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Preliminaries 

• Linear pseudo Boolean (LPB) constraint:

• a1𝑙1 + a2𝑙2+ … + a𝑛𝑙𝑛 ≥ 𝑘,  𝒂𝒊, k ∈ 𝑁+,   𝒍𝒊 ∈ {𝒙𝒊, ¬𝒙𝒊},  𝒙𝒊 ∈ {𝟎, 𝟏}

• Cardinality constraints:
• 𝑙1 + 𝑙2+ … + 𝑙𝑛 ≥ 𝑘,  𝑘 ∈ 𝕫,   𝒍𝒊 ∈ {𝒙𝒊, ¬𝒙𝒊},  𝒙𝒊 ∈ {𝟎, 𝟏}

• CNF clause:

• {𝑙1, 𝑙2, … , 𝑙𝑛}     σ𝑖=1
𝑖=𝑛 𝑙𝑖 ≥ 1



Pseudo Boolean Optimization (PBO)

• Linear pseudo Boolean Constraints:
• a1𝑙1 + a2𝑙2+ … + a𝑛𝑙𝑛 ≥ 𝑘,  𝒂𝒊, k ∈ 𝕫,   𝒍𝒊 ∈ {𝒙𝒊, ¬𝒙𝒊},  𝒙𝒊 ∈ {𝟎, 𝟏}

• Objective Function:
• Minimize : Z = c1𝑙1 + 𝑐2𝑙2+ … + 𝑐𝑛𝑙𝑛 , c𝒊 ∈ 𝕫

• Complete assignment: var(F)  {0, 1}

• Feasible assignment: satisfies all constraints

• Value of the objective function of a feasible solution α: obj(α)



Pseudo Boolean Optimization (PBO)

• Expressive Power > Cardinality constraint and CNF clause

• Can be used to model a large range of real-world problems:
• Operations Research, Economics, Manufacturing 



Related Work

• Based on ideas from conflict-driven clause learning (CDCL) SAT solvers
• OpenWBO [Martins etc. 2014], RoundingSAT [Elffers etc. 2018], HYBRID [Devriendt etc. 2021]

• Branch and Bound Methods
• Maximum Independent Set [Coudert etc. 1995], Maximum Independent Set [Liao etc. 1997]

• Translated into SAT
• quite efficient [Sakai etc. 2015]

• These complete methods may fail for very large instances !!!



Local Search (LS) Algorithm
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• Incomplete method

• A popular approach to NP-hard combinatorial problems

• Literature on LS algorithms for handling PBO is very sparse!!!



Local Search Algorithm -- LS-PBO

• LS-PBO contains two main ideas:
• Constraint Weighting 
• Scoring Function



Main Ideas -- Constraint Weighting  

• A PBO instance：

• Goal：

Min Z = c1𝑙1 + 𝑐2𝑙2+ … + 𝑐𝑛𝑙𝑛

• LPB constraints:

a11𝑙1 + a12𝑙2+ … + a1𝑛𝑙𝑛 ≥ 𝑘

……

Hard (original) constraints

Objective constraints:
c1𝑙1 + 𝑐2𝑙2+ … + 𝑐𝑛𝑙𝑛 < 𝑜𝑏𝑗∗

(the objective value of the best solution found)



Main Ideas -- Constraint Weighting  

• Constraint Weighting works as follows:
1. For each constraint (hard & objective constraints) c :

associate w(c) as its weight, which is initialized to 1

2. Whenever a “stuck” situation is observed (local optimal), then clause 
weights are updated as follows:

• For each falsified hard constraint c, w(c) := w(c)+1
• If the objective constraint oc is unsatisfied, and 𝒘 𝒐𝒄 ≤ 𝝃, w(oc) := w(oc)+1

Hard constraint weighting 
helps to identify those difficult 
hard Constraints that are 
usually falsified in local optimal.

Objective constraint weighting
help guide the search towards 
solutions with better objective 
values. 

To find a feasible solution, the 
weight of the objective 
constraint should not be too 
large.



Main Ideas -- Scoring Function

• If a hard constraint c (σ𝑖=1
𝑖=𝑛 𝑎𝑖 𝑙𝑖 ≥ k) is unsatisfied (σ𝑖=1

𝑖=𝑛 𝑎𝑖 𝑙𝑖 < k)

• Incur a penalty of 𝑤 𝑐 ∗ (𝑘 − σ𝑖=1
𝑖=𝑛 𝑎𝑖 𝑙𝑖)

• For objective constraint oc, no matter weather it is satisfied or not,

• Incur a penalty of 𝑤 𝑜𝑐 ∗ σ𝑖=1
𝑖=𝑛 𝑐𝑖 𝑙𝑖

• Hard score of a variable x ( hscore(x) )

• the decrease of the total penalty of unsatisfied hard constraints caused by flipping x

• Objective score of a variable x ( oscore(x) )

• the decrease of the penalty of the objective constraint caused by flipping x

• The score of a variable x is defined as score(x) := hscore(x) + oscore(x)



Local Search Algorithm -- LS-PBO



Experiments Evaluation

• Competitors:
• PBO solvers: Open-WBO, HYBRID

• MaxSAT solvers: Loandra, SATLike-c

• ECNF solvers: LS-ECNF

• ILP solvers: Gurobi



Benchmarks

• Three real-world application benchmarks
• Minimum-Width Confidence Band Problem
• Wireless Sensor Network Optimization Problem
• Seating Arrangements Problem

• Pseudo-Boolean Competition Benchmark



Empirical results- Minimum-Width Confidence Band



Empirical results- Wireless Sensor Network Optimization



Empirical results - Seating Arrangements



Empirical results -Pseudo-Boolean Competition Benchmark



Conclusions and Future Work

• LS-PBO is highly effective

• Can solve many real-world problems

• Future work:
• more efficient local search solvers for PBO
• additional real-world combinatorial problems.



Thanks!



Main Ideas -- Scoring Function

• Example:
• Min Z = 100𝑥1 + 200𝑥2+300𝑥3 w(oc) = 1

• S.t. 2𝑥1 + 3𝑥2+4𝑥3 ≥ 5 w(c)  =  2

• Given the assignment (𝑥1, 𝑥2, 𝑥3) = (1, 0, 0), (2𝑥1 + 3𝑥2+4𝑥3 = 2 < 5)

• ℎ𝑠𝑜𝑟𝑒(𝑥1) = −2 ∗ 2, ℎ𝑠𝑜𝑟𝑒(𝑥2) = 2 ∗ 3, ℎ𝑠𝑜𝑟𝑒(𝑥3) = 2 ∗ 3

• 𝑜𝑠𝑜𝑟𝑒(𝑥1) = 1 ∗ 100, 𝑜𝑠𝑜𝑟𝑒(𝑥2) = −1 ∗ 200, 𝑜𝑠𝑜𝑟𝑒(𝑥3) = −3 ∗ 200

• The score of a variable x is defined as 𝑠𝑐𝑜𝑟𝑒(𝑥) ∶= ℎ𝑠𝑐𝑜𝑟𝑒(𝑥) + 𝑜𝑠𝑐𝑜𝑟𝑒(𝑥)


