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Outline

@ Davis and Putnam are known for a decision procedure for SAT (DP-resolution) [6];
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Davis and Putnam are known for a decision procedure for SAT (DP-resolution) [6];

Henkin is known for quantifiers with explicitly given dependencies (DQBF) [9];

QBF
———
YurIxiVupdxe = VurVuedxg(u1)3Ixa(ur, uo)
? = YurVup3Ixi(u1)Ixe(u2)
DQBF

DQBF is NEXP-complete (vs QBF's PSPACE);
we lift DP-resolution to DQBF.
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@ There is a number of resolution-based proof systems for QBF, notably VExp+Res [10]
with its derivatives IR-calc and IRM-calc [4], and Q-Res [11] with its generalizations
QU-Res [8], LDQ-Res [1, 7], and LDQU-Res [2];
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@ There is a number of resolution-based proof systems for QBF, notably VExp+Res [10]
with its derivatives IR-calc and IRM-calc [4], and Q-Res [11] with its generalizations
QU-Res [8], LDQ-Res [1, 7], and LDQU-Res [2];

o Of these, only VExp+Res and IR-calc lift to DQBF [5];

@ Our algorithm builds on the idea of yet another proof system, IVI-Res [3], which itself has
roots in LDQ-Res.
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Propositional DP-resolution
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H-form DQBF
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H-form DQBF

S Yavedui(a)Tule) (A w)V (AT (e Au)V (@A) |

I

dx1IxVin (X1)VU2(X2) (X1 V U2) A (X_l V U_2) A (X2 vV U1) VAN ()72 V U_1)

@ This formula is false because substituting the dependency-respecting functions u; := x1
and up := X3 (a countermodel) results in the unsatisfiable propositional formula

(A VR)A(RTV x) A (x1Vxe) A (KT V %2).
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Algorithm Summary

W — DP(V,0) —> DP(W,1) — --- — DP(W, n) = DP(V)

o First, W has to be transformed into the set of clause-strategy pairs DP(WV,0);
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next, we eliminate existential variables one by one in any order;

@ in each step we have to resolve all pairs of clauses, adding the pivot if necessary
(w-resolution);

@ a resolution step is only omitted if it results in an existential tautology, or if strategies
mismatch;

clauses that did contain the pivot are discarded, others are carried forward;
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Algorithm Summary

W — DP(V,0) —> DP(W,1) — --- — DP(W, n) = DP(V)

o First, W has to be transformed into the set of clause-strategy pairs DP(WV,0);
@ next, we eliminate existential variables one by one in any order;

@ in each step we have to resolve all pairs of clauses, adding the pivot if necessary
(w-resolution);

@ a resolution step is only omitted if it results in an existential tautology, or if strategies
mismatch;

@ clauses that did contain the pivot are discarded, others are carried forward,;

o the resulting set DP (V) consists of clause-strategy pairs with empty existential parts and
countermodel strategies if the formula is false; otherwise it is empty.
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H-form DQBF DP-resolution
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l

IxiIxoVur (x1)Vua(x2)  (x1; {ur = *,up — 0}), (x1; {u1 — *,up — 1}),
(x2; {u1 = 0,up = *}), (X2; {u1— 1, up — *})
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H-form DQBF DP-resolution
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Eliminate xi:

Eliminate xo: ( ; 1 &% 0,0 2up2 1), (5 0 ZundS 1,1 2’3 0) = DP(V)
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Algorithm Summary

W — DP(V,0) —> DP(W,1) — --- — DP(W, n) = DP(V)

o First, W has to be transformed into the set of clause-strategy pairs DP(WV,0);
@ next, we eliminate existential variables one by one in any order;

@ in each step we have to resolve all pairs of clauses, adding the pivot if necessary
(w-resolution);

@ a resolution step is only omitted if it results in an existential tautology, or if strategies
mismatch;

@ clauses that did contain the pivot are discarded, others are carried forward,;

o the resulting set DP (V) consists of clause-strategy pairs with empty existential parts and
countermodel strategies if the formula is false; otherwise it is empty.
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Correctness of the Algorithm

Theorem
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Correctness of the Algorithm

DP(W) is non-empty if, and only if, V is false. l

=: prove that in any clause-strategy pair (C, h), h is a partial countermodel against W[C];
<: prove that any countermodel h is represented in each DP(W, /). O

DP(W) C u(WV): every minimal countermodel is generated. l
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Complexity

o Side-result: H-form DQBF is NEXP-complete (via generalized Tseitin translation);
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Complexity

o Side-result: H-form DQBF is NEXP-complete (via generalized Tseitin translation);

n

——
2

. . oly(n 2".
@ worst-case running time 22" - (|\U|2) ;

o strategies can be represented by ordered binary decision diagrams (OBDDs), with
polytime operations.
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dx1IxoVin (Xl)\V/UQ(X2) (X1 V U2) A (X_l V u_2) A (X2 V u1) VAN ()72 \Y u_1)

o Any DQBF with < 3 variables is a QBF;
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dx1IxoVin (Xl)VUQ(X2) (Xl vV U2) A (71 V 72) A (X2 \Y Ul) A (72 V 71)

o Any DQBF with < 3 variables is a QBF;

@ the two parts of the formula share no variables;
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dx1IxoVin (Xl)VUQ(X2) (Xl vV U2) A (71 V 72) A (X2 \Y Ul) A (72 V 71)

o Any DQBF with < 3 variables is a QBF;
@ the two parts of the formula share no variables;

o the formula is somehow still interesting...
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Open Questions

@ Reduce the number of w-resolution steps?

@ Use as a preprocessing?
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