we extend M with l′ j due to UP
on clause Cj.

LEARN: This rule adds a new clause to the formula. The added clause must be logical
consequence of the formula.

The only rules that add a literal to the partial assignment, possibly after removing
other literals, are DECIDE, UNITPROPAGATE, BACKTRACK and BACKJUMP. Like in [7],
a literal l that has been added to an assignment M with the DECIDE rule will have the
symbol d as a superscript, meaning that l has been assigned with the application of the
DECIDE rule. However, in [7] no superscript is added in the remaining cases. SAT-IT
rules introduce a small difference: literals assigned by BACKJUMP and UNITPROPAGATE
contain an integer superscript i, meaning that l has been assigned by UP on the unit
clause Ci; literals assigned by BACKTRACK contain the symbol k as a superscript. This
representation is closer to the real implementation of CDCL SAT solvers [12], where
each literal in the sequence of assignments (a.k.a. trail), has a reason to be assigned, i.e.
it has been either decided or unit-propagated due to a particular case (no backtrack k
reason exists in CDCL). Moreover, this extra information allows a better understanding
of the development of the solving process, as well as a better identification of the clauses
involved in conflict analysis. Example 1 explains how to read the trail of a given state.

Example 1 Consider the trail 1d -55 2d -3k 40 corresponding to the second line of Fig-
ure 3, left (where xi is denoted just i and ¬xi as -i, as we explain later). Literals 1 and
2 have been decided (DECIDE rule), literal -3 is the negation of a previous decision
(BACKTRACK rule), and literals -5 and 4 have been unit-propagated due to clauses C5
and C0 respectively, either by UNITPROPAGATE rule or by BACKJUMP rule. Literals 1
and -5 have decision level 1, and literals 2, -3 and 4 have decision level 2.

4. SAT-IT Algorithms

SAT-IT supports three SAT-solving algorithms with increasing sophistication: BACK-
TRACKING, DPLL and CDCL. These three algorithms can be described as applications
of different sets of rules from Figure 1. In fact, using these rules one could design other
solving algorithms. We consider those three since they follow a natural evolution form
a naive backtracking one to a full (though basic) CDCL solver. In the provided pseudo-
code for these algorithms, we use the auxiliary function canApply(R,M,F), which checks
the shape of M and the conditions of rule R on the state M‖F to determine the applicabil-
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Algorithm 1: BACKTRACKING algorithm
Input: F = {C1, . . . ,C|F |}, a set of clauses.
Output: If F is SAT: (SAT,M), where M is a model of F . Otherwise: UNSAT .

1 M ←{}
2 while True do
3 if CanApply(BACKTRACK,M,F) then (M,F)←Backtrack(M,F) ;
4 else if CanApply(FAIL,M,F) then return UNSAT ;
5 else if M is a complete assignment then return (SAT,M) ;
6 else (M,F)←Decide(M,F) ;

Algorithm 2: DPLL algorithm
Input: F = {C1, . . . ,C|F |}, a set of clauses.
Output: If F is SAT: (SAT,M), where M is a model of F . Otherwise: UNSAT .

1 M ←{}
2 while True do
3 if CanApply(BACKTRACK,M,F) then (M,F)←Backtrack(M,F) ;
4 else if CanApply(FAIL,M,F) then return UNSAT ;
5 else if M is a complete assignment then return (SAT,M) ;
6 else if CanApply(UNITPROPAGATE,M,F) then (M,F)←UnitPropagate(M,F) ;
7 else (M,F)←Decide(M,F) ;

Algorithm 3: CDCL algorithm
Input: F = {C1, . . . ,C|F |}, a set of clauses.
Output: If F is SAT: (SAT,M), where M is a model of F . Otherwise: UNSAT .

1 M ←{}
2 while True do
3 if CanApply(BACKJUMP,M,F) then
4 Cj ←ConflictAnalysis(M,F)
5 (M,F)←Backjump(M,F ,Cj)
6 (M,F)←Learn(M,F ,Cj)
7 else if CanApply(FAIL,M,F) then return UNSAT ;
8 else if M is a complete assignment then return (SAT,M) ;
9 else if CanApply(UNITPROPAGATE,M,F) then (M,F)←UnitPropagate(M,F) ;

10 else (M,F)←Decide(M,F) ;

ity of the rule. The auxiliary functions Decide, UnitPropagate, Backtrack, Backjump and
Learn perform one application of the corresponding rule and return the resulting state.

The simplest algorithm is BACKTRACKING, described in Algorithm 1, and can
be defined in terms of the rules DECIDE, BACKTRACK and FAIL. The DPLL algorithm,
described in Algorithm 2, is obtained by adding to BACKTRACKING the UNITPROPA-
GATE rule. Finally, the CDCL algorithm, described in Algorithm 3, replaces the BACK-
TRACK rule with the BACKJUMP rule, and adds the LEARN rule. Both rules are para-
metric to a clause Cj that we provide as an argument. In order to obtain Cj, we define
the ConflictAnalysis function that requires as input a state M‖F where we can apply the
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Algorithm 4: Conflict Analysis
Input: F,M: A state where F contains some clause falsified by M.
Output: C: A new clause derived with resolution from a conflict until the 1UIP.

1 C ← a clause in F such that M |= ¬C
2 while C contains more than one literal of the last decision level do
3 li ← the rightmost literal of M s.t. ¬l ∈C
4 C ← Resolution(C,Ci)

5 return C

BACKJUMP rule, and therefore where there exists a clause Ci ∈ F which is falsified by
the current assignment M. The conflict analysis procedure is described in Algorithm 4.
Starting from an unsatisfied clause C, and by means of the resolution rule, the conflict
analysis transforms C until it contains only one literal of the last decision level. Such lit-
eral is usually referred to as the First Unique Implication Point (1UIP) [10]. After conflict
analysis, the returned clause Cj is learnt and the 1UIP is unit-propagated due to clause
Cj in the BACKJUMP rule.

5. SAT-IT GUI and Functionalities

SAT-IT is publicly available3. This tool allows the user to work with CNFs in DIMACS
format using any of the three given algorithms. We find an example execution of CDCL
in Figure 2, and of DPLL and BACKTRACKING in Figure 3. These figures consider the
same example input formula:

C0 : x3∨ x4∨¬x1∨ x5 C2 : x3∨¬x4∨¬x1 C4 : x1∨¬x2 C6 : ¬x3∨¬x4∨ x5
C1 : ¬x3∨ x4∨ x5 C3 : x1∨ x2 C5 : ¬x1∨¬x5

Moreover, when a decision is done, the provided examples always choose the first unas-
signed variable in the order 1,2, . . . ,5, and always the positive literal.

SAT-IT illustrates the solving process and lets the user control the evolution of the
process using the views and functionalities that we describe now. The main window of
SAT-IT can be seen in Figure 2. We start by explaining the four main views of the main
window of SAT-IT, that we refer as to trail’s history, clause list, event viewer and control
buttons. After this, we describe further functionalities.

Trail’s history: The trail’s history is shown in the enclosed area at the top-left part in
Figure 2. This view shows the evolution of the trail (i.e. of M) as the algorithm pro-
gresses. In this window, a tagged literal xt

i is denoted it , and a literal ¬xt
i is denoted −it .

This representation corresponds to the standard DIMACS format. At the beginning of the
execution, it starts with an empty trail. The new literals added to the trail with the rules
DECIDE and UNITPROPAGATE are appended to the end of the current trail. Whenever a
rule that removes literals from the trail is applied, namely BACKTRACK or BACKJUMP,
the current trail is left in its form before the rule application, and the trail resulting of the
rule application is added in a new line. See for instance that in Figure 2 there are 3 lines,

3https://imae.udg.edu/Recerca/LAI/
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since we applied 2 times the BACKJUMP rule. In order to visually illustrate the backtrack
point, the part of the trail that is kept after BACKTRACK or BACKJUMP is blurred out.
The application of a BACKTRACK or BACKJUMP, which is written at the right of the
current trail, is always preceded by the message CONFLICT i, meaning that Ci is the
conflicting clause that triggered the rule. Moreover, the BACKJUMP rule is also followed
by the message LEARNED j, meaning that clauseCj is learnt and is the clause that estab-
lish the backjump point (recall Algorithm 3). Finally, the last trail will either finish with
SAT or UNSAT. The former case means that the formula is satisfiable and the last trail
is a model, while the latter means that unsatisfiability is proven. Note that the content of
this history once the solving process has finished shows in full detail what has been the
process that the algorithm has followed to find a solution.

Clause list: The bottom-left enclosed part lists all the clauses of the formula. Every
row, of the form i : l1 l2 l3 . . . ln shows a different clause, where i is the name given
to clause Ci, and the right part is the list of literals of the clause. Again, the minus sign
means negated literal, hence following the standard DIMACS format. At the beginning,
the list contains the original clauses. Every time a clauseCj is learned, the corresponding
message LEARNED j is shown after the trail, and a new clause is added to the list. For
instance, in Figure 2 clauses 7 and 8 are learned. Note that the ids of learnt clauses are
painted in orange. The colouring of the literals during the solving process is modified.
The colouring code of the literals, for a current trail (assignment M), is the following:
red means falsified, green means satisfied, and black means unassigned.

Event viewer: This is the top-right part of the window and it shows, in chronological
order, some events that the solver has processed together with extra information. The
events that we consider are: (i) a decision, specifying the decided literal and its decision
level; (ii) a maximal chain of consecutive unit propagations; (iii) a backtrack followed by
the backtrack resulting literal; (iv) or a backjump followed by the decision level at which
it “backjumps”. This view provides therefore a summary of the whole solving process.
Moreover, if the user double-clicks a backjump entry, a popup will show the chain of
resolution rule applications followed in the conflict analysis in order to derive the clause
to be learnt (see Figure 2 and recall Algorithm 4).

Control buttons: These buttons allow the user to control the solving process at the de-
sired pace. The Decision button performs a literal decision. Depending on the selected
configuration the literal is either picked automatically, or chosen by the user. In case of
automatic picking, we can configure SAT-IT to pick the literals either based on input
order, or following the VSIDS heuristic [11]. The latter case is only enabled if we use
CDCL, and in that case the scores of the variables will be shown. The Unit Prop. button
advances the execution step by step, doing only one propagation each time, or a deci-
sion if needed. The Conflict button advances the execution until a conflict is found. The
Resolve C. button is enabled only when a conflict is found and is used to resolve the
conflict. The End button will trigger the automatic completion of the solving process.

Other Functionalities: SAT-IT uses and illustrates the two-watched literals (2WL)
scheme (see [11]) to apply UP. The literals that are added to the trail are processed in the
order they are added since the last decision, in order to find unit clauses where to apply
UP. That is, we will consider all unit clauses containing the literal at position i of the trail
(starting from the last decision), before continuing with the unit clauses containing the
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Figure 2. Main view of SAT-IT, with a completed execution of the CDCL algorithm, and the pop-up window
showing the conflict analysis for the second backjump.

Figure 3. Left: trail history of a DPLL run. Right: three first and three last lines of the trail history of a
BACKTRACKING run (the total number of lines of the example is 16).

literal at position i+1. 2WL benefits from the fact that inspecting two unassigned literals
in a clause is enough to check the moment when the clause becomes unit. In SAT-IT,
each clause in the clause list view is dynamically reordered to put the two watched lit-
erals in the two first positions of the list of literals. The user can thus appreciate how a
chain of unit propagations updates the watched literals. SAT-IT also implements a break-
point system, that lets the user indicate variables to be tracked. Then, a message appears
every time one of these variables is assigned. In order to try the consequences of dif-
ferent decisions, SAT-IT implements undo and redo functionality. This allows to undo
the execution process decision by decision, and pick another path (by manual decision
selection). Finally, SAT-IT incorporates a preprocess of the input formulas. If the input
CNF contains unit clauses, UP is applied until fix point. The formula is simplified ac-
cordingly, meaning that satisfied clauses are removed and falsified literals are removed
from the remaining clauses. The literals propagated by this preprocess are listed in a line
at the beginning of the trail history, with the superscript symbol p.

6. Conclusions an Future Work

We have presented SAT-IT, a visual and interactive tool to monitor and illustrate the
basic search-based exact algorithms for SAT solving in a compact but detailed and very
informative way. Whereas the tool can rapidly solve fairly large formulas, it has been
designed to deal with formulas of few tens or hundreds of variables, so that the evolution
of the solving process can be visually inspected. We believe that this tool can be really
helpful to assist the teaching basics on SAT solving for different reasons. First, it is a
very intuitive graphical tool that shows a good selection of the most relevant information
involved in a SAT solving process. Second, the three included algorithms with increasing
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sophistication allow the users to approach gently to the full CDCL algorithm. The used
language and the trace of the algorithms are completely deterministic and the notation is
also suitable for hand writing resolution of SAT formulas. These facts favours the use of
the tool as an assistant to correct practical exercises and assist autonomous study.

The practical utility of the tool goes much beyond the learning of the CDCL algo-
rithm or even teaching. For instance, SAT-IT can be used as an assistant for creating and
validating examples for research reports. In particular, in papers on SAT modelling and
solving, we can frequently find illustrative examples where an initial CNF formula is pro-
vided, and the inferences made by UP on the formula are then analysed. Similarly, SAT-
IT can be used to analyse the properties of some SAT formulas or to find counterexam-
ples. As an illustrative example we consider the analysis of the propagation strength of a
SAT encoding. We are given a SAT formula consisting of the encoding of the cardinality
constraint x1+x2+x3+x4≥3, and this encoding is supposed to maintain Generalized Arc
Consistency (GAC) by UP [14]. Satisfying the GAC property implies, for instance, that
assigning false to one of the three variables must make UP assign true to the other three.
This scenario can be easily verified with SAT-IT by means of a manual decision followed
by UP, and the user can inspect which clauses are involved in this process.

We plan to improve SAT-IT by including more features of CDCL SAT solvers such
as restarts, learnt clause removal and bounded variable elimination, by providing graphic
representation of unsatisfiability proofs, and by supporting MaxSAT solving algorithms.
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Abstract. The minimization of propositional formulae is a classical problem in
logic, whose first algorithms date back at least to the 1950s with the works of Quine
and Karnaugh. Most previous work in the area has focused on obtaining minimal, or
quasi-minimal, formulae in conjunctive normal form (CNF) or disjunctive normal
form (DNF), with applications in hardware design. In this paper, we are interested
in the problem of obtaining an equivalent formula in any format, also allowing
connectives that are not present in the original formula. We are primarily motivated
in applying minimization algorithms to generate natural language translations of
the original formula, where using shorter equivalents as input may result in better
translations. Buchfuhrer and Umans have proved that the (decisional version of
the) problem is Σp

2 -complete. We analyze three possible (practical) approaches to
solving the problem. First, using brute force, generating all possible formulae in
increasing size and checking if they are equivalent to the original formula by testing
all possible variable assignments. Second, generating the Tseitin coding of all the
formulae and checking equivalence with the original using a SAT solver. Third,
encoding the problem as a Quantified Boolean Formula (QBF), and using a QBF
solver. Our results show that the QBF approach largely outperforms the other two.

Keywords. SAT Solvers, QBF Solvers, Boolean Formula Minimization, Natural
Language Processing

1. Introduction

The minimization of complex Boolean expressions is a longstanding problem in logic.
The first algorithms developed in the 1950s, e.g., the works of Quine, McCluskey [1,2,3],
and Karnaugh [4] paved the way for extensions and optimizations in the following years
(e.g., the Petrick’s method [5], and the Espresso heuristic logic minimizer [6], i.a.). These
works have focused on obtaining minimal equivalent representations in specific canoni-
cal forms (e.g., conjunctive normal form (CNF) or disjunctive normal form (DNF)), and
confined the studies to a limited set of connectives. Here, we are interested in the general
Boolean formula minimization, where no assumptions are made in the form of the input
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formula or the output. In fact, our minimization methods allow us to use distinct sets of
connectives for the input and the output.

We frame Boolean minimization (i.e., finding the logically equivalent shortest for-
mula(e) to a given one) as a Quantified Boolean Formulae (QBF) satisfiability problem
and design an algorithm that consistently finds the shortest equivalents of a given for-
mula. We compare this algorithm with a brute force baseline, and an approach based on
SAT.

Motivation We have two main motivations behind our work. The first one is shared
in [7], where the authors present qbf2epr, a tool that translates QBF to formulae in
effective propositional logic (EPR). Their aim is to generate benchmarks for EPR and
compare solvers for QBF and EPR. Similarly, our formula minimization problem, en-
coded as QBF, generates benchmarks for QBF solvers and allows us to compare SAT and
QBF techniques. The automated deduction community is divided into sub-communities
(e.g., SAT, QBF, SMT, MaxSAT, EPR), which try to solve distinct classes of problems,
from SAT that is NP-complete, to EPR that is NEXPTIME-complete, passing by QBF
that is PSPACE-complete, and each one has its own competition and set of benchmarks.
However, many ideas that proved effective in one area (like learning in SAT) have been
exported to others. In this sense, problems that could be solved with two distinct tech-
nologies, like ours, contribute to comparing the level of maturity reached in each area.

Our second motivation relates to a use case of minimization algorithms in natural
language processing. Grasping the meaning of logical formalisms is a crucial task for
many scholars, yet sometimes even experienced logicians might have trouble decipher-
ing a complex formula. This problem is exacerbated with students of logic, particularly
when they encounter unfamiliar formal systems [8]. Techniques from natural language
generation [9,10], and in particular logic-to-text generation methodologies [11,12], can
be used for simplifying and translating logical formulae into optimally intelligible text in
natural languages (NLs) (such as English, Mandarin, or Korean), which can effectively
explain formulae to systems’ users. For example, given the following first-order formula:

∃x(Problem(x)∧∀y(Researcher(y)→ Interested(y,x)))

we want a system that can automatically generate a faithful and comprehensible expla-
nation, via the following (or another semantically equivalent) text:

There is a problem that every researcher finds interesting.

What are the characteristics that a formula should have to become a suitable input
for a logic-to-text translation system? One aspect that one might want to look at is length.
Brevity has surrounded linguistic debate at least since [13]. Arguably, shorter utterances
should be preferred over longer ones and unnecessary prolixity should be avoided. This
principle might also apply to logical formulae. Intuitively, a short formula, rather than
a longer logical equivalent, should be better suited to be translated into NL. In this pa-
per, we tackle exclusively the logical aspect of the problem. For the application of the
algorithm developed in this paper to the linguistic aspect of the problem, see [14]. We
focus on propositional logic, a formalism in which equivalence is decidable, and limit
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our examination to formulae’s length,2 aiming only for the shortest equivalents to a given
formula.

1.1. Related Work

Formula Minimization Boolean formula minimization is a natural optimization prob-
lem in the second level of the Polynomial-Time Hierarchy Σp

2 . Indeed, the problem is
used by [15] to motivate the definition of the Polynomial Hierarchy. Its decisional ver-
sion can be formulated as the following problem: Given a Boolean formula, prove the
existence of a (smaller) formula (in the same set of variables) that gets the same evalua-
tion of the given formula, for all possible assignments of the variables. The fact that both
sets of quantified variables, as well as the time to evaluate the formulae, are bounded in
the input proves its inclusion in Σp

2 . As we will see in Section 2, this corresponds to our
brute-force algorithm. It is assumed that both the given formula and its minimization are
circuits or formulae of the same form. However, in our implementation, we leave open
the possibility to use distinct sets of connectives. Apart from some completeness proofs
for some particular forms of the input and output [16], the proof for the general form had
eluded researchers until [17] proved Σp

2 -completeness of the problem.
The optimization of complex Boolean expressions has been studied extensively in

electronic circuits, where practical matters (i.e., complex circuits take up physical space
and costs more resources in their implementation) make it crucial to find optimal cir-
cuit representations. Well-known minimization methods include the Quine-McCluskey
algorithm [1,2,3] and the Karnaugh map [4]. In the Karnaugh map, Boolean results are
transferred from a truth table onto a two-dimensional grid, where each cell position rep-
resents one combination of input conditions, while each cell value is the corresponding
output value. Optimal groups of 0s and 1s are identified, which represent the terms of a
canonical form that can be used to write a minimal expression. The Quine–McCluskey
algorithm finds all the prime implicants of a function and uses them in a chart to find
(i) the essential prime implicants of the function, and (ii) other prime implicants that are
necessary to cover the function. The method is functionally identical to the Karnaugh
map, but its tabular form makes it more efficient to employ in computer systems.

However, despite this long history of research and attempts to extend well-
established methods (e.g., [18] tries to implement the XOr operator in the Quine-
McCluskey algorithm), most work has focused on a limited set of connectives and canon-
ical forms (e.g., CNF or DNF). For our scope, we need a more general approach where
all connectives could be, in principle, taken into account.

Quantified Boolean Formulae Quantified Boolean Formulae (QBFs) are an extension
of propositional logic, where universal and existential quantifications are allowed [19].
The use of quantifiers results in a greater expressive power than classic propositional
logic. If all variables occurring in a QBF φ are bound, then φ is called closed. QBFs often
assume a canonical prenex conjunctive normal form (PCNF) φ = ∃�x∀�y∃�z · · ·ψ , where
the portion containing only quantifiers and bound variables is called the prefix, followed
by ψ that is a quantifier-free Boolean formula with conjunctions over clauses, called the
matrix.

2We define length as the number of symbols (i.e., predicates and connectives, parentheses excluded) con-
tained in a formula.
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Algorithm 1: Brute-force algorithm
Input: φ
Output: a minimal equivalent formula ψ

1 Function equivalent(φ ,ψ):
2 foreach Assignment I :Var(φ)→{0,1} do
3 if I(φ) �= I(ψ) then
4 return f alse

5 return true

6 Function main(φ):
7 foreach i = 1, . . . , |φ | do
8 foreach formula ψ s.t. |ψ|= i and Var(ψ)⊆Var(φ) do
9 if equivalent(φ ,ψ) then

10 return ψ

The QBF satisfiability problem [20] consists of determining, for a given QBF φ , the
existence of an assignment for the free variables, such that φ evaluates to true under this
assignment. Hence, φ is true iff, there exists a truth assignment to �x, such that, for all
truth assignments to�y, there exists a truth assignment to�z,. . . such that ψ is true. Several
QBF solvers have been developed over time,3 and applications of QBFs technologies
range from AI to planning [21,22,23]. QBF solvers only use to provide the instantiation
of most externally existentially-quantified variables�x, since for the other ones, instantia-
tion depends on previous universal variables�z = f (�y). In this work, we exploit QBFs to
encode and solve the Boolean minimization problem.

1.2. Structure of the Paper

The rest of the paper is structured as follows. Section 2 introduces the algorithms that we
employ in our experiments and the QBF encoding we develop. Section 3 illustrates the
experiments we carry out, comparing the three aforementioned approaches, and shows
the results. We present some reflections on possible future directions in Section 4.

2. Algorithms

In our experimentation, we analyze three algorithms that we will call brute-force, SAT-
based, and QBF-based.

Brute-force Algorithm The brute-force algorithm (see Alg. 1) is the algorithm that we
mention in Section 1.1 as proof that formula minimization is in Σp

2 . Two formulae φ and
ψ are equivalent iff φ ↔ ψ is a tautology. Like TAUT, the formula equivalence problem
is CoNP-complete. Considering that we test the equivalence for all formulae ψ smaller
than φ , the average time required by equivalent(φ ,ψ) is the same as considering ψ

3http://www.qbflib.org
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a random formula smaller than φ . Assuming that the probability of I(φ) = 1 is 1/2, this
average time would be O(|φ |) (notice that in this situation, half of the calls finish after
checking one assignment, 1/4 after checking two assignments, etc. hence, on average we
would check ∑2|φ |

i=1 i 1
2i < 2 assignments in every call). However, the assumption P(I(φ) =

1) = 1/2 is, in general, false.
We can also estimate the number of calls to this function as follows. The number of

distinct complete trees of size n that we can construct with k binary symbols is kn. If the
trees can have any form, then the computation is more complicated. Let C be the set of
possible binary symbols (hence, we are not considering Not) and V be the set of possible
leaves. The number of forms of trees with m binary nodes and m+ 1 leaves is given by
the recurrence f (m) = ∑m−1

i=0 f (i) f (m− i− 1) that define the Catalan numbers Cm. The
number of distinct trees will be Cm |C |m |V |m+1. Using Stirling approximation, this can
be approximated as 4m√

πm3/2 |C |m |V |m+1. As a function of the tree size n = 2m+ 1, this

is O((4|C ||V |)n/2/n3/2) calls to the equivalent function.

Algorithm 2: SAT-based algorithm
Input: φ
Output: a minimal equivalent formula ψ

1 Function tseitin(φ ,x):
2 if φ = φ1∧φ2 then
3 y1,y2 := f reshvars()
4 return tseitin(φ1,y1)∪ tseitin(φ2,y2)∪CNF({x ↔ y1∧ y2})
5 · · · /* Similarly for other connectives or variables */

6 Function equivalent(φ ,ψ):
7 x1,x2 := f reshvars()
8 Γ := tseitin(φ ,x1)∪ tseitin(ψ,x2)∪CNF({¬(x1 ↔ x2)})
9 return SAT (Γ) �= satis f iable

10 Function main(φ):
11 foreach i = 1, . . . , |φ | do
12 foreach formula ψ s.t. |ψ|= i and Var(ψ)⊆Var(φ) do
13 if equivalent(φ ,ψ) then
14 return ψ

SAT-based Algorithm The second algorithm (see Alg. 2) is based on the use of a SAT
solver and the Tseitin encoding of the two formulae that we want to prove equivalent.
Given two formulae φ , ψ , we can find, in linear time |φ |+ |ψ|, a CNF formula Γ such that
the two formulae are equivalent iff Γ is not satisfiable. Experiments show that, in practice,
we still can get some gain with respect to the brute-force algorithm (see Section 3).

QBF-based Algorithm The third algorithm (see Alg. 3) is based on the use of a QBF
solver. Here, instead of testing every possible minimal formula ψ , we test every possi-
ble depth δ . This supposes a significant improvement since there is a linear number of
depths to try, instead of an exponential number of formula candidates. Second, instead of
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Algorithm 3: QBF-based algorithm
Input: φ
Output: a minimal equivalent formula ψ

1 Function scheme(δ ,z):
2 x f alse := f reshvar(∃(1))
3 Γ :=CNF({x f alse →¬z})
4 foreach y ∈ ∀(1) do
5 xy := f reshvar(∃(1))
6 Γ := Γ∪CNF({xy → (z ↔ y})
7 if δ > 0 then
8 z1,z2 := f reshvar(∃(2))
9 Γ := Γ∪ scheme(δ −1,z1)∪ scheme(δ −1,z2)

10 foreach c ∈ C do
11 xc := f reshvar(∃(1))
12 Γ := Γ∪CNF({xc → (z ↔ z1 c z2)})
13 return Γ∪CNF({x f alse +∑y∈∀(1) xy +∑c∈C xc = 1})
14 Function equivalent(φ ,δ):
15 z1,z2 := f reshvars(∃(2))
16 ∀(1) :=Vars(φ)
17 Γ := tseitin(φ ,z1)∪ scheme(δ ,z2)∪CNF({z1 ↔ z2})
18 return QBF(Γ) = true

19 Function main(φ):
20 foreach δ = 1, . . . ,depth(φ) do
21 if equivalent(φ ,δ ) then
22 return ψ extracted from Γ

a Tseitin encoding of the candidate, we compute a scheme of the candidate. This means
that given a depth δ , we consider all terms of depth δ as possible candidates, without
fixing the content of each node of the candidate. The equivalence between the original
formula and this scheme can be encoded as a QBF formula with three quantifier alterna-
tions: ∃�x.∀�y.∃�z.Γ. In Alg. 3, these three sets of variables are represented as ∃(1), ∀(1), and
∃(2) and individual variables are named x, y, and z, respectively. If the QBF formula is
true, the values we got for variables x∈∃(1) will encode the minimal formula. Notice that
QBF solvers only provide the instantiations of the most external existentially-quantified
variables, since the values of the other existentially-quantified variables depend on more
externally universally-quantified variables.4

These schemes are defined as follows. We assume that there is a maximal arity for
all connectives; in our case 2 (although it could be generalized for any set of fixed-arity
connectives). A scheme of depth δ is basically a complete tree of depth δ , therefore
containing 2δ+1−1 nodes. For every node i of the scheme, and for every truth constant

4In the case of using a QBF solver unable to provide these instantiations, we cannot compute the minimal
equivalent formula.
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(we only consider the constant f alse), or variable y of the original formula, or connective
c, we have a variable in xi

f alse, xi
y, xi

c ∈ ∃(1). When xi
c ∈ ∃(1) gets the value true, then at

position i of the scheme, we have the connective c. Respectively, when variable xi
y ∈ ∃(1)

is true, we have variable y at position i, or constant f alse when xi
f alse is true. Additionally,

we will have a variable xi
dummy that gets the value true when at position i of the scheme

there is not any content. The constraints:

xi
dummy + xi

f alse + ∑
y∈∀(1)

xi
y + ∑

c∈C

xi
c = 1 (1)

in the QBF formula will ensure that one, and only one, of them get the value true. Vari-
ables in ∀(1) are just the set of variables in the original formula. The original formula and
the scheme are equivalent if for all assignments to these variables, both the original for-
mula and scheme get the same evaluation. Variables in zi ∈ ∃(2) encode the truth values
for every possible subformula at position i of the scheme or of the Tseitin encoding of
the original formula. The QBF formula will also contain restrictions of the form:

xi
false →¬zi

xi
y → (zi ↔ y)

xi
Not → (zi ↔¬zi·1)

xi
c → (zi ↔ zi·1 czi·2)

(2)

The intended meanings of these constraints are: If at position i of the scheme we have
the constant f alse, the sub-scheme is evaluated to false, if there is an original variable
y ∈ ∀(1), it is evaluated to y, and if there is a connective c ∈ C , then the sub-scheme gets
the same value as the connective c operated on the evaluations zi·1 of the left-child of i
and the evaluation zi·2 of the right-child.

When in a node of the scheme we put a Not, we only use one of the children, and in
the case of putting a variable, we do not use any of the children. To avoid useless search
in the QBF solver, we can force all these useless nodes to be fixed to the dummy value
by adding the following constraints to the QBF formula:

xi¬ → xi·2
dummy

(xi
y ∨ xi

dummy ∨ xi
f alse)→ (xi·1

dummy ∧ xi·2
dummy)

(3)

In this encoding of schemes, from the assignment computed by the QBF solver for
the variables in the most-externally existentially-quantified ∃(1) of the formula Γ, we can
obtain the minimized formula ψ . For instance, if the variables set to true are the ones on
the left, the formula ψ is the one on the right:

xε
Or

x1a
x1·1dummy

x1·2dummy

x2Not
x2·1b

x2·2dummy

∨

a ¬

b
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Notice that the size of the QBF formula we get is O(2depth(φ) · (|C |+ |Vars(φ)|)).
Assuming that the original formula is balanced, in practice 2depth(φ) ≈ |φ |. Therefore, we
could consider it a polynomial encoding. Notice also that we do not make a profit from
the commutativity and associativity of most connectives.

In this approach, we only bound the depth of the scheme. If we also want to limit its
size, we can add the encoding of some cardinality constraint that bound the number of
nodes in the schema that are distinct from the dummy:

∑
i
¬xi

dummy ≤ size bound (4)

Notice that this QBF-based algorithm may be used to minimize the depth of an
equivalent formula, without using Eq. (4). If instead, we want to minimize the size of
an equivalent formula, it is not so simple as adding Eq. (4). It is possible that, given an
original formula φ , there exists an equivalent formula ψ , satisfying size(ψ) < size(φ),
but where depth(ψ) > depth(φ), and it would not be found by the algorithm. Stricto
sensu, we should try all schemes of depth depth(ψ)≤ size(φ) to avoid this situation and
ensure that all smaller-sized equivalent candidates are considered. However, this would
lead us to obtain QBF formulae of size O(2size(φ)). In the experiments (see Section 3),
we have observed that it is enough to consider all schemes of size size(ψ)≤ size(φ) and
imposing a bound depth(ψ)≤ log2 size(ψ)+1, to get the same results as with the other
algorithms.

3. Experiments and Results

We conduct some experimentation with our algorithms. The three algorithms are im-
plemented in Python 3 and are publicly available at https://gitlab.nl4xai.eu/
eduardo.calo/QBF-boolean-minimization. In the case of the SAT-based algo-
rithm, we use Glucose 4 [24], a state-of-the-art SAT solver, via the Python mod-
ule python-sat.5 In the case of the QBF-based algorithm, we use the state-of-the-art
CAQE [25,26] QBF solver, although any other QBF solver that accepts QDIMACS stan-
dard6 input and output may be used.

For every size in s = 1, . . . ,20, we generate 100 random formulae of size s and
minimize them using the three algorithms. We make sure that all syntactically distinct
formulae are generated with the same probability. We do it carefully to avoid any bias.
However, we do not consider commutativity and associativity of connectives or other
formula equivalences. We generate formulae of size s over a set of

√
s variables7 and

connectives C = {Not,And,Or}, and minimizations are searched among formulae with
connectives C ′ = {Not,And,Or,Implies}.8 We also check that our conclusions are the
same for another number of variables (e.g., half of the desired size, etc.) and that the
implementations agree on the results in terms of formula size using any of the three
methods.

5https://github.com/pysathq/pysat
6http://www.qbflib.org/qdimacs.html
7Using s/c or sc variables does not seem to affect substantially the results.
8We include Implies in C ′ to remark that the set of input and output connectives may be different (contrar-

ily to other approaches).
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Figure 1. Average and median time required by the three algorithms with respect to the size of the original
formula (left) and the resulting minimized formula (right).

We use a cluster with 11 calculating nodes with 2 Intel Xeon CPUs at 2.2GHz with
10 cores/CPU and 92GB of RAM. We set a time-out of 20,000s. The brute-force and the
SAT-based algorithms reach the time-out in some instances for s = 15,18,19,20. These
values are not considered in the computation of the mean and median times. Therefore,
these mean and median values are abnormally low.

In Figure 1 (left), we show the average and median (logarithm of) CPU time required
by each one of the algorithms as a function of the size of the input formula. We clearly
observe that the QBF-based algorithm outperforms the other two algorithms, which seem
to require exponential time on the size of the input. We also observe that the SAT-based
is consistently better than the brute-force algorithm (a constant distance between the
functions, in logarithmic axes, means an improvement of constant factor). This is quite
surprising since, as we mention in Section 2, the computation of the formula equivalence
can be done in linear average time.9 It is also remarkable that, in the case of brute-force
and SAT-based, there is a significant difference between the average and median time.
The reason, as we comment in detail below, is the significant variability in the times
required by each instance. The same effect produces a fluctuation in the values of the
average time. We can conclude that, although in most of the instances (attending to the
median), the three algorithms minimize the formula in less than one second, for sizes
smaller than 20, just a few instances make brute-force and SAT-based require around 1h
on average when the size is around 20.

In Figure 1 (right), we show the average and median (logarithm of) CPU time as a
function of the size of the obtained minimal formula. Here the differences between the
mean and median times are smaller. Hence, we can conclude that the size of the output
determines the time required by the algorithms. Again, it is clear that the QBF-based
algorithm outperforms the other two. We still observe that the median time is smaller
than the average time, which indicates that significant variability still exists. Curiously,
the times depend on the parity of the formula sizes: Even-size formulae are easier than
odd-size formulae. The reason could be that, except in the case of negation, the rest of
the connectives are binary.

In Figure 2 (left), we show how the average size of the minimized formula grows
with respect to the size of the original formula. We observe that the growth is close to
the square root of the original size. Recall that we generate random formulae of size s

9Equivalence checking of two propositional formulae is CoNP-complete in the worse case. However, for
random formulae, and random assignments, the average time is decent.
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Figure 3. Distribution of times for the instances solved with the brute-force algorithm (left) and SAT-based
algorithm (right).

and with
√

s variables. Curiously, we observe that odd-size formulae are simplified more
than even-size formulae, although the reason for this is not clear. In Figure 2 (right), we
show the distribution of sizes of the minimized formulae (for original formulae of sizes
20 and 8).

As mentioned above, we observe significant variability in CPU times, for the brute-
force and SAT-based algorithms. In Figure 3, we sort the instances in decreasing order of
CPU time and represent, in double logarithmic axes, these times for the 100 instances.
We observe that this representation is close to a line (truncated on the top due to time-
outs) with an increasing (negative) slope when the size increases. This implies that the
CPU time in these algorithms follows a power-law probability distribution, where the
time required by a few instances is responsible for most of the average time. The standard
solution in these situations is to use some kind of restart policy or some randomization
of the algorithm. In our case, we could randomize the order of the candidates to minimal
formulae. However, since we want to obtain the minimal equivalent formula, we cannot
randomize the order of the sizes of formulae that we try.

4. Conclusion and Future Work

In this paper, we have analyzed the practical use of three algorithms for general Boolean
formula minimization: a simple one that proves that the problem is in Σp

2 , one based
on the use of a SAT solver to check formula equivalences, and one that uses a Tseitin
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encoding of a formula’s scheme and a QBF solver. We show that the third one clearly
outperforms the other two. The use of QBF solvers represents thus the state-of-the-art
for the Boolean minimization problem.

We have done the experimentation using random formulae. We plan to expand the
work using formulae that are not randomly generated, e.g., deriving from natural lan-
guage, or realistic random formulae [27,28,29]. Moreover, our experiments have been
limited to Boolean formulae. A natural extension of this work would be to see if this or
similar methods could scale up to other (more expressive) formalisms, e.g., first-order
logic (FOL). This would open up a range of interesting research questions, as in FOL,
equivalence is undecidable. Adapting the QBF approach would probably not be feasible,
yet, a semi-brute force approach, e.g., using a first-order theorem prover, could prove
successful.
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[12] Calò E, van der Werf E, Gatt A, van Deemter K. Enhancing and Evaluating the Grammatical Framework
Approach to Logic-to-Text Generation. In: Proceedings of the 2nd Workshop on Natural Language
Generation, Evaluation, and Metrics (GEM). Abu Dhabi, United Arab Emirates (Hybrid): Association
for Computational Linguistics; 2022. p. 148-71.

[13] Grice HP. Logic and conversation. In: Speech acts. Brill; 1975. p. 41-58.
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Abstract. We define a tableau calculus for solving the Maximum Satisfiability
problem of regular propositional logic (Regular MaxSAT). Given a multiset of reg-
ular clauses Φ, we prove that the calculus is sound in the sense that if the minimum
number of contradictions derived among the branches of a completed tableau for
Φ is m, then the minimum number of unsatisfied clauses in Φ is m. We also prove
that it is complete in the sense that if the minimum number of unsatisfied clauses
in Φ is m, then the minimum number of contradictions among the branches of any
completed tableau for Φ is m. Furthermore, we describe how to extend the pro-
posed calculus to solve Regular MaxSAT in the case where we consider weighted
formulas.

Keywords. regular propositional logic, maximum satisfiability, semantic tableaux,
completeness.

1. Introduction

Regular propositional logic is a multiple-valued logical formalism for knowledge rep-
resentation that lies in the intersection of the areas of constraint programming, many-
valued logics and annotated logic programming [6].

Regular propositional formulas are multiple-valued propositional formulas equipped
with a regular sign. Given a finite truth value set N equipped with a total order ≤,
a regular sign is a subset of N either of the form { j ∈ N | j ≥ i}, denoted by ≥ i, or
{ j ∈ N | j ≤ i}, denoted by ≤ i, for some i ∈ N. For simplicity, we assume that N takes
rational values between 0 and 1. Given a multiple-valued propositional formula φ , a reg-
ular propositional formula is an expression either of the form ≥ i : φ or ≤ i : φ . In Regular
logic, a truth assignment v maps every propositional variable to a value of N. An assign-
ment v is extended to regular propositional formulas by interpreting conjunction as the
minimum function, disjunction as the maximum function and negation of a propositional
formula φ as 1− v(φ). Then, an assignment v satisfies a regular propositional formula
≥ i : φ iff v(φ)≥ i, and v satisfies a regular propositional formula ≤ i : φ iff v(φ)≤ i.

In contrast to signed propositional formulas [6], where a sign can be any subset of N,
regular propositional formulas offer advantages such as the distinction between positive
and negative literals. In this paper, we assume that N is finite, but in the case that N is
infinite, regular signs allow us to deal with infinite subsets of truth values.
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In the area of satisfiability testing, one of the problems that has attracted more in-
terest in recent years is the Maximum Satisfiability problem (MaxSAT) [5,15,16]. SAT
is usually considered in the particular case of formulas in Conjunctive Normal Form
(CNF), i.e. a problem instance consists of a conjunctions of clauses, where a clause is
a disjunction of literals. Whereas SAT is the problem of deciding if there exists a truth
assignment for a given Boolean CNF formula that satisfies all clauses, MaxSAT is the
problem of finding a truth assignment that minimizes the number of unsatisfied clauses
in a Boolean CNF formula.

In practice, SAT is used as a generic problem solving formalism for decision prob-
lems and MaxSAT for optimization problems. The development of highly competitive
MaxSAT solvers (e.g. [5,14]) has allowed to apply MaxSAT to solve challenging opti-
mization problems in various fields such as bioinformatics [22], circuit design and de-
bugging [23], combinatorial testing [3], diagnosis [10], planning [24], scheduling [7] and
team formation [21].

In this paper we focus on the MaxSAT problem for regular propositional formulas in
CNF, or Regular MaxSAT. Namely, the problem is to find a truth assignment that satisfies
the largest possible number of regular clauses from a given multiset. Our aim is to define
a complete tableau-style proof system for Regular MaxSAT.

Our work is motivated by the fact that the logic machinery defined for Regular SAT
is not valid for Regular MaxSAT. Unfortunately, the inference rules for Regular SAT
are unsound in Regular MaxSAT because they preserve satisfiability but do not pre-
serve the minimum number of unsatisfied clauses between the premises and the con-
clusions. As a consequence, in the Boolean case, new complete resolution and tableau-
style proof systems for MaxSAT have had to be defined (see e.g. [4,8,9,11,12,13,17,18]).
In the multiple-valued case, there exist also resolution and tableau-style proof systems
for MaxSAT (see e.g. [1,2,19,20]). Nevertheless, specific proof systems for Regular
MaxSAT have not been investigated so far.

The main contributions of the present paper can be summarized as follows:

• The definition of the first tableau-style proof system for Regular MaxSAT and the
corresponding proofs of soundness and completeness.

• The extension of the proposed proof system for dealing with clauses that have
an associated weight, or in other words, a sound and complete proof system for
Weighted Regular MaxSAT.

The paper is structured as follows. Section 2 defines basic concepts. Section 3 de-
fines a Regular MaxSAT tableau calculus and proves its soundness and completeness.
Section 4 defines an extension of the proposed calculus to Weighted MaxSAT. Section 5
ends the paper with some concluding remarks.

2. Preliminaries

Given a countable set of propositional variables V = {xi}i∈N, we define a propositional
clause as a set of literals connected by the disjunction (∨) operator, where a literal is
either a variable xi or its negation ¬xi. Let N = {0, 1

n−1 , . . . ,
n−1
n−1} be a finite set of truth

values. The |N|-valued propositional logic considered in this paper is established by a
semantics comprehending an assignment v : V → N, which is extended to literals and
clauses as follows:
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v(¬xi) = 1− v(xi);

v(l1∨ l2∨·· ·∨ ln) = max{v(l1),v(l2), . . . ,v(ln)}.

Given N = {0, 1
n−1 , . . . ,

n−1
n−1} equipped with the natural total order≤ on rational numbers,

a regular sign is a subset of N either of the form { j ∈ N | j ≥ i}, denoted by ≥ i, or
{ j ∈ N | j ≤ i}, denoted by ≤ i, for some i ∈ N. Given a clause C, a regular clause is
an expression either of the form ≥ i :C or ≤ i :C. An assignment v satisfies ≥ i :C iff
v(C)≥ i, and satisfies ≤ i :C iff v(C)≤ i.

Given a multiset of regular clauses Φ, the Regular Maximum Satisfiability Problem,
or Regular MaxSAT, is to find an assignment that minimizes the number of unsatisfied
clauses in Φ.

A weighted regular clause is a pair (C,w), where C is a regular clause and w, its
weight, is a positive number. Given a multiset of weighted regular clauses Φ, Weighted
Regular MaxSAT is to find an assignment that minimizes the sum of weights of unsatis-
fied clauses in Φ.

3. A Regular MaxSAT Tableau Calculus

We define a Regular MaxSAT tableau calculus and prove its soundness and complete-
ness. The expansion rules we define in Definition 3.2 are graphically represented in Fig-
ure 1.

Definition 3.1. A tableau is a tree with a finite number of branches whose nodes are
labelled by either a regular clause or a box (2). A box in a tableau denotes a contra-
diction. A branch is a maximal path in a tree, and we assume that branches have a finite
number of nodes.

Definition 3.2. Let Φ = {C1, . . . ,Cm} be a multiset of regular clauses. A tableau for Φ

is constructed by a sequence of applications of the following rules:

Initialize We start by generating a tree with a single branch with m nodes such that each
node is labelled with a clause of Φ. Such a tableau is a tableau for Φ, called the
initial tableau. All its clauses are declared to be active.

Given a tableau T for Φ and a branch b of T , the result of applying any of the following
rules results in a tableau for Φ with new branches extending b. All the following
rules declare the premises to be inactive in the new branches, and declare the new
nodes to be active:

∨-rule (≤ sign): If b contains an active regular clause≤ i : l1∨ l2∨·· ·∨ ln, where,
for 1 ≤ j ≤ n, l j is a literal and n ≥ 2, the resulting tableau contains a new
(left) branch with a node below b labelled with 2, and a new (right) branch
with one node for every literal l j below b labelled with ≤ i : l j.

∨-rule (≥ sign): If b contains an active regular clause≥ i : l1∨ l2∨·· ·∨ ln, where,
for 1 ≤ j ≤ n, l j is a literal and n ≥ 2, the resulting tableau contains, for
every literal l j, a new branch with a node below b labelled ≥ i : l j.
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≤ i : l1∨ l2∨·· ·∨ ln
2 ≤ i : l1

≤ i : l2
. . .

≤ i : ln

≥ i : l1∨ l2∨·· ·∨ ln
≥ i : l1 ≥ i : l2 . . . ≥ i : ln

provided that n≥ 2

∨-rule

≤ i :¬x

≥(1−i) : x

≥ i :¬x

≤(1−i) : x

≤ i : x

≥ j : x

2 2

≤ i : x ≥ j : x

provided that i < j

¬-rule 2-rule

Figure 1. Tableau expansion rules for Regular MaxSAT

¬-rule: If b contains an active regular clause ≤ i :¬x (resp. ≥ i :¬x), where x
is a variable, the resulting tableau appends a node below b labelled with
≥(1− i) : x (resp. ≤(1− i) : x).

2-rule: If b contains two active regular clauses ≤ i : x and ≥ j : x such that i < j,
where x is a variable, the resulting tableau contains a new (left) branch with
two nodes below b labelled with 2 and ≤ i : x, and a new (right) branch with
two nodes below b labelled with 2 and ≥ j : x.

Definition 3.3. Let T be a tableau for a multiset of regular propositional clauses Φ. A
branch b of T is saturated when no further expansion rules can be applied on b, and
T is completed when all its branches are saturated. The cost of a saturated branch is
the number of boxes in the branch. The cost of a completed tableau is the minimum cost
among all its branches.

We show below that the minimum number of clauses that can be unsatisfied in a
multiset of regular propositional clauses Φ is m iff the cost of a completed tableau for Φ

is m. Thus, the systematic construction of a completed tableau for Φ provides an exact
method for solving Regular MaxSAT.

Example 3.4. Figure 2 shows how to create a tableau, with the previous calculus, to
prove that the minimum number of unsatisfied regular propositional clauses in the mul-
tiset Φ = {≤ 1

3 :¬x3,≥ 2
3 : x1∨ x2,≤ 1

3 : x2∨ x3} is one, assuming N = {0, 1
3 ,

2
3 ,1}. The

first tableau (the leftmost tableau on top) is the initial tableau, which contains one node
for each regular propositional clause in Φ. The second tableau shows the application
of the ¬-rule to ≤ 1

3 :¬x3 and the ∨-rule to ≥ 2
3 : x1∨ x2 . The third tableau shows the

application of the ∨-rule to ≤ 1
3 : x3∨ x2. The fourth tableau shows the application of the

2-rule to ≥ 2
3 : x3 and ≤ 1

3 : x3, and to ≥ 2
3 : x2 and ≤ 1

3 : x2. Finally, the fifth tableau ap-
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≤ 1
3 :¬x3

≥ 2
3 : x1∨ x2

≤ 1
3 : x2∨ x3

≤ 1
3 :¬x3

≥ 2
3 : x1∨ x2

≤ 1
3 : x2∨ x3

≥ 2
3 : x3

≥ 2
3 : x2≥ 2

3 : x1

≤ 1
3 :¬x3

≥ 2
3 : x1∨ x2

≤ 1
3 : x2∨ x3

≥ 2
3 : x3

≥ 2
3 : x2

≤ 1
3 : x2

≤ 1
3 : x3

2

≥ 2
3 : x1

≤ 1
3 : x2

≤ 1
3 : x3

2

≤ 1
3 :¬x3

≥ 2
3 : x1∨ x2

≤ 1
3 : x2∨ x3

≥ 2
3 : x3

≥ 2
3 : x2

≤ 1
3 : x2

≤ 1
3 : x3

2

≥ 2
3 : x2

2

≤ 1
3 : x2

2

≥ 2
3 : x1

≤ 1
3 : x2

≤ 1
3 : x3

2

≥ 2
3 : x3

2

≤ 1
3 : x3

2

≤ 1
3 :¬x3

≥ 2
3 : x1∨ x2

≤ 1
3 : x2∨ x3

≥ 2
3 : x3

≥ 2
3 : x2

≤ 1
3 : x2

≤ 1
3 : x3

2

≥ 2
3 : x2

2

≥ 2
3 : x3

2

≤ 1
3 : x3

2

≤ 1
3 : x2

2

≥ 2
3 : x3

2

≤ 1
3 : x3

2

≥ 2
3 : x1

≤ 1
3 : x2

≤ 1
3 : x3

2

≥ 2
3 : x3

2

≤ 1
3 : x3

2

Figure 2. A tableaux for the Regular MaxSAT instance ≤ 1
3 :¬x3,≥ 2

3 : x1 ∨ x2,≤ 1
3 : x2 ∨ x3.

plies the 2-rule to ≥ 2
3 : x3 and ≤ 1

3 : x3 on the two rightmost branches. Since the tableau
is completed and the minimum number of boxes among its branches is one, the minimum
number of regular propositional clauses that can be unsatisfied in Φ is also one.

3.1. Soundness and completeness

We prove the soundness and completeness of the proposed calculus. Before presenting
the completeness theorem, we prove termination and the soundness of the expansion
rules.

Proposition 3.5. A tableau for a multiset of regular propositional clauses Φ is completed
in a finite number of steps.

Proof. We first create an initial tableau and then apply expansion rules in the newly
created branches until they become saturated. The ∨- and ¬-rule reduce the number of
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connectives. Since we began with a finite number of connectives, these rules can only
be applied a finite number of times. The 2-rule has two regular propositional clauses as
premises and each conclusion contains exactly one clause in the conclusion that could
be a premise of another rule and, therefore, it can only be applied a finite number of
times. Hence, the construction of any completed tableau terminates in a finite number of
steps.

Proposition 3.6. The ∨-, ¬- and 2-rule preserve the number of premises unsatisfied by
an assignment v in at least one branch and do not decrease that number in the other
branches (if any).

Proof. We show that the proposition holds for each rule separately:

• ∨-rule (≤ sign): If v satisfies ≤ i : l1∨ l2∨·· ·∨ ln, it holds that v(l j) ≤ i for all
1 ≤ j ≤ n, because of the maximum function. Hence, v satisfies all the clauses
in at least one of the branches of the rule, specifically in the right branch. If
v unsatisfies ≤ i : l1∨ l2∨·· ·∨ ln, it holds that there is at least one l j such that
v(l j)> i. Hence, v unsatisfies one clause of the left branch, and at least one clause
of the right branch.

• ∨-rule (≥ sign): If v satisfies ≥ i : l1∨ l2∨·· ·∨ ln, no branch of the rule can de-
crease the number of unsatsified clauses in the premise, which is 0. Moreover,
there is at least one l j such that v(l j) ≥ i, and therefore there is at least one
branch without unsatisfied clauses. If v unsatisfies ≥ i : l1∨ l2∨·· ·∨ ln, it holds
that v(l j) < i for all 1 ≤ j ≤ n, and therefore v unsatisfies one clause of every
branch.

• ¬-rule: When the premise is ≤ i :¬x, v satisfies ≤ i :¬x iff v(¬x) = 1− v(x) ≤ i
and, therefore, v satisfies ≤ i :¬x iff it satisfies ≥(1− i) : x. The case where the
premise is ≥ i :¬x holds analogously.

• 2-rule: Since i < j, at least one premise is unsatisfied. If v(x) ≤ i, exactly one
premise and one clause in the left conclusion are unsatisfied, and two in the right
conclusion. If i < v(x)< j, two premises and two clauses in each conclusion are
unsatisfied. If v(x)≥ j, exactly one premise and one clause in the right conclusion
are unsatisfied, and two in the left conclusion.

Theorem 3.7. Soundness & completeness. The cost of a completed tableau T for a
multiset of clauses Φ is m iff the minimum number of unsatisfied clauses in Φ is m.

Proof. (Soundness:) T was derived by creating a sequence of tableaux T0, . . . ,Tn (n≥ 0)
such that T0 is an initial tableau for Φ, Tn = T , and Ti was obtained by a single application
of one of the ∨-, ¬- and 2-rules on an branch of Ti−1, for i = 1, . . . ,n. By Proposition 3.5,
we know that such a sequence is finite. Since T has cost m, Tn contains one branch b
with exactly m boxes and the rest of the branches contain at least m boxes. Moreover,
the active clauses in every branch of Tn are regular literals of the form ≤ i : x or ≥ i : x
such that, for each propositional variable x, the intersection of all the signs is non-empty;
otherwise, we could yet apply expansion rules and Tn would not be completed. Given a
saturated branch with m boxes, the assignment that sets each variable x to one value of
the intersection of all the signs of active regular unit clauses containing x only unsatisfies
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the m boxes. Moreover, there cannot be any assignment satisfying less than m clauses in
a branch of Tn, because each branch contains at least m boxes. Therefore, the minimum
number of active regular propositional clauses that can be unsatisfied among the branches
of Tn is m.

Proposition 3.6 guarantees that the minimum number of unsatisfied active regular
clauses is preserved in the sequence of tableaux T0, . . . ,Tn. Thus, the minimum number
of unsatisfied regular clauses in T0 is also m. Since T0 is formed by a single branch that
only contains the clauses in Φ and all these clauses are active, the minimum number of
clauses that can be unsatisfied in Φ is m.

(Completeness:) Assume that there is a completed tableau T for Φ that does not have
cost m. We distinguish two cases:

(i) T has a branch b of cost k, where k < m. Then, T has a branch with k boxes
and a satisfiable multiset of active clauses because T is completed. This implies that the
minimum number of unsatisfied active clauses among the branches of T is at most k.
By Proposition 3.6, this also holds for T0, but this is in contradiction with m being the
minimum number of unsatisfied clauses in Φ because k < m. Thus, any branch of T has
at least cost m.

(ii) T has no branch of cost m. This is in contradiction with m being the minimum
number of unsatisfied clauses in Φ. Since the tableau expansion rules preserve the mini-
mum number of unsatisfied clauses and the branches of any completed tableau only con-
tain active clauses that are boxes or regular literals from which we cannot derive con-
tradictions, T must have a saturated branch with m boxes. Thus, T has a branch of cost
m.

Hence, each completed tableau T for a multiset of clauses Φ has cost m if the mini-
mum number of clauses that can be unsatisfied in Φ is m.

4. A Tableau Calculus for Weighted Regular MaxSAT

Figure 3 displays the expansion rules of a complete tableau calculus for Weighted Regu-
lar MaxSAT. If there is one premise (C,w), the weighted expansion rules are identical ex-
cept for the fact that we propagate the weight from the premise to the conclusions. In fact,
dealing with weighted regular propositional clauses can be understood as collapsing sev-
eral unweighted Regular MaxSAT inferences into a single inference, because a weighted
clause (C,w) can be replaced by w copies of the unweighted clause C. Therefore, the
soundness and completeness proofs for unweighted Regular MaxSAT are trivially exten-
sible to Weighted Regular MaxSAT. If there are two premises (C1,w1) and (C2,w2) with
different weights (w1 6= w2), (C1,w1) and (C2,w2) become inactive but (C1,w1−w) and
(C2,w2−w), where w = min(w1,w2), are added as active clauses (clauses with weight 0
are not added). In this case, the conclusions of the inference have weight w. Note that, in
the left branch of the 2-rule, the conclusion (≤ i :x,w1) is the result of merging (≤ i :x,w)
and (≤ i : x,w1−w), by accumulating the weight w1 = w+w1−w (and the analogous
case occurs in the right branch).

Example 4.1. Figure 4 displays a completed tableau for the Weighted Partial Regu-
lar MaxSAT instance {(≥1 : x1∨ x3,3),(≥1 :¬x3,2),(≤ 1

3 : x1∨ x2,5)}, assuming N =

{0, 1
3 ,

2
3 ,1}. The first tableau (top left) is the initial tableau. The second tableau results
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(≤ i : l1∨ l2∨·· ·∨ ln,w)

(2,w) (≤ i : l1,w)

(≤ i : l2,w)

. . .

(≤ i : ln,w)

(≥ i : l1∨ l2∨·· ·∨ ln,w)

(≥ i : l1,w) (≥ i : l2,w) . . . (≥ i : ln,w)

provided that n≥ 2

∨-rule

(≤ i :¬x,w)

(≥(1−i) : x,w)

(≥ i :¬x,w)

(≤(1−i) : x,w)

¬-rule

(≤ i : x,w1)

(≥ j : x,w2)

(2,w) (2,w)

(≤ i : x,w1) (≥ j : x,w2)

(≥ j : x,w2−w) (≤ i : x,w1−w)

provided that i < j

where w = min(w1,w2)

2-rule

Figure 3. Tableau expansion rules for Weighted Regular MaxSAT

of the application of the ∨-rule to (≥1 : x1∨ x3,3), the ¬-rule to (≥1 :¬x3,2), and the
∨-rule to (≥1 : x1∨ x3,3). The third tableau results of the application of the 2-rule to
(≤ 1

3 : x1,5) and (≥1 : x1,3). The last tableau results of the application of the 2-rule to
(≥1 : x3,3) and (≤0 : x3,2) on both branches of the right subtree. Since the minimum
cost among all the branches is 10, the minimum sum of weights of the unsatisfied clauses
is 10.

5. Conclusions

We presented a complete tableau calculus for Regular MaxSAT, proved its soundness and
completeness and defined its extension to Weighted Regular MaxSAT. As future work,
we plan to extend the calculus to other formalisms that may be better suited to encode
specific optimization problems. For instance, in Weighted Partial Regular MaxSAT, we
have hard and weighted soft clauses; in Regular MinSAT, the goal is to maximize the
number of unsatisfied clauses; and in first-order logic, we can make use of quantifiers
and predicates.
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(≥1 : x1∨ x3,3)

(≥1 :¬x3,2)

(≤ 1
3 : x1∨ x2,5)

(≥1 : x1∨ x3,3)

(≥1 :¬x3,2)

(≤ 1
3 : x1∨ x2,5)

(≥1 : x3,3)

(≤0 : x3,2)

(≤ 1
3 : x1,5)

(≤ 1
3 : x2,5)

(2,5)

(≥1 : x1,3)

(≤0 : x3,2)

(≤ 1
3 : x1,5)

(≤ 1
3 : x2,5)

(2,5)

(≥1 : x1∨ x3,3)

(≥1 :¬x3,2)

(≤ 1
3 : x1∨ x2,5)

(≥1 : x3,3)

(≤0 : x3,2)

(≤ 1
3 : x1,5)

(≤ 1
3 : x2,5)

(2,5)

(≥1 : x1,3)

(≤0 : x3,2)

(≤ 1
3 : x1,5 )

(≤ 1
3 : x2,5 )

(2,3)

(≤ 1
3 : x1,5)

(2,3 )

(≥1 : x1,3)

(≤ 1
3 : x1,2)

(2,5)

(≥1 : x1∨ x3,3)

(≥1 :¬x3,2)

(≤ 1
3 : x1∨ x2,5)

(≥1 : x3,3)

(≤0 : x3,2)

(≤ 1
3 : x1,5 )

(≤ 1
3 : x2,5)

(2,2 )

(≤0 : x3,2 )

(≥1 : x3,1)

(2,2)

(≥1 : x3,3)

(2,5)

(2,2)

(≤0 : x3,2)

(≥1 : x3,1)

(2,2)

(≥1 : x3,3)

(≥1 : x1,3)

(≤0 : x3,2)

(≤ 1
3 : x1,5)

(≤ 1
3 : x2,5 )

(2,3 )

(≤ 1
3 : x1,5)

(2,3 )

(≥1 : x1,3 )

(≤ 1
3 : x1,2)

(2,5 )

Figure 4. A tableau for the Regular MaxSAT instance {(≥1 : x1 ∨ x3,3),(≤ 1
3 : x1 ∨ x2,5),(≥1 :¬x3,2)}.
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[7] M. Bofill, J. Coll, M. Garcia, J. Giráldez-Cru, G. Pesant, J. Suy, and M. Villaret. Constraint solving

approaches to the business-to-business meeting scheduling problem. Journal of Artificial Intelligence
Research, 74:263–301, 2022.
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[9] M. L. Bonet, J. Levy, and F. Manyà. Resolution for Max-SAT. Artificial Intelligence, 171(8–9):240–251,
2007.
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Abstract. Given a CNF formula with m clauses, and an integer k, where 0 ≤ k ≤ m,
a density of states procedure will count the number of truth assignments that falsify
exactly k clauses of the formula. We present the first approach to compute the den-
sity of states of Boolean formulas exactly. This is the first non-trivial result on this
known hard problem. There are previous approaches for computing approximately
the density of states of Boolean Formulas [1,2], where the authors point out they
are not aware of any complete solver that is able to compute the exact density of
states. The present work is the first step to fill this gap.

The idea is, given a formula ϕ and a parameter c, construct a formula ϕc such
that, the number of models of ϕc is the number of assignments that falsify exactly c
clauses of ϕ . Then, a #SAT solver is used as a black box to count the models of ϕc.
This approach can be also used to compute approximately the density of states by
using an approximate #SAT solver. Finally, the method can be extended trivially to
deal with Weighted Boolean formulas.

Keywords. SAT, #SAT, Model Counting, Density of States

1. Introduction

Given a Boolean formula in CNF with n variables and m clauses, we can calculate the
number of truth assignments that falsify exactly k clauses, where k is any number be-
tween 0 and m. Therefore, given the set of 2n possible truth assignments, we can partition
this set into m+1 parts. Computing the size of all subsets in the partition is the problem
known as density of states, a term borrowed from statistical physics.

The problem of the density of states is a generalization of model counting for
Boolean formulas (abbreviated #SAT). A model counting procedure outputs the number
of assignments that satisfy a given CNF formula. There are several procedures, that ei-
ther count the number of models exactly (CDP [3],Relsat [4], Cachet [5], sharpSAT [6]
and c2d [7]), or simply approximate the number [8,9,10,11,12]. See [13] for a complete
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presentation on model counting (exact or approximate) for SAT. #SAT is a harder prob-
lem than assessing satisfiability (SAT), and in fact, it is #P-Complete. As a consequence,
the software solving this problem is orders of magnitude slower than a SAT solver. There
are a number of applications of model counting in areas like planning or probabilis-
tic reasoning. For instance, performing Bayesian inference can be translated into model
counting [14,15,16].

The density of states is an even more ambitious problem. As we said, for any number
k (between 0 and the total number of clauses), we want to know how many assignments
falsify exactly k clauses. For k = 0, a procedure solving the density of states will give us
the number of satisfying assignments. On the other hand, a density of states procedure
can also be used to find the minimal k such that the number of assignments falsifying
k clauses is not zero, hence solving MaxSAT. Therefore, solving the density of states
subsumes both #SAT and MaxSAT.

As a generalization of model counting, density of states has applications in areas
like planning and probabilistic reasoning. Also, a detailed study of the search space of all
truth assignments can provide insight into the development of new algorithms (for SAT
or MaxSAT), as well as a better understanding of current approaches. For instance, [17]
study local search dynamics using density of states. They observe that independently
of the starting point, local search executions eventually stagnate around particular cost
(number of falsified clauses) intervals. These intervals correspond to costs where the
formula has many assignments falsifying that number of clauses.

There isn’t much previous work developed around density of states. In fact, we are
the first to propose a way to compute density of states exactly, and the method can be
easily adapted to an approximate method. The rest of the literature presents methods to
approximate density of states [17,1,2] using different sampling schemes. These estima-
tion methods can be faster than our exact computation method, but many times it is hard
to asses the accuracy of the estimates. Therefore our method can also be used to evaluate
the performance of the estimates produced by other algorithms.

The key idea behind our work is the following. Given a CNF formula ϕ and a param-
eter c, we obtain a formula ϕc such that the number of assignments that satisfy ϕc is the
same as the number of assignments that falsify exactly c clauses of ϕ . After that, we use a
model counter on ϕc to calculate (or estimate) the number of satisfying assignments. The
method can be extended trivially to deal with weighted Boolean formulas. Therefore to
state the method in full generality we will describe it using weighted Boolean formulas.

This method requires encoding cardinality or pseudo-Boolean constraints as CNF
formulas, possibly introducing additional variables, with the property that once we in-
stantiate the original variables, the remaining formula has either 0 or 1 models. The well-
known Tseitin encoding of a circuit fulfills this property. However, several state-of-the-
art encodings, mostly for efficiency issues, do not satisfy it. We revisit state-of-the-art en-
codings of cardinality constraints and we present them guaranteeing that once we instan-
tiate the original variables, the remaining formula has either 0 or 1 models. For efficiency
reasons, our encodings should also have the property of arc-consistency. We are not the
first in studying encodings with these two properties. To be able to do model counting
for Integer Linear Programming, [18] study encodings with the same properties.

We conduct an experimental investigation on a selection of industrial Partial
MaxSAT instances. The #SAT solvers we use are: the exact model counter sharpSAT
[6], and the approximate model counters satss [8] and sampleCount [19].
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The paper proceeds as follows. After some preliminary definitions in Section 2, we
describe a simple method for computing the density of states based on successive calls
to a #SAT solver in Section 3. This method requires encoding cardinality and pseudo-
Boolean constraints as CNF formulas without introducing redundant models. In Sec-
tion 4, we explain how this can be done for several state-of-the-art encodings. In Sec-
tion 5, we present some experimental results on industrial instances used in the MaxSAT
evaluation. Finally, in Section 6, we show how to compute a good approximation of the
density of states function by interpolation.

2. Preliminaries

We consider an infinite countable set of Boolean variables X . A literal l is either a
variable xi ∈ X or its negation xi. A clause C is a finite set of literals, denoted as C =
l1 ∨·· ·∨ lr, or as for the empty clause. A (CNF) formula ϕ is a finite set of clauses.

A weighted clause is a pair (C,w), where C is a clause and w is a natural number
or infinity, indicating the penalty for falsifying the clause C. A clause is hard if the
corresponding weight is infinity, otherwise, the clause is soft. A weighted formula is
a multiset of weighted clauses ϕ = {(C1,w1), . . . ,(Cm,wm),(Cm+1,∞), . . . ,(Cm+m′ ,∞)}
where the first m clauses are soft and the last m′ clauses are hard.

The set of variables occurring in a (weighted) formula ϕ is noted as var(ϕ).
A (total) truth assignment for a formula ϕ is a function I : var(ϕ) → {0,1}, that

can be extended to literals, clauses, and formulas, in the standard way. This definition
of total assignment can be extended to partial assignments I : V → {0,1}. Then, I(ϕ) is
another formula with variables in var(ϕ)\V .

For a weighted formula ϕ = {(C1,w1), . . . ,(Cm,wm),(Cm+1,∞), . . . ,(Cm+m′ ,∞)} and
truth assignment I : var(ϕ) → {0,1}, we define the cost as cost(ϕ, I) = ∑m

i=1 wi (1 −
I(Ci)), if I satisfies all hard clauses, i.e. I({Cm+1, . . . ,Cm+m′ }) = 1. Otherwise, we say
that the formula is unsatisfiable, and cost(ϕ, I) = ∞.

We define the optimal cost of ϕ as cost(ϕ) = min{cost(ϕ, I) | I : var(ϕ)→ {0,1}}
and an optimal assignment of ϕ as any assignment I such that cost(ϕ) = cost(ϕ, I) �= ∞.

We define MaxSAT as the problem of finding a truth assignment that maximizes the
number of satisfied clauses of a CNF formula. We define Weighted Partial MaxSAT as
the problem of finding a truth assignment that satisfies all the hard clauses and minimizes
the cost of a weighted formula, i.e. finding an optimal assignment. Similarly, we define
MinSAT as the problem of finding a truth assignment that minimizes the number of satis-
fied clauses, and Weighted Partial MinSAT as the problem of finding a truth assignment
I that satisfies all the hard clauses and maximizes the number of falsified clauses.

A cardinality constraint is a restriction of the form ∑m
i=1 xi ≤ k, where k ∈ Z and

variables xi may get values in xi ∈ {0,1}. A pseudo-Boolean constraint is a restriction of
the form ∑m

i=1 wi xi ≤ k, where wi,k ∈Z and variables xi also may get values in xi ∈{0,1}.

3. Density of States via Model Counting

In this section, we describe our basic approach to exactly compute the density of states
of a Boolean formula. For the sake of clarity, we will first describe how to solve the
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Weighted Partial MaxSAT problem. The density of states approach will be based on these
ideas.

Given a weighted formula ϕ = {(C1,w1), . . . ,(Cm,wm),(Cm+1,∞), . . . ,(Cm+m′ ,∞)},
first, we check that all hard clauses are satisfiable. Then, we generate the formula ϕk =

{C1 ∨ b1, . . . ,Cm ∨ bm,Cm+1, . . . ,Cm+m′ } ∪CNF
(

∑m
i=1 wi bi ≤ k

)
, for any possible value

of k ∈ {0..∑m
i=1 wi} and find the smallest value of k such that ϕk is satisfiable. This solves

the Weighted Partial MaxSAT problem, using the fact:

cost(ϕ) = min{k | ϕk is SAT and ϕk−1 is UNSAT}.
The search for such k can be done using a dichotomy search and calling a SAT

solver. A more efficient way would be to use modern SAT-based state-of-the-art MaxSAT
solvers [20].

Now we are ready to state the more general problem. Counting the number of models
with a cost equal to a given k can be defined as computing the following function.

Definition 1 Given a weighted formula ϕ = {(C1,w1), . . . ,(Cm,wm), (Cm+1,∞), . . . ,
(Cm+m′ ,∞)} and a value c ∈ N∪{∞} we define

dens(ϕ,c) =
∣∣∣{I : var(ϕ)→{0,1} | cost(ϕ, I) = c}

∣∣∣

Computing the density of states consists in obtaining dens(ϕ,c), for any possible
value of c ∈ {0, . . . ,∑m

i=1 wi}. In what follows we will describe how we can obtain each
value dens(ϕ,c).

First, we generate the formula

ϕc =CNF
({

C1 ↔ b1, . . . ,Cm ↔ bm,Cm+1, . . . ,Cm+m′ ,
m

∑
i=1

wi bi = c
})

(1)

where given a formula ψ , CNF(ψ) is a translation of ψ into Conjunctive Normal Form.
Here we need to take into account that such translations usually use additional variables,
and they will have to fulfill certain properties.

Second, we use a SAT model counter to obtain the number of models ϕc has. The
idea behind these two steps is that:

dens(ϕ,c) = #SAT (ϕc), for any c ∈ N (2)

To justify the correctness of equation (2), we need to see that any interpretation I,
such that I(ϕ) = c, can be extended to a unique interpretation of the bi variables, and
can also be extended to a unique interpretation of the additional variables of the CNF
encoding that satisfies ϕc; also, we need to see that any interpretation that satisfies ϕc, can
be restricted to an interpretation of the original variables of ϕ , say I′, such that I′(ϕ) = c.
The second part of the statement is clearly true, but to ensure the first part, we need a CNF
encoding of the pseudo-Boolean constraints that satisfies the counting safety property.
The notion of counting safe encodings was first defined in [18] in the context of counting
models in integer domains. They propose to encode pseudo-Boolean and integer linear
programs into SAT, and then to use #SAT solvers, as an effective method for counting
models in these domains. Their counting safety definition stated that the pseudo-Boolean
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constraint and the Boolean encoding had to have the same number of models. Here we
strengthen the definition.

Definition 2 We say that a CNF encoding of a pseudo-Boolean (or cardinality) con-
straint2 CNF(∑m

i=1 wi xi ≤ k) is counting safe if, for any assignment I : {x1, . . . ,xm} →
{0,1}, the formula I(CNF(∑m

i=1 wi xi ≤ k)) has either zero models (when ∑m
i=1 wi I(xi) �≤

k) or just one model (when ∑m
i=1 wi I(xi)≤ k).

Notice that this property is not trivial since state-of-the-art CNF encodings of
pseudo-Boolean constraints usually contain additional auxiliary variables. In order to
make encodings more efficient to calculate, the counting safety property is dropped in
many of them. Therefore, in many encodings, the property that is preserved is that if
under an assignment the constraint is true, the encoding is satisfiable, and vice versa.
This is true about the encodings of [21,22,23,22,24,25]. There are a few encodings that
preserve counting safety (see [18] for details on two of them).

In order to obtain an efficient encoding we are also interested in other properties like
having few new clauses, few additional variables, and also that, simple consequences of a
partial assignment applied to a pseudo-Boolean constraint can be obtained by performing
unit propagation to the CNF encoding. This last property is called arc-consistency. In
the case of pseudo-Boolean (and cardinality) constraints, the property can be defined as
follows.

Definition 3 We say that a CNF encoding ϕ of a pseudo-Boolean (or cardinality)
constraint CNF(∑m

i=1 wi xi ≤ k) preserves arc-consistency if, for any partial assign-
ment I : V → {1}, where V ⊆ {x1, . . . ,xn}, and variable instantiation I′ : {xi} → 1, if
I(∑m

i=1 wi xi ≤ k) is satisfiable and I′(I(∑m
i=1 wi xi ≤ k)) is unsatisfiable, then xi may be

inferred from I(ϕ) by unit propagation.

In section 4, we will talk about encodings of cardinality and pseudo-Boolean con-
straints that have both properties: safe counting and arc-consistency. One of these encod-
ings will be used in our implementation.

In what follows, we propose various improvements to gain efficiency. In our imple-
mentation, we solve the MaxSAT and MinSAT problems for the formula ϕ . This gives us
two values say k1 and k2, respectively, such that dens(ϕ,c) = 0 for c < k1 and for c > k2.
So, we restrict the computation of the density to c ∈ {k1, . . . ,k2}.

As we will see, the time needed by an exact model counter on a formula ϕc increases
with the number of models. Therefore, we use an approximate model counter when the
number of models of ϕc is big.

It is also possible that for a number c, k1 ≤ c ≤ k2, that the number of models of ϕc
is equal to 0. For instance, if ϕ is a formula with all even weights, then dens(ϕ,c) = 0 for
c odd. Therefore, it is desirable to check the satisfiability of ϕc in that range k1 ≤ c ≤ k2,
using a state-of-the-art SAT solver, before calling a model counter. This is especially
important if we use an approximated model counter, that may have problems when the
number of models is very small.

2Here we only consider less-equal constraints, with the understanding that the less, greater, greater-equal
and equal constraints can easily be expressed in terms of least-equal.
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4. Encodings of Cardinality and Pseudo-Boolean Constraints

There are several (standard) ways to encode a cardinality constraint ∑m
i=1 xi ≤ k

or a pseudo-Boolean constraint ∑m
i=1 wi xi ≤ k as a CNF formula preserving arc-

consistency [21,22,23,24,25]. In [18], it is proved that the encoding in [26], based on
binary adders, and the [24] encoding, based on BDDs, both satisfy the counting safety
property. The first one, however, does not preserve arc-consistency.

In the next subsections, we review two more encodings for cardinality constraints,
one based on sequential counters, and another based on sorting networks. We also an-
alyze how to translate BDDs into CNF formulas in order to ensure the counting safety
property.

4.1. Sequential Counters

A simple approach to encoding a sequential counter is to use a variable s j
i that gets the

value true when x1 + . . .+ xi = j, and a pair of clauses of the form s j
i ∧ xi+1 → s j

i+1 and
s j

i ∧xi+1 → s j+1
i+1 that define the value of s j

i in terms of the values of variables with smaller
indexes. Then, the encoding of the cardinality is given by the following set of clauses.

s j
i ∨ xi+1 ∨ s j

i+1 for j = 0...k, i = j...n+ j− k−2
s j

i ∨ xi+1 ∨ s j+1
i+1 for j = 0...k, i = j...n+ j− k−1

s0
0

sk+1
i for all i = k+1, . . . ,n

This encoding has the counting safety property, but not arc-consistency.
In order to have arc-consistency, we can implement a monotonic variant of this

Boolean function. Sinz [21] proposes the use of variables s j
i that are true if x1+ . . .+xi ≥

j, and the following set of clauses.

s j
i ∨ s j

i+1 for j = 0...k+1, i = j...n+ j−k−2

s j
i ∨ xi+1 ∨ s j+1

i+1 for j = 0...k, i = j...n+ j−k−1
s0

0

sk+1
n

This formula can be simplified by unit propagation, leading to a formula with k(n−
1) auxiliary variables and size O(nk). The encoding is arc-consistent, but does not have
the counting safety property, as the following counter-example shows.

Example 4 For the cardinality constraint x1 + x2 + x3 ≤ 1, the sequential counter imple-
mentation described in [21] generates the following set of clauses, where literals in red
may be removed by unit propagation.

1 = s0
0 s0

1

s1
1 s1

2

s2
2 s2

3 = 0

x1

x2

x2

x3

s0
0∨x1 ∨ s1

1

s0
1∨x2 ∨ s1

2

s1
1 ∨ x2 ∨ s2

2

s1
2 ∨ x3 ∨ s2

3

s2
3

s0
0

s0
0 ∨ s0

1

s1
1 ∨ s1

2

s2
2 ∨ s2

3
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For x1 = x2 = x3 = 0 the formula has three models. In all them s0
0 = s0

1 = 1 and
s2

2 = s2
3 = 0, but 〈s1

1,s
1
2〉 ∈ {〈0,0〉, 〈0,1〉, 〈1,1〉}.

The next lemma presents an encoding that preserves arc-consistency and has the
counting safety property. Like in [21], the variable s j

i is true when x1 + . . .+ xi ≥ j.

Lemma 5 For any cardinality constraint x1 + . . .+ xn ≤ k, the following set of clauses

s j
i ∨ s j

i+1 for j=0...k+1 and i= j...n+ j−k−2

s j
i ∨ xi+1 ∨ s j

i+1 for j=0...k+1 and i= j...n+ j− k−2

s j
i ∨ xi+1 ∨ s j+1

i+1 for j = 0...k and i= j...n+ j−k−1

s j
i ∨ xi+1 ∨ s j+1

i+1 for j = 0...k and i= j...n+ j−k−1
si

i ∨ xi for i = 1...k
s0

0

sk+1
n

defines an equivalent formula with both the arc-consistency and the counting safety prop-
erties.

PROOF: All clauses are sound, in the sense that, any interpretation of the xi variables sat-
isfying the cardinality constraint can be extended to an interpretation of the s j

i variables
satisfying the formula.

The formula is an extension of the formula proposed in [21] without additional vari-
ables. Therefore, this formula is also arc-consistent because it has at least the same in-
ference power.

Now, we will prove that it has the counting safety property, i.e. that there exists
at most one model once we have instantiated the xi variables. The proof is by induc-
tion. The value of s0

0 is 1 in all models. For the induction step, we prove that the val-
ues of s0

i+1, . . . ,s
r+1
i+1 , for r = min{i,k}, are determined by the values of s0

i , . . . ,s
r
i , for

r = min{i,k+1}. Notice that the value of s0
i is 1, and the value of sk+1

i is 0, in all mod-
els. There are two cases. If xi+1 = 0, then the clauses s j

i ∨ s j
i+1 and s j

i ∨ xi+1 ∨ s j
i+1 en-

sure that s j
i and s j

i+1 have the same value, for j = 0, . . . ,min{i,k+ 1}. When i ≤ k, the
value of si+1

i+1 is determined by the clause si+1
i+1 ∨ xi+1 that sets it to 0. If xi+1 = 1, then the

clauses s j
i ∨ xi+1 ∨ s j+1

i+1 and s j
i ∨ xi+1 ∨ s j+1

i+1 ensure that s j+1
i+1 and s j

i have the same value,
for j = 0, . . . ,min{i,k}. Notice that s0

i+1 is always 1 and the value of sk+1
i+1 , when i ≥ k, is

0.

4.2. Sorting and Cardinality Networks

Sorting networks can be used to encode cardinality constraints [22,23]. A sorting net-
work is a circuit 〈y1, . . . ,yn〉= SORT(〈x1, . . . ,xn〉) that given a sequence, returns a sorted
permutation of the input such that yi ≥ y j, for all 1 ≤ i < j ≤ n. A merging network is a
circuit 〈z1, . . . ,z2n〉= MERGE(〈x1, . . . ,xn〉,〈y1, . . . ,yn〉) that given two sorted sequences,
returns a sorted permutation of the concatenation of both sequences.

C. Ansótegui et al. / On the Density of States of Boolean Formulas 375



We can implement a sorting network using the recurrence

SORT(〈x1, . . . ,x2n〉) = MERGE(SORT(〈x1, . . . ,xn〉),SORT(〈xn+1, . . . ,x2n〉))
We can also implement a merge-network

〈z1, . . . ,z4n〉= MERGE(〈x1, . . . ,x2n〉,〈y1, . . . ,y2n〉)
using two merge networks (one for the even position and the other one for the odd posi-
tions)

〈t1, . . . , t2n〉= MERGE(〈x1,x3, . . . ,x2n−1〉,〈y1,y3, . . . ,y2n−1〉)
〈t ′1, . . . , t ′2n〉= MERGE(〈x2,x4, . . . ,x2n〉,〈y2,y4, . . . ,y2n〉)

and adding the following gates

z1 = t1
z3 = AND(t2, t ′1) . . . z4n−1 = AND(t2n, t ′2n−1)
z2 = OR(t2, t ′1) . . . z4n−2 = OR(t2n, t ′2n−1)
z4n = t ′2n

These sort and merge circuits have size O(n log2 n) and O(n logn), respectively.
We can implement a circuit that checks x1+ . . .+xn ≤ k, implementing 〈y1, . . . ,yn〉=

SORT(〈x1, . . . ,xn〉) and checking if yk+1 = 0. Then, by encoding gates as clauses, we
get a CNF encoding of the cardinality constraint of size O(n log2 n). This encoding also
preserves arc-consistency [22].

Notice that we only check one of the outputs of the circuit. Therefore, we can remove
all gates that are only needed to compute the value of the other outputs yi for i �= k+1. By
iteratively removing these useless gates, we obtain an encoding of size O(n log2 k) [23].
This encoding is (asymptotically) better than the encoding based on sequential counters
(where the size was O(nk)). However, this is not significant when k is small.

Gates are encoded as clauses that only ensure that the output is bigger or equal to
the circuit output. More precisely, gates y = AND(x1,x2) are encoded as x1 ∧x2 → y, and
gates y = OR(x1,x2) as {x1 → y, x2 → y}. This makes the resulting formula not have the
counting safety property.

Example 6 Consider the cardinality constraint x1+x2+x3+x4 ≤ 2. The circuit encoding
the cardinality constraint is drawn below, where gates in red are unused gates (removed
in [23]), and the corresponding CNF clauses are as follows.

x1

x2

x3

x4

y1

y2

y3

y4

t1

t2

t ′1

t ′2

u1

u2

x1 → t1
x2 → t1
x1 ∧ x2 → t2
x3 → t ′1
x4 → t ′1
x3 ∧ x4 → t ′2
t1 ∧ t ′1 → u1
t2 → u2
t ′2 → u2
u1 ∧u2 → y3
y3
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For x1 = 1 and x2 = x3 = x4 = 0 (satisfying the constraint), we have six models:

t1 t2 t ′1 t ′2 u1 u2 y3
1 0 0 0 0 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 0
1 0 0 1 0 1 0
1 0 1 0 1 0 0
1 1 0 0 0 1 0

The problem in the previous example is that the Boolean function implemented with
the clauses is not the function implemented in the circuit, but a monotone variation.
Notice that when x1 = x2 = 1, both the gate y = AND(x1,x2) and the clause x1 ∧ x2 → y
force y = 1. However, when x1 = 0 and x2 = 1, the gate y = AND(x1,x2) forces y = 0, but
the clause x1 ∧ x2 → y allows y to be 0 or 1. We can construct a counting safety formula
by adding clauses ensuring that the gates and the clauses have the same behavior.

Lemma 7 If we encode sorting networks, adding gates y= AND(x1,x2) the clauses {x1∧
x2 → y, y → x1, y → x2}, and for gates y = OR(x1,x2) the clauses {x1 → y, x2 → y, y →
x1 ∨ x2}, then the resulting formula has the counting safety property and the encoding
preserves arc-consistency.

PROOF: The formula is an extension of the formula proposed in [22,23], hence arc-
consistent. The additional clauses force the formula to behave exactly like the circuit,
where all intermediate points have a determined value.

4.3. Reduced Ordered BDDs

Reduced Ordered BDDs are a canonical representation of Boolean functions [27], hence
of pseudo-Boolean constraints. These BDDs may also be translated into arc-consistent
CNF formulas [22]. Although ROBBDs may be exponentially large [24,25], we have
obtained good (practical) results using them in our MaxSAT solvers [28,29,20,30].

A BDD may be encoded in CNF [22] by introducing an auxiliary variable yi for
every decision variable xi. Then, if the false and true child of xi are respectively x j and
xk, we add the following clauses:

xi ∧ y j → yi xi ∧ yk → yi y j ∧ yk → yi
xi ∧ y j → yi xi ∧ yk → yi y j ∧ yk → yi

It is trivial to prove that this CNF encoding has the counting safety property, because
auxiliary variables in leaves are always true or false, and the values of other auxiliary
variables yi are determined by the values of their child’s auxiliary variables y j and yk
(once we have instantiated the decision variable xi).

In [25] it is proposed an alternative translation from monotonic BDDs to CNF that
only uses two clauses per node and that is also arc-consistent. In this case, we also have
an auxiliary variable per node, and the two clauses are as follows:
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y j → yi
xi ∧ yk → yi

In this case, the resulting formula does not have the counting safety property, as the
following example shows.

Example 8

x1

1 x2

1 0

y1

y2

0 1

0 1

The monotonic BDD on the left, resulting from trans-
lating the pseudo-Boolean constraint 2x1 +x2 ≤ 2, is
translated as the following CNF by [25]

ϕ = {y1, x1 ∧ y2 → y1, x2 → y2}
For the interpretation I(〈x1,x2〉) = 〈0,0〉 the formula
I(ϕ) has two models 〈y1,y2〉 ∈ {〈1,0〉, 〈1,1〉}.

Lemma 9 If we translate a pseudo-Boolean constraint into a BDD, and then, for every
BDD node of the following form we add the clauses on the right,

x

y z

a

b c

0 1

b → a
x∧ c → a
x∧b → a
c → a

then the resulting formula is arc-consistent and has the counting safety property.

PROOF: The formula is an extension of the one proposed in [25], where we add two new
clauses for each node, hence arc-consistent. To prove that the formula has the counting
safety property, assume that the decision variables in the BDD are all assigned. We will
prove by induction that all auxiliary variables get a unique determined value. By induc-
tion hypothesis we have that values of decision variables (the x in the picture) and values
of auxiliary variables in the sons (b and c) are determined. Now, we will prove that they
determine the value of the auxiliary variable in the father (a). To prove this, notice that
by construction the BDD is monotonic and c → b is always satisfied, thus the case c = 1
and b = 0 does not need to be considered. For the rest of cases, the following table gives
the unique value for a allowed by the four clauses:

x b c a
0 0 0 0
0 1 0 1
0 1 1 1
1 0 0 0
1 1 0 0
1 1 1 1
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5. Experimental Results

We have conducted an experimental investigation to explore the density of states of in-
dustrial formulas and test our method. We have run our experiments on machines with
2.27GHz CPU and 1G RAM.

We have selected 10 instances from the Partial MaxSAT industrial category in the
MaxSAT evaluation 2011. We have also added two pigeonhole formulas PHP10

9 and
PHP10

5 where “each pigeon has to go to one hole” is a soft clause, and “two pigeons
cannot go to the same hole” is a hard clause.

As we have said, our approach is parametric on any #SAT solver. Here, we used the
exact #SAT solver sharpSAT [6], and the approximate #SAT solvers satss [8] and sam-
pleCount [19]. We will refer to the resulting solvers as DOS(sharpSAT), DOS(satss) and
DOS(sampleCount). We encode cardinality constraints as cardinality networks as it is
described in Subsection 4.2. Initially, we compute the optimal cost of the MaxSAT (k1)
and MinSAT problems (k2) as described in Section 3. We will only show the results for
the interval c ∈ [k1,k2], since for the rest of the values of c, the number of truth assign-
ments violating c clauses is 0. In the figures, we show the number of truth assignments
that violate exactly c ∈ [k1,k2] soft clauses in the Partial MaxSAT formula. We do not
consider models falsifying the hard clauses.

The timeout for the DOS(sharpSAT) solver is a global limit for the whole in-
stance. We use 20 hours. Therefore, we compute the points following the sequence
c = k1,k2,k1 +1,k2 −1,k1 +2, . . .. When the cutoff is applied, we obtain an incomplete
DOS where middle points (the costliest to compute) are missing. Approximate #SAT
solvers may run forever, trying to improve the accuracy of the solution. In this case, we
have to provide a timeout for each value c. We use 30 minutes.

10-3

10-2

10-1

100

101

102

103

104

105

106

 1  100  10000  1e+06  1e+08  1e+10  1e+12

tim
e

#models

t=0.001 m0.7

Figure 1. Time needed by sharpSAT on ϕc as a function of the number of models of ϕc for distinct industrial
MaxSAT formulas ϕ (each family of formulas in a distinct color).

We analyze the running time for DOS(sharpSAT) on each data point. We can see that
time is almost proportional to the number of assignments (see Figure 1). In fact, it seems
to follow a relation t = 0.001m0.7, where t is the time in seconds and m the number of
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Figure 2. Density of states, log(dens(ϕ,c)) as a function of c, computed by DOS(sharpSAT), DOS(satss) and
DOS(sampleCount) on some industrial Partial MaxSAT instances and two pigeonhole formulas. We also in-
clude a (truncated) normal distribution interpolation (parabolic interpolation in this logarithmic representation)
computed from the values of dens(ϕ,k1), dens(ϕ,k2) and ∑k2

c=k1
dens(ϕ,c).

models. Therefore, by predicting the c’s with maximum number of assignments we can
also produce the hardest instances for #SAT solvers. Notice that #SAT solvers are tested
on SAT instances, while with our approach we can extend the benchmarks to contain
DOS queries on Partial MaxSAT instances.

Figure 2 shows the density of states dens(ϕ,c) computed by DOS(sharpSAT),
DOS(satss) and DOS(sampleCount). As we can see, the number of truth assignments
that violate c clauses follows approximately a (truncated) normal distribution, since rep-
resenting the results in logarithmic scale we obtain an inverted parabolic representation.
In general, approximate #SAT solvers compute approximate values smaller than the real
values. Results of DOS(satss) seem more accurate than results of DOS(sampleCount).
However, we have to take into account that these solvers are parametrizable. By adjusting
parameters differently, we may obtain better results.
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6. Approximating DOS by Interpolation

SAT-based MaxSAT solvers may be (easily) modified in order to produce a SAT formula
whose models are the optimal assignments. Running a #SAT solver on this formula, we
compute dens(ϕ,k1). In a similar way, we can easily compute dens(ϕ,k2). In a formula
(without hard clauses), the number of possible assignments is 2n, being n the number
of variables. However, in a weighted formula, this number is smaller because we do not
consider assignments violating hard clauses. We can easily compute the number of as-
signments satisfying hard clauses as ∑k2

c=k1
dens(ϕ,c) = #SAT (ϕhard). These three val-

ues represent two points and the area below dens(ϕ,c). They are enough to interpolate a
parabola in the representation of log(dens(ϕ,c)), i.e. to approximate a (truncate) normal
distribution for dens(ϕ,c). We represent this interpolation in Figure 2. As we can see,
in our examples, and probably in most industrial MaxSAT instances, this interpolation is
better than the results obtained by DOS(satss) and DOS(sampleCount). Moreover, it can
be efficiently computed with one call to a #SAT solver to get #SAT (ϕhard), one call to a
MaxSAT solver to get k1, and then a call to a #SAT solver to get dens(ϕ,k1), one call to
a MinSAT solver to get k2, and then a call to a #SAT solver to get dens(ϕ,k2).

7. Conclusions

In this pioneering work, we present the first method to compute exactly the density of
states of a MaxSAT formula. The idea is to reduce the problem to a sequence of com-
putations of #SAT. The use of an approximate #SAT solver results into an approximate
DOS solver.

While there exists previous approximate DOS solvers [1,2] for MaxSAT, this work
describes the first exact DOS solver. Moreover, it is also the first implementation able to
manage Partial and Weighted MaxSAT formulas.

Finally, our work produces sets of test instances for #SAT solvers from over-
constrained instances. Given a formula ϕ , the set of instances ϕc for c ∈ {k1, . . . ,k2} (k1
and k2 are the MaxSAT and MinSAT values respectively), produce a set of benchmarks
of different hardness for a model counter.
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