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Abstract. In this paper we study conditional possibility measures
within the algebraic setting of Boolean algebras of conditional events.
More precisely, we focus on the possibilistic version of the Strong Con-
ditional Event Problem, introduced for probabilities by Goodman and
Nguyen, and solved in finitary terms in a recent paper by introducing
the so-called Boolean algebras of conditionals. Our main result shows
that every possibility measure on a finite Boolean algebra can be canon-
ically extended to an unconditional possibility measure on the resulting
Boolean algebra of conditionals, in such a way that the canonical exten-
sion and the conditional possibility, determined in usual terms by any
continuous t-norm, coincide on every basic conditional expression.

Keywords: Conditional possibility - Boolean algebras of conditionals -
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1 Introduction

The issue of conditioning in the framework of possibility theory has been dis-
cussed at large in the literature, starting from the pioneering work by Hisdal
[15] and then followed by Dubois, Prade and colleagues (see e.g. [1,9-11]), de
Cooman and Walley [8,17] and Coletti and colleagues [2-6] among others.

Comparing to the case of probability, where there is a common agreement
on taking the conditional probability P(a | b) as the ratio P(a A b)/P(b) (in
case P(b) > 0), a conditional possibility I7(a | b) has mainly been defined in the
literature in (at least) two different ways: in an ordinal setting, the min-based
conditioning sets Ilyin(a | b) = II(aAb) if II(b) > II(aAb) and 1 otherwise; and
in a numerical setting, the product-based conditioning defines T .q(a | b) as
II(anb)/II(b) if II(b) > 0 and 1 otherwise. More in general, if  is a continuous t-
norm and =, is its residuum, one can define IT,f (a | b) = I1(b) =, II(aAb). Such
ITf (a | b) is in fact the greatest solution z of the equation IT(a A b) = x * I1(b).
Notice that the two definitions above correspond to the choice * = minimum
t-norm and * = product t-norm. However, as also discussed in the literature,
see e.g. [10], not every choice of * is compatible with the satisfaction of some
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rationality postulates for conditional possibility that are counterparts to Cox’s
axioms for conditional probability, and moreover the definition of IT} itself has
some problems as well, and has to be slightly modified to another expression
that we will denote with I7..

In this paper we deal with conditional possibility measures within the alge-
braic setting of Boolean algebras of conditionals [13], a recently proposed setting
for measure-free conditionals endowed with the structure of a Boolean algebra.
More precisely, we focus on a possibilistic version of the Strong Conditional Event
Problem, considered for probabilities by Goodman and Nguyen [14], and solved
in finitary terms in [13] with the help of those structures. Indeed, Boolean alge-
bras of conditional events are introduced with the aim of playing for conditional
probability a similar role Boolean algebras of plain events play for probability
theory. To do so, the authors try to identify which properties of conditional
probability depend on the algebraic features of conditional events and which
properties are intrinsic to the nature of the measure itself.

Clearly, a similar analysis can be done for the notion of conditional possibil-
ity, with the advantage that we can now study the suitability of Boolean algebras
of conditionals as a common algebraic framework for conditional events also in
relation to conditional possibility, in the sense of checking whether conditional
possibilities can be regarded as plain possibility measures on algebras of con-
ditional events. Our main result shows that this is actually the case for a very
general notion of conditional possibility. Namely, if A is any finite Boolean alge-
bra and I is a possibility measure on A, then we show that, for any continuous
t-norm *, IT can be always extended to a (unconditional) possibility measure 7
on the Boolean algebra of conditionals C(A) built over A, in such a way that,
for every basic conditional object (a | b) € C(A), u(‘(a | b)’) coincides with the
conditional possibility IT,(a | b).

This paper is structured as follows. Next Sect. 2 is dedicated to recall basic
notions and results on conditional possibility theory, while Boolean algebras
of conditionals will be briefly recalled in Sect.3. Our main result, namely the
solution of the possibilistic version of the Strong Conditional Event Problem,
will be proved in Sect. 4. Finally, in Sect. 5, we will conclude and present future
work on this subject.

2 Possibility and Conditional Possibility Measures

In this section we will recall basic notions and results about (conditional) possi-
bility theory [9,18]. We will assume the reader to be familiar with the algebraic
setting of Boolean algebras. For every finite Boolean algebra A, we will hence-
forth denote by at(A) the finite set of its atoms.

A possibility measure on a Boolean algebra A is a mapping IT : A — [0,1]
satisfying the following properties:

(1) I(T) =1,
(I12) II(L) =0,
(I13) (V¢ ai) = sup{Il(a;) | i € I}
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If A is finite, which will be our setting in this paper, then (I73) can just be
replaced by

(I13)* II(a V b) = max(II(a), II(b))

In the finite setting, possibility measures are completely determined by their
corresponding (normalized) possibility distributions on the atoms of the algebra.
Namely, IT : A — [0, 1] is a possibility measure iff there is a mapping 7 : at(A) —
[0,1] with max{7(«) : @ € at(A)} = 1 such that

II(a) = max{n(a) : a € ab(A),a < a}.

Clearly, in such a case 7(a) = II(«) for each « € at(A).

When we come to define conditional possibility measures there have been
several proposals in the literature, see e.g. a summary of them in [17]. Never-
theless, IT(a | b) has been traditionally chosen as the greatest solution of the
equation [10,12]:

(aANb) =z II(b) (1)

where either * = min or x = product. This leads to these two definitions:

_ _ [ I(aAb),if II(b) > II(a Ab)
Hinin(a | b) = { 1, otherwise

[ (aAb)/II(b), if IT(b) > 0
Hprod(a |b) = { 1, otherwise

IIuin (- | -) has been known as the qualitative conditioning of IT while ITp,;oq4(- | -)
has been known as the quantitative conditioning of I7.

Actually, in a finite setting, both expressions satisfy very intuitive properties
a conditional possibility II(. | .) should enjoy. For instance, for any a,b € A and
any o, € at(A) we have:

P1. II(- | b) is a possibility measure on A, if IT(b) > 0

P2. II(a | b) =II(aAb|b), and hence IT(a | b) =0if aAb= L and II(b) > 0
P3. If II(«) < II(7y) then IT(av | b) < I (7 | b), if o,y <b

P4.If I1(b) =1 then IT(a | b) = IT(a A D)

P5. If IT(a) = 0 and IT(b) > 0 then I1(a | b) =0

Notice however that in case the Boolean algebra A is infinite, I1,,;, may fail to
satisfy P1, that is, ITyin(- | b) might fail to be a possibility measure in a strict
sense, even if IT(b) > 0, see [7].

Actually, if * is a continuous t-norm, properties P2-P4 keep holding for the
conditional possibility measure IT (- | -) defined as the maximal solution for z
in Eq. (1), in other words, by the conditional possibility defined as

IL (a | b) = II(b) = II(a \D), (2)
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where =, is the residuum of *, that is the binary operation defined as x =, y =
max{z € [0,1] | x * z < y}. If * is without zero-divisors,® then IT} (- | ) further
satisfies P1 and P5 as well. For every continuous t-norm x, the pair (x,=,)
is known as a residuated pair. When * = min or * = product, we obtain the
above definitions of IIiyi, and Il,..q as particular cases. Note that if * has zero
divisors, P1 fails because II,;f(L | b) = II1(b) =. 0 is not guaranteed to be 0
when II(b) > 0 [7,10]. For the same reason P5 can fail as well. For instance,
if % is Lukasiewicz t-norm, II(b) =, 0 = 1 — II(b) > 0 when II(b) < 1. To
avoid this situation and other issues related to the conditioning by an event of
measure zero, in [4] the authors considered a modified expression for IT}, called
Tpp-conditional possibility, on which we base the following definition.

Definition 1. Given a possibility measure II on a Boolean algebra A and a
continuous t-norm *, we define the mapping IT, : A x A" — [0,1], where A’ =
AN\ {L}, as follows:

() =, H(aNb),ifaNb# L
0, otherwise.

(a0 ={ ®
In this way, II.(a | b) = 0 whenever a Ab = L, even if II(b) = 0 (while
IIf(a | b) = 1 in that case). For any continuous t-norm *, IT, keeps satisfying
P2-P4, and if * has no zero-divisors then P1 and P5 as well. Moreover, for any
continuous t-norm *, IT, also satisfies both P1 and P2 when II(b) = 0.

However, if * is a left-continuous t-norm, to start with, (1) might not have a
greatest solution. Indeed, if we define I, as in (3) for a left-continuous t-norm
*, we obtain the following characterisation.

Proposition 1. If x is a left-continuous t-norm, the following are equivalent:

(i) * is continuous.
(i) Hu(a | d)*« (b |and)=II.(aAb|d), for all possibility measures IT on
any Boolean algebra A, and for all a,b,c € A.
(iti) II(a Ab) = II(a)* IT,(b | a), for all possibility measures IT on any Boolean
algebra A, and for all a,b,c € A.

Proof. That (i) implies (ii) is proved in [4, Prop. 1]. Nevertheless we show
here a more compact proof by using the fact that * is continuous iff,
together with its residuum =, it satisfies the divisibility equation = * (x =
y) = min(x,y), see e.g. [16]. Notice first that if a AbAd = L, then
Hoa | d)«IT.(b | and) = I.(a | d)x0 =0 = II,(a Ab | d), by definition
of IT.. Suppose now that a AbAd# L (and thus also a Ad # L), then

L' A t-norm # has no zero-divisors when x % y = 0 implies either z = 0 or y = 0, see
e.g. [16].
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Hoa|d)x I (b|and)=I.(a|d)«({I(a Nd) =, II(a AbAd))
=1II.(a|d)« ((II(d)* .(a|d)) =« HI(aNbAd))
=1II(a|d)*(II.(a|d) =, ([I(d) =, I(aNbAA)))
=min(I.(a | d),[I(d) =« I(a ANbAd))
=min(IT.(a | d), II.(a ANb]|d))
=IM.(aNb]d).

~— =

That (ii) implies (iii) can be easily seen by setting d = T. We now show that
(iii) implies (i) by contraposition. Suppose that * is not continuous, this means
that divisibility does not hold and then there exist z,y € [0, 1] such that y < x
and z * (r =, y) < y. Then we can find a Boolean algebra A with a possibility
measure IT where IT(a)*IT.(b| a) < II(aAb). Take A to be the Boolean algebra
generated by two elements a and b. The atoms of A are conjunctions of literals
of the generators. We can then define a measure IT by setting IT(a A b) = vy,
II(aN—-b) =z, [I(-aA—b) = [I(-waAb) = 1. Then II(a) = max(z,y) = x. Thus,
H(a)« (b a) = H(a) * (II(a) =« H(aAD)) =z *(x =, y) <y=I(aADb),
so (iii) would not hold and the proof is complete. O

Thus, continuity of the t-norm * is equivalent to requiring both usual Bayes’
Theorem (iii) and the generalized version of it (ii).

The problem of conditioning by an event with zero measure (already men-
tioned regarding Definition 1) and other related problems led Coletti and col-
leagues, see e.g. [2,5,6], to put forward an axiomatic approach to the definition
of conditional possibility, similar to the case of conditional probability, where
the notion of conditional possibility is primitive and not derived from a (uncon-
ditional) possibility. The following definition is basically from [2].

Definition 2. Given a t-norm x, a x-conditional possibility? measure on A is
a binary mapping II(- | -) : Ax A" — [0,1], where A’ = A\ {L}, satisfying the
following conditions:

(CII1) I(a | b) =TI (aAb|b), forallac A,be A’

(CII2) II(- | b) is a possibility measure for each b € A’

(CH3) H(aAb|c)=1IIb|anc)xI(a|c), for all a,b,c € A such that
aNce A

Regarding (CII2), note that if II(b | T) = 0 then the possibility measure IT,(-) =
II(- | b) is such that ITy(a) = 0 if a Ab= L and ITy(a) = 1 otherwise.

The requirement of the operation * in (CII3) to be a t-norm is very natural
and has been discussed and justified by several authors, specially in relation
to the simpler, particular case IT(a Ab | T) = II(b | a) * II(a | T), see e.g.
[2,5,10]. Moreover, although they might be a bit weaker, arguments different
from the ones discussed above to further require * to be continuous and without
zero-divisors can also be put forward here:

2 Called T-conditional possibility in [5,6].
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~ no zero-divisors: in the case b < a < ¢ and (CII3) yields II(b | ¢) =
II(b| a)*II(a | c), then if x has zero-divisors, it can happen that II(b | ¢) = 0
(which can be read as “(b | ¢) is not possible”), while II(b | @) and II(a | c)
are both positive, which is unintuitive.

— continuity: roughly speaking, if we require that small changes in II(b | a A c)
and II(a | ¢) imply small changes in II(a A b | ¢).

Note that when ¢ = T, (CII3) simplifies to:
HaAb| T)=1(b|a)xI(a]| T),

so that II(a | b) is a solution of Eq. (1) once we identify I7(.) with II(. | T).
Moreover, for every (unconditional) IT on A, it turns out that I7,. (as defined in
Definition 1) is the greatest *-conditional possibility IT on A x A’ agreeing with
IT on A, that is, such that IT(. | T) = I1(.).

Proposition 2 (cf. [4]). For every continuous t-norm x and for every possi-
bility measure I on A, let C.(II) denote the set of *-conditional possibilities
agreeing with IT on A. Then II, = max{C,(II)}, i.e. I, € C,(II) and IT, > II
for every IT € C.(II).

Proof. That II, is a *-conditional possibility is shown in [4, Prop.1] and that
II.(. | T) = II(.) is clear by definition. Suppose II is a *-conditional possibility
agreeing with IT, and let a,b € A such that a Ab # L (otherwise II(a | b) =
II.(a | b) = 0). Then we have II(a Ab) = (aAb| T)=IH0b|a)*«I(a| T) =
II(b| a) x II(a), and hence II(b | a) < (II(a) =, H(a Ab)) = II.(b | a).

3 A Brief Recap on Boolean Algebras of Conditionals

In this section we recall basic notions and results from [13] where, for any Boolean
algebra A = (4, A,V,—, L, T), a Boolean algebra of conditionals, denoted C(A),
is built. Intuitively, a Boolean algebra of conditionals over A allows basic con-
ditionals, i.e. objects of the form (a | b) for a € Aand b € A" = A\ {1}, to
be freely combined with the usual Boolean operations up to certain extent, but
always satisfying the following requirements:

(R1) For every b € A’, the conditional (b | b) will be the top element of C(A),
while (—b | b) will be the bottom;

(R2) Given b € A’, the set of conditionals A | b= {(a | D) : a € A} will be the
domain of a Boolean subalgebra of C(A), and in particular when b = T, this
subalgebra will be isomorphic to A;

(R3) In a conditional (a | b) we can replace the consequent a by a A b, that is,
the conditionals (a | b) and (a A b | b) represent the same element of C(A);

(R4) For alla € Aand all b,c € A', if a < b < ¢, then the result of conjunctively
combining the conditionals (a | b) and (b | ¢) must yield the conditional (a | ¢).

R4 encodes a sort of restricted chaining of conditionals and it is inspired by the
chain rule of conditional probabilities: P(a | b) - P(b | ¢) = P(a | ¢) whenever
a<b<e
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In mathematical terms, the formal construction of the algebra of condi-
tionals C(A) is done as follows. One first considers the free Boolean algebra
Free(A | A) = (Free(A | A),MU,~,L* T*) generated by the set
Al A= {a]b):aec Ab e A}. Then, in order to accommodate the
requirements R1-R4 above, one considers the smallest congruence relation =¢
on Free(A | A) satisfying:

1) (b|b)=¢ T*, forall b e A';

2) (a1 | b)ﬂ(ag ‘ b) =¢ (al/\ag | b), for all ay,a0 € A, b € A/;
3) ~(a|b)=¢ (—a|b),forallac A, be A’;

4) (aAb|b)=¢ (a|b),forallaec A, be A;

)

Note that (C1)-(C5) faithfully account for the requirements R1-R4 where, in
particular, (C2) and (C3) account for R2. Finally, the algebra C(A) is defined
as follows.

Definition 3. For every Boolean algebra A, the Boolean algebra of conditionals
of A is the quotient structure C(A) = Free(A | A)/=,.

To distinguish the operations of A from those of C(A), the following signature
is adopted:
C(A> = (C(A)a MU, ~, J~¢7 TC)

Since C(A) is a quotient of Free(A | A), elements of C(A) are equivalence classes,
but without danger of confusion, one can henceforth identify classes [t]=, with
one of its representative elements, in particular, by ¢ itself. For instance, using
this notation convention, the following equalities, which correspond to (C1)—(C5)
above, hold in any Boolean algebra of conditionals C(A), for all a,a’ € A and
b,ce A

(0]b) =Te;

(a[b)M(c|b)=(anc|b);
~(a|b) = (—a|b);

(anb|b)=(alb);
ifa<b<c then (a|b)M(b]|c)=(a]c).

U L=

A basic observation is that if A is finite, C(A) is finite as well, and hence
atomic. Therefore, in the finite case, it is of crucial importance, for uncertainty
measures on C(A) like probabilities or possibilities, to identify the atoms of C(A),
since these measures are fully determined by their values on the atoms of the
algebra they are defined upon.

If A is a Boolean algebra with n atoms, i.e. |at(A)| = n, it is shown in
[13] that the atoms of C(A) are in one-to-one correspondence with sequences
a=(ai,...,a,_1) of n—1 pairwise different atoms of A, each of these sequences

giving rise to an atom wg defined as the following conjunction of n — 1 basic
conditionals:

wg= (a1 | T)M(ag | =) M...MN(p—1 | "1 Ao Ap_2), (4)
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It is then clear that |at(C(A))| = n!l.

Now, assume at(A) = {aq,...,a,} and let us consider a basic conditional
of the form (a; | b) for a; < b. Let us denote the set of atoms below (a; | b) by
at<(ay | b) = {wy € al(C(A)) | wy < (a1 | b)}. For every j =1,...,n, define

Sj = {WV € (DUZS(OQ | b) | 7 = <"}/1,. .. ,’)/n_1> with Y1 = Oéj}.

In other words, for all j, S; denotes the set of all those atoms below (ay | b) of
the form ws where 7 is the sequence (v1,...,Vn—1) and 71 = ;. In [13, Lemma
5.1] it is proved the following result.

Lemma 1. The set {S;}j=1...n is a partition of abt< (a1 | b), i.e. ab<(aq | b) =
Uj=1,n5j, and 5;NS; = 0 whenever i # j. Moreover, for j >2,5; =0 if a; <b.

Now, let us describe the sets S;’s. For every sequence (ai,...,q;) of pairwise
different atoms of A with i <mn — 1, let us consider the following set of atoms:

lar, ..., ] ={wy € at(A) | ¥ = (a1,..., 0,041, ..., 0n_1}.
In other words, [, ..., a;] stands for the subset of at(C(A)) whose elements are
in one-one correspondence with those sequences 7 having (aq, ..., q;) as initial

segment. The next proposition recalls how the sets S; are obtained from the sets
[[Ckl, ey Oéi]].

Proposition 3 ([13, Proposition 5.3]). Let A be a finite Boolean algebra with
atoms aq,...,ap and let b € A such that b = 1 V...V By and let B = aj.
For every t =2,...,k—1, denote by P, the set of permutations p : {1,...,t} —
{1,...,t}. Then,

k k—1
S] = [[aj7a1ﬂ U U[[aj7ﬁiaa1]] U U U [[a_ﬁﬂp(l) cee 7ﬂp(t)a1]]~
i=1

t=2 peP,

4 The Strong Conditional Event Problem for Possibility
Measures

Our aim in this section is to solve the following possibilistic version of the Good-
man and Nguyen’s strong conditional event problem:

Possibilistic Strong Conditional Event Problem: Given a possibility
measure I on a finite Boolean algebra A, find an extension of IT to a
possibility measure 7 on the Boolean algebra of conditionals C(A) such
that, for any (a | b) € C(A), um(a | b) coincides with the x-conditional
possibility IT,(a | b) for some suitable continuous t-norm .

Since the main results we need to prove next in order to provide a solution
for this problem are quite general, in what follows, unless stated otherwise, *
will denote an arbitrary t-norm and = a residuated implication, so that we will
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not assume, in general, that = is the residuum of *. A pair (*,=>) of this kind
will be simply called a t-norm implication-pair, or simply a ti-pair.

Given a possibility measure IT on a finite Boolean algebra A with n atoms
and a ti-pair (x,=), we start by defining a mapping p : ot(C(A)) — [0,1] as
follows: for every atom of the Boolean algebra of conditionals C(A) as in Eq. (4),
we define

n—2
pr(wa) = H(an) * (I (~ay) = H(az)) * ... (H(/\j:1 —ai) = I (on-1)).
For the sake of a lighter and shorter notation, we will henceforth write %>
in place of II(b) = II(a), so that the above expression becomes
- I (o) II(cp—1)
() = (o) » 2w oty (5)

Lemma 2. For any ti-pair (x,=), pg 18 a normalized possibility distribution
on at(C(A)).

Proof. We have to show that uj; takes value 1 for some atom of C(A). First of
all note that (5) can be equivalently expressed as

() = I (0) # oS s

II(aaVasgV...Vay) T H(ap—1Vag)
Since IT is a possibility measure on A, we can rank its atoms at(A) according
to the values taken by I, so that we can assume at(A) = {51, 02, ..., On} with
1=10H(p) > I(B2) > ... > H(B,). In this way, for 1 <i < n-—1, I[I(5;) =

(B
max?:i H(ﬂj) = H(ﬁl VBiy1 V...V ﬁn), and hence ﬁ>— = 1. Let

3 to be the sequence 3 = (31,32, .., n_1). Then, the corresponding atom wg

: _ 11(B2) (Bn-1) _
of C(A) is such that pp(wg) = II(B1) * Tonvay S * ey = 1.0
In light of the above lemma, we extend p7 to a possibility measure on C(A),
denoted by the same symbol pg : C(A) — [0, 1], by defining, for every ¢t € C(A),

wrr(t) = max{pg(wg) | wg € at(C(A)) and wg < t}.
Then, so defined, p 7 is indeed a possibility measure on C(A).

Definition 4. For every possibility measure II on a Boolean algebra A and for
every ti-pair (x,=), the possibility measure ug : C(A) — [0,1] is called the
(*,=)-canonical extension of IT.

Ezample 1. Let A be a Boolean algebra with 3 atoms (say aj,as,as) and
8 elements, and let IT be the possibility distribution IT(a1) = 0.7, () =
1,MT(as) = 0.2. The corresponding algebra of conditionals C(A) has 3! = 6
atoms and 64 elements. In particular, the atoms are the following compound
conditionals:
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wp = ((11 | T) M (Oéz I j0(1), wo = (041 | T) M (Oz3 | ﬁ041), w3 = (az | T) M (041 ‘ ﬁOQ)
wa = (az [ T)M (a3 | naz), ws = (as | T) M (o | mas), we = (as | T) M (a2 | o)

Now, let us consider the basic conditionals t; = (ay | ~a3) = (a1 | ~a1 Vas)
and t2 = (a2 Vg | T). It is not hard to check that t1 = wy Uws Uws;ty =
CL)3|_|UJ4|_|(.U5|_|UJ6;t1 |_|t2 ZUJ5;—\t1 ZLLJ3|_|W4|_|CL)6.

Taking * = product and = its residuum, the extension i of IT to C(A) is
determined by the following distribution on its atoms given by (5):

,un(wl) =07-1= 0.7, ,up(u)g) =0.7- (0.2/1) = 0.14,
pp(ws) =1-(0.7/0.7) =1, pp(ws) = 1-(0.2/0.7) = 2/7,
pp(ws) =0.2-0.7=0.14, pp(ws) =0.2-1=10.2.

Then we can compute the possibility degree of any other (basic or compound)
conditional. For instance:
pr () = pur(on | ~ay Voag) = max{um (wi), i (w2), pr (ws)} = 0.7
pr(t2) = prr(ee Vs | T) = max{pr(ws), i (wa), prr(ws), pr(we) } = 1
(tl I tg) MH(LU5) =0.2
prr (—t1) = max{pm (ws), pr(wa), pur(we) } = 1. 0

For what follows, recall the sets S; and [a, ..., ;] as defined in Sect. 3.
Lemma 3. Let oy, ...,q;, € ab(A). Then

H(O‘l ) H(ait)
H([[ail B aitﬂ) - H(ail) H(—‘ai) o H(_‘O‘i1/\_‘aiz/\'--/\_‘ait—l)}.

Proof. Let ~1,...,v be the atoms of A different from «;,, ..., a;,. Thus, wy €
leiys .oy, ] iff 6 = (Quy, ... qu,,01,...,00-1) where & = {(01,...,00_1) is any
string which is obtained by permuting I — 1 elements in {v1,...,v}.

Therefore, if ¥ = —a;; A... A —a;, (=71 V...V 7y), by letting

(o I(a;
- K =IH(oy,) * mi—off) co K H(_‘aq‘,lA_‘Ot'(£2/\t»?-/\_‘04it71)>_7
-H=V5 1177((‘;1)) * ngx(:ll)* Koo n<wjfilfi)m,2> ’
it is clear that g ([ov,,---,®;,]) = K * H. We now prove H = 1 by induction
on the number ! of atoms different from o, ..., q;,, le. [=n—1:
(Case 0) The basic case is for | = 2. In this case H = ((71))> \Y% 1177((;2))> =
II(71Vy2)

. Thus, the claim trivially follows because ¥ = v; V 7s.
(Casel) For any j = 1,...,1 consider the strings & such that o1 = ;. Therefore,

_ [Hn 11 (02) (o 1)
H= [H(u'/)>_ \)/0 o1= ’YI(H(IP/\—\'yl) Koo H(LP/\—\al/\.../\—\o'L,ﬁ) )} V...
" g2 g1—1
-V {n(np)> * v?zm=w(n(ww1) R 7 (7 ey e—— )] :
By inductive hypothesis, each term /. 01:71(%> oLk
J 71
II(o1-1) (), H(\/é:l’h‘) . .
T(FA—01IN... A~01_2) ~) equals 1. Thus, H = \/J 177 sp)>' - T oW >~ = 1 since

l
Q/:\/jzl’}/j. |
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As we did in the last part of Sect. 3, let us focus on a basic conditional of
the form (ay | b) for b > «y. Then, the next result immediately follows from
Lemma 3 above together with the observation that S; = [aq].

Lemma 4. Let A be a finite Boolean algebra with atoms o, ..., ay, letb € A be
such that b > ay. Then, for every ti-pair (x,=), the (x,=)-canonical extension
wrr of a possibility measure IT of A satisfies, p(S1) = Vwesl wr(wy) = I (ay).

Now we prove our main result that will directly lead to a finitary solution for the
Possibilistic Strong Conditional Event Problem stated at the beginning of this
section. In what follows, for every basic conditional (a | b), we write ug(a | b)
instead of pz(‘(a|b)’).

Theorem 1. For every possibility measure IT : A — [0,1] and for every ti-pair
(x,=), the (x,=)-canonical extension p : C(A) — [0,1] of IT to C(A) is such
that, for every basic conditional (a | b),

@in={0 ifanb= 1
Hm L II(b) = II(a AD), otherwise.

Proof. Let II be given as in the hypothesis, and let p; be defined on C(A)
as in (5). By definition and Lemma 2, py is a normalised possibility mea-
sure. Moreover, recall that (a | b) = L¢ if a Ab = L, whence, by definition,
pr(a | b) = 0. Thus, it is left to prove the claim for those (a | b) with a Ab > L.

To this end, notice that each basic conditional (a | b) equals (<, @i [ b) =
[la, <qo(ci | b). Since pp is maxitive, let us prove the claim for conditionals of the
form (o | b) for a € ab(A) and o < b. Without loss of generality we will assume
a = ;. By Lemma 1, {S;};=1,.., is a partition of ob< (a1 | b). Thus,

pr(on [8) =\ jn(8)) = un(S) v\, nir(S)).

Also by Lemma 1, S; = (0, and thus p7(S;) = 0, for all those j such that a; < b.
Therefore, by Lemma 4 one has,

pr(oa [ 0) =\/ _ nm(S;) =M(a1) v \/j:ajgﬁb 1 (S5)-

From this equation it already follows up(ay | b) > II(a1). We have to prove
that p(aq | b) = 1?;?;?».

In what follows we assume —b = 51 V ...V B, where II(51) < ... < IT(Gg).
The proof is divided in three steps:

(1) pr(ay | b) < 12(3)1))>-. If < (ay | B), then it must be of the form

n

Jj=1

n

j=1

=B THAB* | -BYHA..AB | B A A=BTHA (o | 2B AL ASBYA. L

where 31,..., 3" < =b, or equivalently, =3 ... 3" > b. Then we have @ < (a; |
=B A ... A =B, and hence

(o) II(ou)

,LLH(E) S H(ﬁﬁl/\m/\ﬁﬁi)} S H(b) .
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_ II(on)
Therefore, p(oy | b) = Vj:ajgﬁb wr(S;) < TOME
(2) I1(b) < 1 implies p(ay | b) > H(a1)> In this case, IT(=b) = 1, and thus
II(Br) = 1. Let i, = max{j € {1,.. il | II(8;,) < II(b)}, and consider the

subset S = [Bk, Br—1,- -, Biy+1, 1] of atoms of C(A). Proposition 3 shows that
S C Sg, whence, in particular, S C Uj;ajgﬁb S;. Then, by Lemma 3, we have:

II(Br—1) II(Biy+1) (1)
pr (S) = II(By) Bk)>. ook I (=BrA...A=Biy+2) H(_‘Bk/\»u/\_‘ﬁib+l)>.'

Notice that, for every i € {iy +1,...,k}, H(=0k A Bk—1...A=G;) = I (Bi—1 V
VBV =T(B;-1)VII(b) = (ﬁl 1), and moreover II(=f8; A... A=, 4+1) =
II(B;, V...V (1 Vb) = II(b). Therefore we have:

i1 (S) = IT(G0) w eteth e ot o) 1 T
and hence, p(ay | b) > pp(S) = 1;((0;1))
(3) 1I(b) = 1 implies ppr(ar | b) > 1;((0;1))>- As above observed, pu(aq | b) >
(o) = %
Therefore, (1), (2) and (3) imply pg(a; | b) = % O

Let us observe that the above result holds under very general assumptions
about the operations * and = under which p;; may fail to be a *-conditional
possibility in the sense of Definition 2. However, when we restrict to the case
where x is a continuous t-norm and (*, =) is a residuated pair, by Proposition 2
w7 does provide a solution to the possibilistic strong conditional event problem.

Corollary 1. If II is a possibility measure on a finite Boolean algebra A, x is
a continuous t-norm and =, its residuum, then the (x,=.)-canonical extension
wrr of IT to C(A) restricted to basic conditionals yields a x-conditional possibility,
in the sense that p(a | b) = I (a | b) for every basic conditional (a | b) € C(A).

5 Conclusions and Future Work

In this paper we have shown that, in a finite setting, Boolean algebras of condi-
tionals are suitable structures to accommodate conditional possibility measures,
in a similar (but not completely analogous) way to that of conditional proba-
bilities in [13]. We back up this claim by proving the Strong Conditional Event
Problem for conditional possibility: for * being a continuous t-norm without zero-
divisors, any possibility measure II in a Boolean algebra of events A extends
to a possibility measure 7 on the full algebra of conditional events C(A) such
that its restriction to basic conditionals is the *-conditional possibility I7.(. | .).
This result indeed holds under very general assumptions. This suggests that the
structure of a Boolean Algebra of Conditionals leaves room to accommodate
notions of conditional possibility other than IT.(. | .). In particular, we plan to
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study when and how a *-conditional possibility on A x A’, regarded as a partially
specified (unconditional) possibility on C(A), can be extended to any compound
conditional in the full algebra C(A).

Following the lines of [13], we will also investigate under which conditions a
(plain) possibility measure IT on C(A) satisfies the axioms of a #-conditional pos-
sibility as in Definition 2 when restricted to basic conditionals. More precisely we
will consider those possibilities satisfying IT((a | b)) A (b | ¢)) = II(a | b)*I1(b | ¢),
for a < b < ¢ and * being a continuous t-norm. These measures, in analogy with
[13], can be called x-separable. Furthermore, we want to explore to what extent
the results can be generalised when replacing the real unit interval [0, 1] by more
general scales for possibility measures, like Godel or strict BL-algebras. Finally,
we also plan to study the use of Boolean algebras of conditionals in relation to
conditioning more general uncertainty models such as belief functions.
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