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Abstract

The aim of this paper is to explore the class of intermediate logics
between the truth-preserving Lukasiewicz logic L and its degree-preserving
companion LS. From a syntactical point of view, we introduce some
families of inference rules (that generalize the explosion rule) that are
admissible in L= and derivable in L and we characterize the corresponding
intermediate logics. From a semantical point of view, we first consider
the family of logics characterized by matrices defined by lattice filters in
[0, 1], but we show there are intermediate logics falling outside this family.
Finally, we study the case of finite-valued Lukasiewicz logics where we
axiomatize a large family of intermediate logics defined by families of
matrices (A, F) such that A is a finite MV-algebra and F is a lattice
filter.

1 Introduction

In the last two decades, formal systems of fuzzy logic, nowadays under the um-
brella of mathematical fuzzy logic (MFL) [10], have been proposed and studied
as suitable tools for reasoning with propositions containing vague predicates.
Their main feature is that they allow us to interpret formulas in a linearly or-
dered scale of truth values which makes them specially suited for representing
gradual aspects of vagueness.

Particular deductive systems in MFL have been usually studied under the
paradigm of (full) ¢ruth-preservation which, generalizing the classical notion of



consequence, postulates that a formula follows from a set of premises if every al-
gebraic evaluation that interprets the premises as true also interprets the conclu-
sion as true. In other words, the defining requirement in the truth-preservation
paradigm for an inference to be valid is, actually, that every algebraic evaluation
that interprets the premises as completely true, will also interpret the conclusion
as completely true. An alternative approach that has recently received some at-
tention is based on the degree-preservation paradigm (see [15, 5]), in which a
conclusion follows from a set of premises if, for all evaluations, the truth degree
of the conclusion is not lower than those of the premises. It has been argued
that this approach is more coherent with the commitment of many-valued logics
to truth-degree semantics because all values play an equally important role in
the corresponding notion of consequence (see e.g. [14]).

Recall that a logic with a negation — is explosive (w.r.t. =) if from any the-
ory containing a formula ¢ and its negation —p everything follows. That is,
any —-contradictory theory is explosive. Paraconsistent logics, by its turn, are
logics which contain a negation — which is not explosive: that is, there is at
least one theory containing some contradiction {¢, 7} which is not explosive
(i.e., some formula is not derivable from such theory). As proved in two re-
cent papers [13, 11], while the truth-preserving fuzzy logics are explosive w.r.t.
the usual negation = = ¢ — L, some (extensions of) degree-preserving fuzzy
logics have been shown to exhibit some well-behaved paraconsistency proper-
ties. In particular, this is the case of the well-known Lukasiewicz logic L, whose
degree preserving companion LS is not explosive, i.e. it is paraconsistent. Ac-
tually, the degree-preserving companions of finite-valued Lukasiewicz logics L,
belong to the family of paraconsistent logics called logics of formal inconsistency
(LFIs) [7].

Since, for instance, L= is included in L (in terms of their consequence oper-
ators), with LS being paraconsistent and L explosive, a natural question that
arises in this setting is to ask about possible intermediate logics between LS
and L. And in particular, to characterise them and also to study which of them
are paraconsistent and which of them are explosive. In this paper we aim at
answering these questions. To do this, one can follow two approaches.

From a syntactical point of view, since L= and L have the same theorems,
intermediate logics will be necessarily defined as extensions of L= with inference
rules admissible in L= and derivable in L. The problem is how to either find or
at least give a characterization of inference rules satisfying these conditions. In
this paper we begin with some examples of inference rules that are admissible in
L= and derivable in L, but the main results come from the semantical approach.

From a semantical point of view, recall that L is complete with respect to
all matrices (A, F) where A is an MV-algebra and F is the implicative filter
F = {14}. Moreover, it is well known that, since L is standard complete, this
family of matrices can be in fact reduced to only one, the matrix ([0, 1]ymv, {1}),
where [0, 1]yy is the MV-algebra over the real interval [0, 1] (see Example 1).
On the other hand, L= is complete with respect to the class of all matrices of
type (A, F) where A is an MV-algebra and F is a lattice filter of A, see e.g.
[15, 5]. Besides, it is proved in [5] that L= is also complete with respect to the



restricted set of all matrices ([0, 1]yrv, F'), where F is a lattice filter of [0, 1], i.e.
intervals either of type [a, 1] with a > 0 or of type (a, 1], for a < 1. Therefore,
from a semantical point of view, the intermediate logics we are interested in
are logics defined from arbitrary sets of matrices of the type (A, F), where
A is an MV-algebra and F' is a lattice filter of A, always including the matrix
([0,1]mv, {1}). The problem here is to study and characterize the logics defined
by them.

Following a syntactical approach, in this paper we introduce some families
of inference rules (inspired in the explosion rule) that are admissible in L=
and derivable in L, and we characterize the corresponding intermediate logics.
On the other hand, following a semantical approach, we then first study some
families of logics characterized by families of matrices ([0, 1]y, F') where F' C
(0,1] is a lattice filter, and we prove that there are another intermediate logics
(like the one defined by the explosion inference rule) that are not semantically
defined by this type of matrices. Then we restrict ourselves to the case of finite-
valued Lukasiewicz logics, where we define and axiomatize a large family of
intermediate logics defined by families of matrices (A, F') with A being a finite
MV-algebra and F' is a lattice filter.

As far as we know, the only papers dealing with logics defined by matri-
ces in the framework of the infinite-valued Lukasiewicz logic are [3, 4], where
the author studies logics Lr defined by matrices ([0, 1]y, F') with F' being a
principal lattice filter. However, these logics are out of the scope of this paper
because they are not intermediate for F' # {1}. Indeed, the condition to be
intermediate is that the set of lattice filters defining the logic has to contain the
filter {1} in order to be contained in the truth-preserving Lukasiewicz Logic.
Nevertheless some results that directly follow from the ones in [4] are included
at the beginning of Section 4.

This paper is structured as follows. After this introduction, Section 2 con-
tains some needed preliminaries about Lukasiewicz logics and their degree-
preserving companion. Section 3 introduces some intermediate logics defined
syntactically by adding to L= the explosion rule and some of its generalizations,
and we characterize these logics semantically using evaluations. Section 4 deals
with logics defined semantically by matrices. In its first part we define and
axiomatize a family of intermediate logics defined semantically by some families
of matrices of type ([0, 1]mv, F') where F is a lattice filter. The second part
of Section 4 is devoted to prove that there are intermediate logics not defined
by those families of matrices, and we give a general theorem characterizing
intermediate logics as logics of matrices over general MV-algebras by lattice
filters. In the last sections we study intermediate logics in the framework of
finite-valued Lukasiewicz logics L,,. In Section 5 we give some results towards
a general characterization of intermediate logics for finite-valued Lukasiewicz
logics. In Section 6 we characterize and axiomatize intermediate logics defined
by families of matrices of type (A, F) where A is a direct product of copies of
LV, (the MV-algebra associated to L) and F is a lattice filter. The lattices of
these intermediate logics for n = 3 and n = 4 are described in Appendices Al
and A2. Finally, in Section 7 the case of L,, when n — 1 is a prime number is



analyzed. The lattice of all intermediate logics for L3 and L, are fully described
in Appendices B1 and B2 respectively. The paper ends with some conclusions
and further research proposals.

2 Preliminaries on Lukasiewicz logic L and the
degree preserving companion L=

2.1 Lukasiewicz logic and MV-algebras

The logical setting in which we frame our study is that of infinite-valued Lu-
kasiewicz logic L, and its finite-valued axiomatic extensions Lj. Formulas of
(any finite-valued) Lukasiewicz logic are inductively defined from a countable
set V = {p1,pa,...} of variables, along with the binary connective — and the
unary connective —. We will denote by (V') the class of formulas defined from
the set of variables V.

Further connectives are definable from — and — as follows:

poY is —p =Y

@y is (-pd )

vy s (g ) =y

Ay is (opV -y

ey s (=) AW =)
The truth constant T is ¢ — ¢ and the truth constant L is =T, and we will
henceforth use sometimes the following abbreviations: for every n € N and for
every ¢ € §(V), ne will stand for ¢ @ --- @ ¢ (n-times), and ™ will stand for
PR - ®¢ (n-times). When n =0 we take np = " = T.

The propositional Lukasiewicz logic (L in symbols) is defined as the following

Hilbert style system of axioms and rule (cf. [18]):

(L1) ¢ = (¥ = o),

(L2) (¢ =) = (¢ = x) = (¢ = X)),
(L3) (¢ = ) = (¥ — o),
(L4)

o ey
—

For every k € N with k£ > 2, the k-valued Lukasiewicz logic L is the ax-
iomatic extension of L defined by the following axioms (cf. [17, 18]):

(MP) The rule of modus ponens:

(15) (k= 1) < ke,

(L6) (np"~")F ¢ ko™,
for every n =2,3,...,k — 2 that does not divide k — 1.



The notion of deduction and proofin L or in Ly, are the usual ones (see e.g. [18]).
A theory is any subset of F(V'), and for every theory " and for every formula ¢
we will write I' - ¢ if ¢ can be proved from IT" in the logic L.

The algebraic counterpart of (resp. finite-valued) Lukasiewicz calculus is the
class of (resp. finite-valued) MV-algebras. An MV-algebra (cf. [9, 18, 19]) is a
system M = (M, ®, -, 0M) of type (2,1,0) such that the reduct (M,®,0M) is
a commutative monoid, and the following equations hold:

(MV1) z @ 1M = 1M
(MV2) =~z = z,
(MV3) ~(rz@y)@y=-(-ydz)dw

where in (MV1), 1M stands for —0M.
For every k € N with £ > 2, an MVj-algebra is an MV-algebra that also
satisfies:

(MV4) kz = (k — 1)z,
(MV5) (nz" 1)k = k™, for every n = 2,3,...,k — 2 not dividing k — 1,

where, for every n > 1, ne = z®-- - @z (n-times), and 2" = z®- - -z (n-times)
[17). When n = 0, nz = 2™ = 1M, As in the case of the logical language, here
other operations can be defined as well, among them z — y is "~z @y and z ®y
is = (—z @ —y).

In every MV-algebra M we can define an order relation by the following
stipulation: for every z,y € M,

r<yiff x@y=1".

An MV-algebra is said to be linearly ordered, or an MV-chain, provided that
the order < is linear. The class of MV-algebras, MV, constitutes a variety (i.e.
an equational class [6]).

Example 1 (Standard Algebras). (1) Equip the real unit interval [0, 1] with
the operations of

- truncated sum: for all z,y € [0,1], z @ y = min(1,z + y),
- standard negation: for all € [0,1], . =1 — x.

Then the algebra [0, 1]myv = ([0, 1], ®, —,0) is an MV-algebra called the standard
MV-algebra. The variety of MV-algebras MV is generated, as a variety and as
a quasi-variety, by [0, 1]pv (cf. [8, 9]). This means that, in order to show that
a given equality, or quasi-equality, written in the algebraic language of MV-
algebras, holds in every MV-algebra, it is sufficient to check whether it holds in
[0, 1]nrv

(2) For every k € N, let LV}, = {O,ﬁ,...,%,l}. Equip LV, with the

restrictions to LV} of the above defined truncated sum and standard negation.



We will henceforth denote by L'V, the obtained structure, that is usually called
the standard MVy-algebra. The variety of MV -algebras is generated by LV

(ct. [9)).

MV-algebras constitute the equivalent algebraic semantics for Lukasiewicz
logic.! Similarly, for every k, MVj-algebras form a variety, MV, that is the
equivalent algebraic semantics for Li. Among other things, this implies that Lu-
kasiewicz logic is (strongly) complete with respect to the class of MV-algebras,
and that Lj is (strongly) complete with respect to class of MVy-algebras as
well. This means the following. Let an evaluation e of formulas of F(V') into
an MV-algebra (MVy-algebra) M be any map e : V. — M that extends to
compound formulas by truth functionality using the operations in M. We say
that e is a model of (or satisfies) a formula ¢ € F(V) when e(p) = 1M. Then,
for any set of formulas T'U {¢} C F(V), ' b ¢ iff for any MV-algebra M and
any M-evaluation e, if e(y)) = 1M for any ¢ € T', then e(yp) = 1M as well.

But clearly, the above examples (and the results cited therein) show a
stronger version of completeness for L and L that we are going to make clear
as follows.

Theorem 1. (1) Lukasiewicz logic is finitely strong standard complete, i.e.:
for every finite set of formulas T U{p} CF(V), T'F ¢ in L iff every evaluation
into the MV-algebra [0,1]\y that satisfies T', satisfies ¢ as well.

(2) For every k € N, Ly, is strong real complete, i.e.: for every set of formulas
Fu{e} CFWV), Tk ¢ in L iff every evaluation into the MVy-algebra EVy
that satisfies ', satisfies ¢ as well.

Remark 1. Every finite MV-algebra M can be represented as a finite direct
product of finite MV-chains. In other words, for every finite MV-algebra M,
there exist a finite set of finite MV-chains S, ..., Sk, such that M is isomorphic
to the direct product IT¥_;S;.

2.2 The degree-preserving companion of Lukasiewicz logic

Lukasiewicz logic L, and the main logics studied in Mathematical Fuzzy
Logic, is a (full) truth-preserving fuzzy logic (in the sense that inference in
these logics preserves the truth-value 1). But besides the truth-preserving
paradigm so far considered, one can find an alternative approach in the
literature, first introduced for Lukasiewicz logic by Wéjcicki [22, 4.3.14] and
then further explored in [15]. Based on the definitions in [15], we introduce
the variant of L, that we shall denote by LS, whose associated consequence
relation is semantically defined as follows: for every finite set of formulas TU{p},

L Actually, the equivalent algebraic semantics of L, properly speaking, is the variety of
Wajsberg algebras [16], although, as it is well-known, Wajsberg and MV-algebras are term-
equivalent.



' ¢ iff for every evaluation v over [0, 1]y and every a € [0, 1],
if a < v(y) for every v € T, then a < v(yp).2

If T is infinite, stipulate that I' =y < ¢ when there exists a finite subset T C T’
such that T |=; < . So defined, L= is known as the Lukasiewicz logic preserving
degrees of truth, or the degree-preserving companion of L. Clearly, L and L= have
the same theorems and, moreover, for every finite set of formulas I' U {¢}:

[ < piff B TN = o,
where I' means y; A ... A, for T = {y1,...,7} (when T is empty then T
is T).
As regards axiomatization, the logic L= admits a Hilbert-style axiomatiza-
tion having the same axioms as L and the following deduction rules [5]:

p ¥
pAY’
(MP-r) if by, ¢ = 4 (ie. if ¢ — 1) is a theorem of L), then from ¢ derive .

(Adj-N)

We will denote by ;< the corresponding consequence relation associated to
the Hilbert calculus for L= .
In [15] it is shown that the logic L= is not algebraizable in the sense of Blok
and Pigozzi, but nevertheless it has a suitable semantics via logical matrices.
In general, by a logical matrix we understand a pair (A, F') where A is an
algebra and F' is a subset of designated elements of A. The logic L induced by
the matrix (A, F') is defined as follows: for any subset of formulas I' U {¢},

T k1, ¢ if, for any evaluation e on A, if e(¢)) € F for all ¢ € T, then e(yp) € F.

The logic determined by a class of matrices is defined as the intersection of the
logics defined by all the matrices in the family.

The matrices we will deal with in this paper will be pairs (A, F) where A is
an MV-algebra and F is either an implicative or a lattice filter of A.3 It is well-
known [16, 21] that (infinite-valued) Lukasiewicz logic L is (strongly) complete
with respect to the class of matrices

{(A,F): A is an MV-algebra and F is an implicative filter of A},

and also with respect to its subclass of matrices
{(A,{11}) : A is an MV-algebra},

that are its reduced models. Moreover, L is finitely strong complete with respect
to the single matrix ([0, 1]mv, {1}), this is Theorem 1. On the other hand, the
degree-preserving companion of Lukasiewicz logic LS is complete with respect
to the class of matrices

2This condition is equivalent to require that for every evaluation v over [0, 1]yryv, min{v(7y) |
v €T} <v(p).

3F is a lattice filter of a MV-algebra A if i) 14 € F, ii) if € F and « < y then y € F,
and iii) if ,y € F then x Ay € F. F is an implicative filter if it is a lattice filter and it is
closed by modus ponens, that is, if z,z — y € F then y € F' as well.



{(A,F) : A is an MV-algebra and F is a lattice filter of A},

see [15]. Moreover, in [15] it is also proved that L= is complete with respect to
the smaller class of matrices over the standard MV-algebra:

{([0,1]mv, F') : F is a lattice filter of [0, 1]y }-

Analogous results and relationships hold for the case of truth-preserving and
degree-preserving finite-valued Lukasiewicz logics Ly and L%, replacing MV-
algebras by MV -algebras and [0, 1]yry by EVy,.

3 Some syntactically defined intermediate logics

Recall (see, for instance, [7]) that a logic L containing a negation — is said to be
explosive (w.r.t. ) if, from any theory containing a formula ¢ and its negation
-, any other formula can be derived: for every set of formulas I' U {¢, ¢},

| NGRS TN R

for every formula ¢. On the other hand, L is said to be paraconsistent (w.r.t.
—) if it is not explosive, that is: there is a set of formulas I' U {¢, =} such that

F»%TO VL 1/)

for some formula ).

As observed in [13, 11], while the truth-preserving fuzzy logics are explosive
w.r.t. the usual negation (- is defined as ¢ — L), some (extensions of) degree-
preserving fuzzy logics are paraconsistent. In particular, this is the case of
Lukasiewicz logic L, which is explosive while its degree-preserving companion
LS is paraconsistent.?

3.1 Adding the explosion rule to L=

Given the aim of this paper, it seems very natural to begin with the study of the
logic Legzp, the weakest explosive intermediate logic, defined syntactically as the
extension of the usual Hilbert-style calculus for the logic LS with the ezplosion
inference rule:

LA 4

€

It is clear that (exp) is admissible in L= (it does not add new theorems) and
derivable in L, since it is a particular case of modus ponens rule (notice that
- = ¢ — 1), but it is not weaker than the restricted modus ponens rule

(exp)

41t is clear that in L, from {p, =¢} we can derive anything, since we have ¢, ~¢ FL, ¢ ® g,
and ¢ ® =@ — L and L — ¢ are theorems of L. On the contrary, in LS we have e.g. (for any
propositional variable p) that p, —p I/, < p ® —p and so {p, ~p} is not explosive. By the way,
we have that p,—p ;< pA-p, but ¢ A ~p — L is not a theorem of L.



(MP-r) used in the definition of L=.

Notation. To simplify notation, from now on we will write < for ; <, and

<
o for s

<

Next lemmas show straightforward properties of the logic Lz, .

Lemma 1. T'F5, L iff there exists ¢ such that T =< @ A —p.

exp

Proof. From right to left is immediate. Assume I' F5, L and consider the
following two cases:

o if ' F= L, then trivially I' = o A —.

e if 't/ L, in any proof of L from I in Leéwp there must be a first application
of the rule (exp) to some pair of formulas ¢ and —¢. Therefore, both ¢
and —¢ have been proved without using the rule (exp), hence they are
provable from I in the logic LS. From this, I' = ¢ A g, by rule (Adj-A).

O
Lemma 2. IfT I/, L then, for every o, it holds that [T F5,, ¢ iff T += ¢].

ewp exp
Proof. Tt is clear that I' F< ¢ implies T I—e%p . Therefore we have to prove that
if I F;p pand I’ V;zp L then I' = . But this is easy, since if in a proof of ¢
from I' in Leg:cp the rule (exp) is applied, then we would have T F;Ip 1, against
the hypothesis. Thus, in no proof of ¢ from I' in Legxp the rule (exp) is applied,

hence this means that I' = . O
Actually, the previous lemmas allow us to express -5, only in terms of -=.

Proposition 1.

< . . . <
U2, ¢ iff  either there exists ¢ such that T'F= ¢ A =,
or TFS .
Proof. From left to right, suppose that I' -5 . There are two case to analyze:

exp

Case 1: TS, 1. Then, there exists ¢ such that I' < 9 A =), by Lemma 1.

exp
Case 2: T’ J";IP L. Then, by Lemma 2, I' == ¢ since, by hypothesis, I' I—egzp Pp.
From right to left, suppose first that I' < ¢A—1) for some ). Then T’ I—e%p 4,

by Lemma 1, hence I' 5, . On the other hand, if I' = ¢ then obviously

THS, ¢ O

As a consequence, since the semantics for F=< is clear and well-known, we
can establish the exact semantics that characterizes the logic Legxp.

Notation. In the following, given a finite set of formulas T', we will use T'" to
denote a A-conjunction of all its formulas, A cp ¢ (if I' = @) then I'" is T).



Lemma 3. There exists ¢ such that T F< ¢ A =@ iff for every [0, 1]yv-
evaluation e, e(T") < 1/2.

Proof. Since, for any evaluation e we have e(¢ A =p) < 1/2, the left to right
direction is immediate. Assume now that for every evaluation e, e(I'") < 1/2.
It is clear that then, for every evaluation e, e(—~I'") > 1/2, and hence e(T'") =
e(I'" A =I'"). Take ¢ = I'". Therefore, by completeness of =, this means that
I'FS oA O

<
exp

Proposition 2 (Soundness and Completeness of L2, w.r.t. [0,1]my). For any

set of formulas T'U {p}, we have:

LS, ¢ iff either  for every [0, 1]ay-evaluation e, e(T") < 1/2,
or  for every [0, 1)y -evaluation e, e(T) < e(yp).

Proof. 1t is a direct consequence of Proposition 1, Lemma 3 and the soundness
and completeness of L= with respect to evaluations over [0, 1]y O

This makes it clear that the corresponding notion of inconsistency in the
logic L;p leading to explosion is somewhat more demanding than in the 1-
preserving logic L: while the semantic condition for a set of formulas I' to be
inconsistent in L is that (") < 1 for every evaluation e, in L, the condition

exp
is strengthened to require e(T'") < 1/2 for any evaluation e.

3.2 There are infinitely-many paraconsistent and explo-
sive intermediate logics

Once we have identified the weakest explosive logic, it is not difficult to define
countable families of paraconsistent and explosive intermediate logics, only by
slightly modifying the explosion rule (exp). Namely, let us consider, for each
natural k, the following inference rules:

o (D .k Dp)
1

(expy, )

e —(e® .. 2p)
1

For k = 1 we recover the explosion rule: in fact, (exp) = (exp]) = (exp]). But
for k > 1, it is clear that (expj,) is strictly weaker than (ezp) while (expy) is
strictly stronger. This easily follows respectively from observing that, for k > 1,
=(p® k. ®p) = - and = — —(p® 5. ®¢) are theorems in Lukasiewicz
logic, while the converse implications are not.

(expy)

Let us then consider the logics Li’;)p, and Li?w to be the extensions of
L= with the inference rules (exp; ) and (exp;) respectively. From the above

observations it follows that Lg’;)p_ - fop C Li’;)er. Since Lgxp is the weakest

explosive intermediate logic, it follows that all the logics Liii), with £ > 1 are

10



paraconsistent while all the logics L

are explosive. Moreover, they form a
expt )

chain of intermediate logics with the following strict inclusions:®

LSc...ct® .. crt® cps cr®, c...ci®, c...cL

erp— exp~ erp exp expt

Therefore, as we can see, there are at least countably many paraconsistent
and countably many explosive logics between LS and L. Moreover, as an easy

generalization of the results for the logic Le%,p we can obtain the following result:

Proposition 3 (Soundness and Completeness). For any set of formulas TU{p},
we have:

r Fi’;)p_ w iff either for every evaluation e over [0, 1lmv, e(T") < 1/(k+1),
or for every evaluation e over [0, 1]pv, e(T") < e(yp).

r Fi’?w w iff either for every evaluation e over [0, 1]y, e(T") < k/(k+1),
or for every evaluation e over [0, 1]y, e(T") < e(yp).

Actually it is also very easy to further generalize the inference rules (exp))
and (expg) by considering, for instance, the following rules:

v ((p® ™ Rp)® k. (e . Qp))
1

(expy )

v (D ™ )R .F. @(pd . Bp))
1

It is obvious that, for each k we have (exp, ;) = (expy) and (exp} ) =

(expy )

(exp}), and for each m, we have (expi,,) = (exp),) and (exp{,,) = (exp,,).
Hence, in particular, (exp; ) = (empf’l) = (exp).

m

Now, let us define the logics Li’;’p ) and Li’iﬁ) as the extensions of LS with

the inference rules (exp,;m) and (exp;m) respectively. Then for instance, we
have that LD — g0 — = pEl 50 g B — g™

exp— expt erp’ “exp~ exrp~ expt expt’
we get two doubly infinite families of intermediate logics, one between LS and
Legxp and another between LS, and L. Once again, in order to simplify notation

Therefore

exp
from now on we will write F*™ and I—(k’ni) to denote their corresponding
exp exp
syntactic consequence relation.
Now we can proceed in an analogous way as the previous section to
characterize the logics Li’;’@ and Li’;’@. We will omit proofs that are very
similar ? i

5It is worth noting that, similarly, other generalizations of the explosion rule have been
defined in [20] leading to a denumerable chain of logics, called By, between the Belnap-Dunn
logic and Kleene 3-valued logic.

11



Notation. In the following, to simplify notation we will write ¢, and gpim

as compact notations for the formulas p A =((p®@ ™ @9)& F. (e ™ ®¢))
and o A = ((p® ™ DY)® .*. (D ™ ®p)) respectively.

Lemma 4. For each set of formulas I' we have:
(i) T l—g;’;’f) L iff there exists ¢ such that T = Prm
r Fi’};ﬁ) L iff there exists  such that T F=< o .
g K, N .
(i0) T 7y L then [T EE o i T HS o]
IfT Vii’;l) 1 then [F }—i’;ﬁ) o iff T F= @}
From the previous lemma, it is possible to express I—f(km) and }_i(k,m) in
terms of F=.

Proposition 4. For any set of formulas T'U {¢}, we have:

(i) T Fi’;grf) © iff either there exists i such that T == 4
or TFS .

(ii) T }—éi’;ﬁ) © iff either there exists 1 such that T = w,im,
or TFS .

As a consequence, the semantics over [0, 1]yy that characterize the logics
Li’;’"f) and L™ can now be established after two preliminary lemmas.

P exp
Lemma 5. For any evaluation e on [0, 1]yy and any formula ¢ we have:

k
km+1"

kE(m—1)+1
km+1

(g m) < and  e(pf ) <

Proof. We prove the condition for gpzm, the one for ¢y, is analogous. Let
f(z) =1— (mx® .*. ®mz). Then it is routine to check that

1, if x < 1k+—k
m

fl@) =4 k(mxz—1), if 2k gL
0, otherwise.

Since f(z) is monotonically decreasing, min(z, f(z)) < y, where y is such

that y = f(y), that is, y = knfﬂ. Therefore, taking z = e(p), we have
e(g.m) = min(e(p), f(e(9))) < mgg- O

Lemma 6. For any set of formulas I' we have:

12



(i) There exists ¢ such that T' = O m U for every evaluation e,
E(m—=1)+1
e(I") < =5t

(ii) There exists ¢ such that T = goﬁm iff for every evaluation e,

e(T") < ,mfﬂ.

As in the previous section, from the above lemmas we can characterize the
logics Li’;’@ and L(k’"i) with respect to semantics over the standard MV-algebra
P exp
[0, 1]mv as follows.

Proposition 5 (Soundness and completeness). For any subset of formulas
I'U{e}, we have:

r ng’;’i) © iff either for every [0, 1]mv-evaluation e, e(T") < k(zgi)ﬁl,
or  for every [0, 1]mv -evaluation e, e(T") < e(p).

r l—gi’;ﬁ) © iff either for every [0, 1]y -evaluation e, e(T") < k’ﬂf—i-l’
or  for every [0, 1]y -evaluation e, e(T") < e(p).

We omit the proof since it is a matter of routine to check the details.
Finally, as a consequence of this characterization, we can establish when
these logics are paraconsistent or explosive.

Proposition 6. For each natural k and m, the following hold:
(i) The logics Lexp_ are paraconsistent if m = 1, and explosive otherwise.

(i) The logics Li’;’;ﬁ) are explosive if m = 1, and paraconsistent otherwise.

Proof. By the previous Proposition 5, it reduces to check when the values
(k(m—=1)+1)/(km+1) and k/(km + 1) are less than 1/2 (paraconsistent)
or greater or equal than 1/2 (explosive). O

In particular, this last proposition tells us that the only paraconsistent in-
termediate logics defined in this section are of the form L(];L, for k > 1.

€

4 Intermediate logics defined by matrices with
lattice filters

In this section we begin by exploring the definition of intermediate logics defined
by matrices over the standard MV-algebra [0, 1]py. Then we show that these
matrices are not enough to cover the logics syntactically defined in the previous
section by adding to LS the explosion rule and some variants of them.

13



4.1 Intermediate logics defined by matrices with principal
filters over [0, 1]

This small subsection contains some results that are easy consequences, into
the framework of intermediate logics, of results originally obtained in [4]. Let
F* = [z,1] be the principal lattice filter defined by = € (0,1]. In the cited
paper, Bou proved that given a,b € (0, 1] with a # b, then the logics defined by
the matrices ([0, 1]yrv, £¢) and ([0, 1]ay, F?) are incomparable. Note that these
logics are not intermediate, and so they lie outside the scope of the present paper.
But this result can be directly generalized into the framework of intermediate
logics.

Proposition 7. Let a,b € (0,1] be such that a # b. Then the logics defined
by the pairs of matrices {([0, 1]mv, F%), ([0, 1]mv, {1} and {([0, 1]av, F?),
([0,1]mv, {1})} are incomparable.

The proof is an easy extension of the proof of [4, Prop. 3.1].

Corollary 1. The lattice of intermediate logics for Lukasiewicz infinite-valued
logic has at least continuous width.

Let us consider now the lattice filters defined by semi-open intervals F'* =
(z,1] for all € [0,1). Then, also as extension of results in [4], the following
results also hold:

e If a is rational, then the logic of the pair of matrices
{([0, 1]mv, F9), ([0, 1]arv, {1})} is incomparable with the one defined by
the pair of matrices {([0, 1]mv, F'%), ([0, 1]mv, {1})}-

e If @ is irrational, then the logics defined by the pairs of matrices

{.((EO’ 1]MV7FQ)7 ([07 l]MV7 {1})} and {([07 1]MV’FQ)7 ([07 1]MVa {1})} coin-

4.2 A family of intermediate logics L(F,) parametrized by
elements a € [0,1)

In this section we define and partially axiomatize a family of intermediate logics
induced by sets of matrices over the standard MV-algebra [0, 1]yryv defined by
the following families F, of lattice filters parametrized by elements a € [0,1):

Fo=A{(0,1] : b>a}uU{h,1] : b>a}.

Every filter in F, is proper and the corresponding class of matrices M, =
{([0,1]mv, F) : F € F,) define in the usual way a logic L(F,), whose conse-
quence relation will be denoted by <.

Lemma 7. The consequence relation == is equivalently defined as follows:
if T U {¢} is a finite set of formulas then T =5 ¢ iff, for every [0, 1]yv-
evaluation e,

either e(T") <a or e(I'") < e(p).

14



Proof. By definition, I' =5 ¢ iff, for every F' € F, and every evaluation e in
[0,1], e(T*) € F implies e(p) € F, which is in fact equivalent to the condition:
for every evaluation, and every b > a, e(I') > b implies e(¢) > b. That is, for
every e, either e(T"") < a or e(I'") <e(yp). O

The axiomatization of the logics L(F,) when a = r is rational is quite easy.
By McNaughton’s theorem, there exists a formula ©,.(p) depending exactly on
the propositional variable p, whose associated function f,. : [0,1] — [0,1] is
such that f.(x) = 1 if, and only if, = € [0,r] (see e.g. [1]). That is, for every
evaluation e, (0, (p)) = 1 iff e(p) < r. In some cases it is easy to explicitly give
the formula ©,.(p), for example:

o If r =1/2, then ©y,5(p) = p — —p,

o If r =1/(k+ 1) with k > 2, then ©1,(,41)(p) =p = ~(p® .%. ®p),
o If r =k/(k+1) with k > 2, then O,41)(p) =p = ~(p® .%. @p),
Using the formula ©,.(p) next we define the logic LS.

Definition 1. Let L= be the Hilbert calculus obtained from the one for L=
adding the following inference rule:

e FOup)V(p—19)

(Rr) ”

The consequence relation of LS will be denoted by +=.

The adequacy of the proposed calculus with respect to the semantics of filters
can be easily proved.

Proposition 8. [Soundness and Completeness] For any rational r € [0,1), the
logic LTS is determined by the class of matrices M,.. That is, for any finite set
of formulas T U {p} we have:

TS iff TS o

Proof. Tt follows the same line as the proof of [5, Th. 2.12]. One direction
is soundness and easily follows by taking into account Lemma 7 and the way
the formula ©, is defined. For completeness, assume I' =5 ¢ where I' =
{¢1,...,¢,}. By Lemma 7, T = ¢ iff | ©,.(T") vV (TN — ¢), and by
completeness of Lukasiewicz logic, we have y, ©,.(T) vV (T — ¢), so there is
a proof in L of ©,(I'"") vV (I'* — ¢). Finally, to get a proof of ¢ from T in L=
it is enough to start with n — 1 applications of the adjunction rule to get T'",
followed with a proof of @,.(I'") vV (I'* — ), and finally an application of the
inference rule (R,). O

The hierarchy of the family of logics L(F,) for a € [0,1) is stated in the
following proposition.
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Proposition 9. The set of logics L(F,) satisfies the following properties:
(1) L(Fo) = £5 = E=.
(2) If a < b then L(F,) € L(Fp).
(3) L(Fa) S L, for every element a in [0,1).
(4) L(F,) is paraconsistent for a < 1/2, and is explosive for a > 1/2.

Proof. (1) Immediate from Definition 7 and Proposition 8.

(2) If a < b then F, D Fp and so L(F,) C L(Fp). It is clear from the ax-
iomatization that the inclusion is strict when a, b are rational. And from them,
taking into account that for any two elements a,b € [0,1) with a < b, there exist
rational numbers 7, " such that a < r < r’ < b, the inclusion between L(F,)
and L(Fp) is also strict.

(3) Observe first that L(F,) has the same theorems as L, and there is a rational
r such that a < r < 1. Thus L(F,) € LS. On the other hand, the rule (R,)
is clearly derivable in L: if e is an evaluation over [0, 1] such that e(¢) = 1 and
if ©,(p) V (¢ — ¥) is a theorem of LS then it is also a theorem of L and so,
e(©,r(¢) V (p — ¢)) = 1. Then, either e(0,(¢)) =1 or e(¢ — ¢) = 1. Since
e(p) =1 £ 1/r then e(©,(¢)) # 1 and so e(p — 1) = 1. From this, it follows
that e(¢)) = 1. Therefore L(F,) C L.

In order to prove that the inclusion is proper, let 0 < r < 1, and € > 0
such that e < (1 —7r)/2 and r — e > 0. Let p and ¢ two different propositional
variables and e an evaluation such that e(p) =r+e <1 and e(q) =r —e > 0.
Then e(p — q) = 1 —2¢e > r and e(p) > 7 but e(q) < r. Then p,p — q = q.
This shows that Modus Ponens is not derivable in LTS and thus not derivable in
Lg either.

(4) If a > 1/2 and for an evaluation e, e(a) € F' for some F € F,, then e(—a) ¢
F' and thus the explosion rule is valid. This is not true when a < 1/2 and in
this case the explosion rule is not valid and thus the logic is paraconsistent. [

As a consequence, this proposition shows the existence of a (at least) con-
tinuous, linearly ordered set of intermediate logics {L(F,) C L : a € [0,1)},
and we know which of them are paraconsistent and which are explosive. This,
together with Corollary 1, leads to the following.

Corollary 2. The lattice of intermediate logics between LS and L has at least
continuous width and depth.

Finally, remember that in Section 3.2 we have already studied the families

m

of intermediate logics Li’;’p ) and Li];’;z). Thus a natural question arises, what

is the relation between them and the family of intermediate logics LTS studied
in this section? This is the content of the next subsection.
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4.3 The explosion rules and semantics based on lattice
filters of [0, 1]yv

Consider again the explosion rule:

P
4L

(exp)

and the logic Legzp it defines as an extension of LS. The question we address in
this section is whether this logic has a semantics defined by a family of lattice
filters in the standard MV-algebra [0, 1]pmy .

Let F'il([0,1]) denote the set of proper lattice filters of [0, 1]. Tt is easy to see
that the lattice filters from Fil([0,1]) that are compatible with or closed under®
the rule (exp) are exactly the set 7o = {(a,1] : @ >1/2}U{[a,1] : a > 1/2}.
Indeed, we have:

{F € Fil([0,1]) : for every z € [0,1], if x A -z € F then 0 € F'}

]
= {F e Fil([0,1]) : forevery z € [0,1], z A—x & F}
= {F e Fil([0,1]) : for every x € [0,1], if z € F then -z & F}
= {FePFil(o0,1]) : 1/2¢ F}
= {(a,1] : a>1/2} U{[a,1] : a>1/2}.
- Fl/g.
Therefore the set of filters compatible with (exp) is F/2, but its corresponding

logic L1 5 turns out to be different from Le—zp Remember that L1 /o 18 defined

by the Hilbert calculus by extending the one for L= with the inference rule
Flo—= =) Vip =)
m .

Actually L » 18 & weaker logic (in the sense of not having more consequences)

than L1/27 i.e. it holds that }—;p - '_f/z

inspection of their semantic characterizations:

-T szp o iff either (Ve)(e(T") < %) or (Ve)(e(T™) < e(p));

(Rijp) £

This directly follows from a simple

-T FI_/Q ¢ iff (Ve)( either e(I'") < 1 or e(I'") < e(yp)).

It is clear than the first condition implies the second, but not Vlce—versa in
general. In particular the following example shows a derivation in LS, that

does not hold in L=

exp*

1/2

Example 2. Let p and ¢ be two different propositional variables. Then it is
very easy to check that

(PA=P)VaFi,a but (pA-p)Vals, q

6 A lattice filter F' € Fil([0,1]) is said to be compatible with or, equivalently, closed under

Pl,---,Pn

a rule whenever for every [0, 1]-evaluation e, if e(¢;) € F for every ¢ = 1,...,n,

then e(1)) € F as well.
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Therefore, the logic L;mp cannot be characterized by a family of lattice filters
on [0,1]pv. More generally, one can also show that the same situation holds

with all the logics Li’;)p, and Li’;)p + as the following proposition shows.

Proposition 10. The following conditions hold:

o The set of filters from Fil([0,1]) compatible with the rules (expy ) and
(exp) ) are respectively the sets Fiom-111 and F_«
, Emt1

km—+1 .

o IfT }—g;’p"i) @, then T = ¢ with r = %ﬂ“, but the converse is not

true in general.

o IfT Fi’;’;i) @, then T == o with r =
general.

% but the converse is not true in
em~+17

Proof. We only prove that the converse implications of the second and third
items do not hold. Define a formula 1 depending on only one variable p such
that its MacNaugton function f is given by the piecewise linear graph joining
the points @ = (0,0),b = (r/2,0),c = ((r +1)/2,1) and d = (1,1), where
r=1/(k+1). Then it is clear that for e(p) < 1/(k+1), e(p) > e(v)) = f(e(¥)),
while e(p) < e(¥) = f(e(¥)), if e(p) > 1/(k + 1). Therefore we have that

P FS, 1, but p ngplz 1. The case of r = k/(k + 1) is very similar, only special
k+1
care has to be taken in choosing the point c. O

These previous observations illustrate the fact that logics defined by families
of lattice filters of [0,1]pmv containing the filter {1} do not cover the set of
intermediate logics between L= and L, as one might have conjectured with a
too simple an analysis of what happens with the logics L= and L. Actually, what
one can easily show is that one needs to consider families of matrices defined
by lattice filters over arbitrary MV-algebras. The following is a general result,
adapted from well-known results in the literature.

Theorem 2. Let L be a logic whose (Tarskian, finitary and structural) conse-
quence relation =1, is such that I—E C 1 € kg Then =y is the logic induced
by the family of matrices (A, F), where A is an MV-algebra and F is lattice
filter of A compatible with =1, (i.e. if T |Er @ then for every A-evaluation e, if
e(T") € F then e(p) € F).

Proof. By definition, if I’ i, ¢ then I' Epaq @ for every M = (A, F) such that
A is an MV-algebra and F is lattice filter of A compatible with ..

Conversely, suppose that T' F5; ¢. Let §(V) be the set of formulas and
consider the Lindenbaum algebra A = §(V)/ =, where ¢ = ¢ iff by ¢ < 1.
Clearly, A is an MV-algebra. For each formula v, we will denote by [¢] the
equivalence class of 1, i.e. the set {y € F(V) : ¥ =~}

Now define F' = {[§] : T Er §}. It is clear that F is a lattice filter
of A. Moreover F is compatible with =r. Indeed, we have to show that if
Y 1 v then for any evaluation e : F(V) — A, e(X") € F implies e(y)) € F.
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But an evaluation e : F(V) — F(V)/ = can be turned into a substitution
o:F(V) = F(V) where o(y) = 7 such that 4/ is any formula in the equivalence
class e(v) € F(V)/ =. In fact: consider a mapping oo : V — F(V) such that
oo(p) € e(p), for every propositional variable p € V, and let o : F(V) — F(V)
be its unique extension to an homomorphism. Since e is an homomorphism then
e(a — B) = e(a) — e(B) and e(—~a) = —e(a). This means that, if &’ € e(a) and
B' € e(B) then =o' € e(—a) and o/ — B’ € e(a — B). From this, by induction
on the complexity of the formula ~ it can be proven that o is a substitution
such that o(v) € e(7), for every formula .

Since =y, is structural, o(X) Er o(10). But e(X") € F implies that T =,
o(X), therefore I' =1, o(¢)), hence e(¢) € F. This shows that F' is compatible

Finally, let us check that T' jey ¢ for M = (A, F). Indeed, define the
evaluation h : (V) — A as follows: for every ¢, h(¢) = [¢]. It readily follows
that h(I'"") =[] € F since trivially T' =, T”*. However, since I' [, ¢, then
hp) = 4] & F. o

In the particular case the logic L is defined syntactically as an extension of
LS with a set R of (structural) inference rules derivable in L, a matrix (A, F)
(with A being an MV-algebra and F' a lattice filter of A) is compatible with L
whenever every rule in R is compatible with F'.

The next example shows a matrix that distinguishes fop from ng/Q.

Example 3. Consider the MV-algebra A = Ly x Lg, thus,

A ={(0,0),(0,1/2),(0,1),(1,0),(1,1/2), (1, 1)}

where 04 = (0,0) and 14 = (1,1). Let a = (1,1/2), b= (1,0) and F = {a,14}.
So defined, F is a lattice filter compatible with the explosion rule (exp). Indeed,
—a = (0,1/2) ¢ F, while =14 = 04 ¢ F. Now, let p and ¢ be two different
propositional variables, and let ¢ = (p A —p) V ¢ and ¥ = gq.
As observed in Example 2, in the logic LE defined by all the lattice filters
2

over [0, 1] compatible with (exp), we have ¢ ):15/2 .

Let e be an evaluation over A such that e(p) = a and e(q) = b. Then
e(¢) = (aN—-a)Vb=-aVb=(0,1/2)Vv(1,0) = (1,1/2) = a. Therefore,
e(p) € F, but on the other hand, e(¢) = a £ b = e(y)) ¢ F. This shows again

5 The case of finite-valued Lukasiewicz logics

As it has been made clear in the last section, one cannot restrict to families
of lattice filters of [0, 1]yy to account for all the intermediate logics between
the infinite-valued logics LS and L: rather, one has to consider families of
matrices with lattice filters over arbitrary MV-algebras. This apparently makes
the task of identifying all the intermediate logics very hard, and we cannot offer
so far satisfactory results. Therefore, we turn our attention in the rest of this
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paper to the case of finite-valued Lukasiewicz logics L, where the landscape
appears to be more affordable. Indeed, in the finite-valued case, Theorem 2
can be specialized to this more concrete rebult In the follovving7 recall that for
every n > 2 we denote by LV, the set {0 1} and by LV, the
corresponding MV-algebra.

7n 1""’n 15

Theorem 3. Let L be a logic whose (Tarskian, finitary and structural) con-
sequence relation =p, is such that F%ﬂ C kL C Fyg,. Then =L is the
logic induced by the family of matrices (A, F), where A is a direct product of
finitely-many subalgebras of EV,, and F is a lattice filter of A compatible with

Fr

Proof. Assuming T' J£1, ¢, the crucial point here in contrast with Theorem 2 is
to consider the Lindenbaum algebra A’ = §(Vp)/ =, where §(Vp) is the set of
formulas built from the finite set of variables Vj appearing in T' U {¢}, rather
than the Lindenbaum algebra §(V')/= over all the formulas. The advantage is
that A’ is a finite MV-algebra (since the variety MV,, generated by the chain
LV, is locally finite), and moreover every finite MV-algebra is a direct product
of finitely-many subalgebras of LV,,. The rest of the proof runs analogously to
that of Theorem 2. O

Given that a lattice filter F' of a direct product of L,-chains A =]],_, , Si
is of the form F' = Hi:l I, where each F; is an lattice filter of S;, in order to

study intermediate logics between LS and L, we need to study logics defined
by matrices of the form M = ([[,_; , Si,[[;=; 4 F7), that we call £,-matrices.
Taking into account that each lattice filter F; is of the form F, = [ti, 1] =
{r €8; : x>t} and each evaluation e over A is in fact given as a tuple
e = (e1,...,er) of evaluations e; over the corresponding factors S;, the logic
L(M) given by the above matrix M is defined as follows:

k
ej (T”) > t;] then /\[Gj(@ > 1] )
Jj=1

Tk iff (Vel,...,VBk

|\'>w

where each e; ranges over evaluations on S;.” This expression makes it clear
that having repeated pairs (S;, F;) in a matrix M is irrelevant to determine
the corresponding logic, and so such repetitions could be eliminated without
affecting the logic. Therefore, without loss of generality we can restrict ourselves
to L,-matrices M = ([[,_; ;, Si, [[;=; 5 Fi) such that F; # F; whenever S; = S;.
A direct consequence of this is the fact that there are only ﬁmtely—many loglcs
defined by L,-matrices.

Moreover, since any such an L,-matrix is determined by the set of factors
S; and the values t; € S; defining the filters F;, we can equivalently describe
matrices by means of non-empty sets T = {(¢;,S;) : i =1,...,k} of pairs of

"Note that in this expression the A’s denote metalinguistic conjunctions.
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subalgebras and values such that ¢; > 0 for all ¢, and ¢; # t; whenever S; = S;.
Such sets T will be called matriz determination sets for L,,.

For the sake of a more compact notation, in a determination set 1" we will
only make explicit the subalgebras S; that are different from L'V,,. For instance,
when writing T = {t1, (t2,S), t3} we will refer to the matrix My = (LV,, x S x
LV, [t1,1] X [t2,1] x [t3,1]). Abusing the notation once again, and without
danger of confusion, we will also denote by L(T) the logic L(Mr) defined by
the matrix M.

Finally, as usual, if M is a family of L,,-matrices, the logic L(M) given by
M is defined as the intersection of the logics L(M), i.e. T'Faq @ iff T Fpp o for
each M € M.

Therefore, if we denote by Mat(L,,) the set of L,-matrices My defined by
determination sets T', then the set of intermediate logics between LE and L, is
exactly the set:

Int(L,) = {L(M) : M CMat(L,) and (1,LV,) € T for some T € M}.

We are not able to provide a general full description of the whole set Int(L,,) of
intermediate logics: only partial results will be presented. Namely, in the next
sections we provide the following:

e a full description of the set Intr(L,,) of logics defined by (sets of) matrices
from Mat(L,,) over direct products of the standard L,-algebra LV ,.

e an almost full description of the whole set Int(L,) when n — 1 is a prime
number.

6 Intermediate logics Inty(L,) defined by matri-
ces over direct products of LV,

As we have observed above, logics in Intr(L,) are given by sets of matrix
determination sets of the form T = {t; >ty > ... > t,,} with ¢; € LV, \ {0},
corresponding to sets of matrices My = ((LV,)™, Fy, x ... X Fy ), where F}, =
[ti, 1] is an lattice filter of EV,,. Recall that the logic L(T") defined by the matrix
M is defined as

k k
T o @ iff (Ver, ..., Veg)( /\ e; (") >t;] then /\[ej(cp)ztj]).
j=1 j=1

where each e; ranges over all LV, -evaluations. Since these logics are totally
determined by the lattice filters F},, we will also use sometimes the more explicit
notation L(Fy, . ) to denote the logic L(T), to emphasize that it is defined
by the lattice filter F;, x ... x Fy . Note that L(F;) = L,,.

Given T, one can also consider the family of matrices My = {(LV,,, [t;,1]) :
t; € T} determined by each of the lattice filters Fy, = [t;, 1]. The corresponding
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logic L(Moy) is defined as:
T, iff (VE € T, Ve)(if e(T) >t then e(p) > t)

where e ranges over all L'V, -evaluations. As a matter of fact, this logic is
different from the above logic L(T') and it holds that L(Myz) = L(F,,).8
Note that, in particular, if T = LV, \ {0}, then L(Mz) = L=,

Actually these two kinds of logics will play a distinguished role in our anal-
ysis. In what follows,

i=1,m

o IntkF(L,): will denote the set of of logics L(T) = L(Ilyer F), with 1 € T,
defined by the lattice filter II;c7F}; of the direct product (LVH)‘T‘.

o IntQ¥ (L,): will denote the set of logics L(Mr) = (e L(F}), with 1 € T,
defined by the set of (linearly ordered) lattice filters {F;}icp of EV,,.

Although the logics L(T) and L(Mr) are different, they are closely related.

Proposition 11. Let T'U{¢} be a finite set of formulas, T a matriz determi-
nation set for L,, and let to = max(T'). Then:

Ut ¢ iff either (Ve)(e(T") < to) or T Fay .
Proof. Consider the condition involved in the definition of I" k¢ ¢:

k k
(Vel, . ,Vek)( if /\ [ej(F’\) Z tj] then /\ [ej(go) Z t]‘])

j=1

This condition is in fact equivalent to

(Ver,...,%er) [ (if AF_jlej(T") > t;] then e (¢) > 1)
and (if AY_[e;(T") > ;] then es(¢) > to)
and (if AY_[e;(T") > t;] then ex(¢) > t1) ]
and in turn to:
(Ve)(Vt' € T)[if e(T'") > t' and (Vt # ¢, 3e’)(e/(T") > t) then e(p) > t')]
and finally to:
(Ve) (V' € T)[ if e(I") > ¢" and (3e')(e(I") > to) then e(p) > t)]
and to:
either (Ve)(e(I'") < to) or (Ve,Vt' € T)[ if e(I'") > t' then e(p) > t')])

But the latter condition is nothing but

8Here (N;_1 ., L(F%,) means the intersection of the the logics L(F};) understood them as
consequence relations.

22



either (Ve)(e(I'") < to) or T Fuy .
O

Notation: From now on, given a generic logic L extension of LTSL and with
associated consequence relation -, ¢ € LV, and a set of formulas T' U {¢},
consider the following conditions:

Ky(T): (Ve)(e(Th) < t)
Ci(T,@): (Ve)(if e(T) >t then e(yp) > t)

We will say that L is characterized by the condition:
o K, if, for any T'U {p}, I'F ¢ iff Ki(T")
o Cyif, for any T'U {p}, T'F ¢ iff Co(T, p).

Given T' U {¢}, any combination by conjunctions and disjunctions of the
conditions K;(T') and Cy (T, ) (for ¢,¢ € LV,,) can also be considered, in order
to characterize other logics. For instance, using this notation, the last lemma
for T = {t1,...,tm}, with t; > t3 > ... > t,,, says that, while the logic
L(Mr) is characterized by the condition Cy, A Cy, A ... A Cy, , the logic L(T)
is characterized by the condition Ky, V (Cy, ACy, A...ACy,).0

As a direct consequence of Proposition 11, the following results hold.

Corollary 3. Let T, R C LV,, be two determination sets such that max(T) =
max(R). Then
L(TYNL(R)=L(TUR).

Corollary 4. Let T, R C LV,, be two determination sets. Then
L(M7)NL(Mg) = LMz U Mg) = L(Mryr)
Corollary 5. Let T C LV,, be a determination set. Then

() L(F) = L(Mg) C L(T).
teT
6.1 Lattice structures of intermediate logics from Inty(L,)

From the previous results we can derive the lattice structure of some subsets of
intermediate logics.

9The meaning of this notation, generalizing the notation for a logic being characterized by
condition K; or Ct, should be obvious. For instance, a logic being characterized by condition
K¢, V (Ct; A Cty) means that, for any T U {¢}, T'F ¢ iff K¢, (T') V (Cy, (T, ¢) A Cty (T, 9)).
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Lemma 8. The set of intermediate logics Int5F (L,) equipped with the order
defined by set inclusion of their consequence relations forms a Boolean lattice,
denoted IntEF (£,,), that is anti-isomorphic to the Boolean lattice of subsets
of £V, \ {0}. The mazimum of this Boolean lattice is L, the minimum is

L(£V,, \ {0}), and the coatoms are the logics L(F1.) for each t € LV, \ {0,1}.

Proof. Since L(T) C L(R) if R C T, it is clear that the coatoms are the logics
L(Fy4), for each t € LV, \ {0,1}. Then, from Corollary 3 we obtain that
L(Fity,. ) VL(Fipy,. ) = L(Fi 4y, oty r1sm ). Therefore, any element of
IntkF (L,) is obtained by making intersections of the coatoms, one for each
subset of LV}, \ {0}. This determines an structure isomorphic to the lattice of
subsets of LV, \ {0} with the reverse order. O

Observe that the lattice IntEF (L,,) is not a sublattice of the lattice Int(L,,)
of all the intermediate logics, since its minimum L(LV,, \ {0}) is strictly greater
than LS.

Lemma 9. The set of intermediate logics IntgF(Ln) equipped with the order
defined by set inclusion of their consequence relations forms a Boolean lattice,
denoted IntQF (£,,), that is anti-isomorphic to the Boolean lattice of subsets of
£V, \ {0}. The mazimum of this Boolean lattice is L, the minimum is LS and
the coatoms are the logics L(Myi4y) = L(F1) N L(Fy) for each t € £V, \ {0, 1}.

Proof. Tt is analogous to that of Lemma 8, replacing 1’s by Mr’s and only
noticing that now, from Corollary 4, we have L(Mr)NL(Mg) = L(Mryg). O

Unlike the previous case, the lattice IntQ¥ (L,,) is a sublattice of Int(L,,).
Notice also that the last results prove that the lattice Intyy(L,,) of intermediate
logics defined by families of lattice filters of direct products of LV,,, contains
both the logics of the Boolean lattices IntlF (L,) and Int9F (L,) and their
intersections.

Next lemma gives the relative position in Intrr(L,) of the logics belonging
to the Boolean lattices IntHF (L,,) and Int9F (L,,).

Lemma 10. The following properties hold:
o The logics L(Fy ) are the coatoms of Intry(L,),
o L(My1yy) C L(F1¢) and there is no logic from Inty(Ly) in between,
o Ift#r, then L(My14y) and L(F1,) are not comparable.

Proof. Observe first that from Lemma 11, if ¢ € LV, \ {0,1} and r # ¢
then L(Fy,) and L(F},) are not comparable. Now the first item is an obvious
consequence of the fact that if L(M) is contained in the interval bounded by
L, and L(F;:) then there must exist an element r such that L(F},) has to
be contained in L(F; ;). And this is only true if » = ¢. The second and third
items are obvious consequences of Lemma 11 as well, since it follows that
L(M1,4)) is defined by conditions Cy ACy, while L(F ;) is defined by conditions
K1V (C1 ACY). O
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With all the preceding results, we can provide an informal description of the
lattice of intermediate logics Intry(L,):

The top of the lattice is L,,.

In the second layer, we have the coatoms of the lattice, the logics L(F} ),
also coatoms of the sublattice IntF (L,,).

In the third layer, just below the logics L(Fi.), we have the logics
L(My1,4y), the coatoms of IntJ¥ (L,,), and then we have as well as the
pairwise intersection of the logics of the second layer, that is, the logics of
the form L(Fi 4, 4,)-

By repeating the same process, the rest of logics of the sublattices
IntEF(L,,) and Int9¥ (L,) appear in lower layers together with all their
intersections.

Finally, there also appear logics resulting from intersections of the previous
logics with some non-intermediate logics (hence outside Int(L,,)). These
new logics are of the form L(M) where the set M contains at least some
My with |T| > 1 and max(T) < 1.

Some interesting examples of logics belonging to the latter class can be
obtained by adding to ij inference rules like the explosion rule and its general-
izations defined in previous sections. Thanks to Lemma 11, these logics can be
easily characterized as logics of some lattice filters over direct products of L.
Indeed:

The logic LS+ (exp) is characterized by the condition
K_» \/(C#/\.../\CL&/\C]_),
n—1 n—1

n—1

with r being the first natural such that 5 > 1/2. This condition defines
the logic L(M) where M = {F7, Fuzz,..., F%’F%%l} For n > 3,
this logic belongs neither to IntEF (L,,) nor to IntSF (L,,). This is not
true if n = 3, since the logic L§+(ea:p) is in fact the logic L(F} 1/2), that
belongs to IntEF (L,,).

The logic L= +(eap;, ) is characterized by condition

Kn:1 \/(C%1 /\.../\C% ACy),
with r the first natural such that "5 > 1/k + 1. This condition defines
the logic L(M) WhereM:{Fl,F%,...,F%,FL 1}

n—1 -1

The logic L=+ (exp)) is characterized by conditions

K - V(O%A.../\C%Acl)a

n—1

with 7 being the first natural such that —*5 > k/k 4 1. This condition
defines the logic L(M) where M = {Fl,FLj, vy Fro e }.

n—1""""n—1
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e The logics L,SL’T = L= +(R,) are characterized by the condition

C_s /\.../\CL—i/\Cl,

n—

with t being the first natural such that ﬁ > r. This condition defines
the logic L(F) where M = {Fy, Fuz,...,F_+_}.

n—1

The logics Lgﬂ, belong to the lattice IntQ¥ (L, ), while the logics L5 +(expy, ) and
LS +(exp)) belongs neither to IntkF (L,) nor to IntQ¥ (L,,), and moreover they
cannot be obtained as intersection of logics belonging to these Boolean lattices.
Actually, the logics LS+(expy ) and LS+(exp]) are obtained as intersection
of logics of Int9¥ (L,,) with logics defined by lattice filters Fy_ . 1y with

r < n — 1, and thus not belonging to Int&F(L,,), since the latter are logics
defined by filters Frr where max(T") = 1.

Moreover, the logics belonging to Intr (L, ) that are paraconsistent are char-
acterized in the following proposition.

Proposition 12. The paraconsistent logics of Intry(L,,) are the logics L(Fy, Fy)
with t < 1/2 and all those contained in them.

Proof. Observe first that, since the logics L(F} ;) are semantically defined by
condition Kj V (Cy A C}), it is obvious that these logics are explosive for any
t € LV, \ {0,1}. Indeed for any evaluation e, e(p A =p) < 1/2 < 1 and thus the
explosion rule is valid in that logic. On the other hand, the logics L(F}, F};) are
semantically defined by the condition C; A Cy, and if ¢ < 1/2, there is at least
one evaluation e such that e(p A —p) > t. Since e(L) = 0, the explosion rule
is not compatible with the lattice filter Fy, hence it is not sound in L(F}, F}).
So, the logic L(Fy, F}) is paraconsistent. Finally since any logic contained in a
paraconsistent one is also paraconsistent, the proposition is proved. O

In the examples of Appendices Al and A2 we can see that in Intr(L3) the
only paraconsistent logic is L§ (since the only intermediate value, different from
0 and 1, is 1/2) while in Inty(L4) the paraconsistent logics are L(Fy 1/3) and
those below it, L(Fy /3, F1 5/31/3) and L.

6.2 About the axiomatization of logics of Inty(L,,)

In order to obtain the desired axiomatizations, notice first that as a consequence
of Lemma 11, any logic L(M) defined by a family F of lattice filters over direct
products of LV, is determined by conjunctions and disjunctions of conditions
K; and C,.. Thus, for every logic in Intr(L,) we can obtain a corresponding
condition in a simplified disjunctive normal form (DNF). Here, simplified is in
the sense that we remove disjuncts containing other disjuncts and that, due to
their semantics, conjunctions K; A C, are simplified to K; when ¢ < .19

107t holds since, if t < r, then K¢(T) implies C;(T', ), for every I' and ¢.
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Moreover, each atomic condition, either of the form K; or C,., determines a
set of pairs of values (v1,vs) € LV, xLV,, satisfying the condition in the following
sense: (vy,vy) satisfies Ky if v; < t, and it satisfies C,. if min(vy,ve) > 7.
Then the set of pairs satisfying a disjunct of a DNF (a conjunction of atomic
conditions) will be the intersection of the sets satisfying each of its conditions.

On the other hand, it is clear that for any set A C (LV},)? there is a Mc-
Naughton function f on two variables over [0,1]? such that f(z,y) = 1 for all
(z,y) € A and f(z,y) #1 for all (z,y) ¢ A.

Having these observations in mind, we propose a method to axiomatize the
logics of Intrr(L,,). Let F be a family of lattice filters over direct products of
LV,. Then the method to axiomatize the logic L(F) can be sketched in the
following steps:

1. Take the “and” of the conditions that semantically determine the logics
L(Fr) for each Fpr € F. Compute their simplified disjunctive normal
form, namely D; V...V Dy.

2. For each disjunct D;, compute the set A; C (LV,)? of pairs of values
satisfying the condition D;, and build a McNaughton function M N;(z,y)
such that its restriction to (LV,,)? has value 1 on the points of A; and a
value less than 1 in points outside A;.

3. The logic L(F) is axiomatized by the axioms and rules of LS plus restricted
inference rules of the form

@ F MN;(p, )
0

one for each D;.

Proposition 13 (Soudness and completeness). The method described above
provides an effective way to come up with a sound and complete axiomatization

of the logic L(Fr).

The proof is rather similar to the proof of Proposition 8 and thus is not
repeated here. In the Appendix A we will illustrate the above method with the
examples for L3 and L.

7 Towards the description of the full lattice
Int(L,): the case of n — 1 prime

The introduction of lattice filters whose components are defined in different
subalgebras of LV, makes the study of their logics much more complicated. In
this section we consider a relatively easy case, when n — 1 is a prime number
and hence when LV, has a unique proper subalgebra, the two element Boolean
algebra LV,.
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Throughout this section we assume n —1 to be a prime number. Taking into
account that the unique proper filter of EV5 is {1}, we only need to consider
two types of L,-determination sets T' of lattice filters, depending of whether
(1,LV3) € T or not. In the last section we have already studied logics L(Fr)
when (1,LV3) € T, i.e, when taking lattice filters over direct products of LV,,.
Now, next lemma gives a basic result in order to study logics L(Fr) when
(17 LVQ) eT.

Lemma 11. Let T be a determination set for L, (with n — 1 prime) such that
(1, EVy) € T. Then we have:

o if T={(1,EV2),(1,EVy,))}, then L(Fr) strictly contains Ly ;

e otherwise the logic L(Fr) is not comparable with L, i.e. it is not an
intermediate logic.

Proof. We begin with the proof of the second item. Suppose that
T ={(1,LV3),t1,...,t}.11 By definition,

k k

T ¢ iff (Veo, Ve, ..., Ver) (if \[e;(T") > ¢5] then A [e;(p) > 1))
j=0 j=0

where ey ranges over evaluations over LV and every e; for ¢ > 0 ranges over
evaluations over LV,,. By splitting it for each component of the filter Fr, this
is equivalent to: I' 7 ¢ iff
e Vey, if [eo(T") =1 and (Vi > 0,3e; : e;(T') > ¢;)] then eg(p) = 1, and
i

F/\
o Ve, if [e;(T") > t; and (Vj > 0 and j # i,3e; : ¢;(I'") > ¢t;) and ey :
eo(T") = 1] then e;(p) > t;, foralli=1,...,k

where again, ey ranges over evaluations over LV; and every e; for i > 0 ranges
over evaluations over LV,,. Taking into account that the existence of an evalua-
tion over LV5 with value 1 implies the existence of an evaluation over LV,, with
value 1, the former conditions can be simplified to:

e Ve, if eg(T) =1 then eg(p) = 1, and

o Ve, if [e;(T") > ¢; and Jeg : eg(T") = 1] then e;(p) > t;, for all i =
...k

Which in turn are equivalent to:

e ¢ follows from I' in classical logic (i.e. under Boolean semantics), noted
I'Fer ¢, and

e cither Veg : eo(T") < 1, or Vi = 1,...,k and Ve;: if e;(I'") > ¢; then
ei(p) > t;.

M Recall that this is a shortcut for T = {(1,LV3), (t1,LVy),..., (tx, LVy)}.
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The first item makes explicit that F r(Fr) € Feor. Taking into account that eg
ranges over evaluations over LVs, then the first part of the disjunction of the
second item implies that T' F1 ¢ when for any classical evaluation v, v(T') = 0,
i.e., =(T'") is a classical tautology. From this observation it is easy to prove that
L(Fr) is not comparable with L,,:

e clearly ¢ g, ¢? but p ¥ L(Fr) p? for p being a propositional variable.
Indeed neither —p is a classical tautology nor for any evaluation e over
LV, if t # 1, e(p) > t implies e(p?) > t.

e on the other hand, we have 3(p A —p) 1, (p A —p) but 3(p A =p) Fr(pp)
(p A —p). Indeed let e(p) = k/(n — 1) with k being the biggest natural
such that —£- < 1 < 2L Then it is clear that e(pA—p) = k/(n—1), but
e(3(pA—p)) =1, and so 3(p A —p) ¥, (p A —p). Moreover it is clear that
=(3(p A —p)) is a classical tautology'? and thus 3(p A —p) Fr(pp) (P A D).

In order to prove the first item of the lemma we reason in the same way and at
the end we conclude that I' bp (g, ¢ iff either —I'" is a classical tautology or
T by, ¢. Therefore it is obvious that L, C L(Fr). Finally, as proven before,
3(pA=p) Frryy (pA—p) and 3(p A —p) ¥i, (p A —p), hence the inclusion is
strict. O

Before going further we introduce a new notation.
Notation: In what follows, consider the following condition:
K2(I'): for every evaluation v over EVy, v(T'") < 1

In other words, condition K7(I') is equivalent to require that —I'" is a classical
tautology.

Corollary 6. ]f (1, LVQ) eTn R, then L(FT) N L(FR) = L(FTUR)

Proof. We need only to take into account that L(Fr) N L(Fg) is determined by
the condition (K? VvV A{C; : (t,LV,) e THA(K?VA{C; : (t,LV,) € R}) =
K2V A{C, : (t,LV,) € (TUR)}. O

This means that the family of logics L(Fr) when(1,EVy) € T forms
a A-semilattice. Moreover all these logics L(Fr), except for T =
{(1,EV3),(1,LV,)}, are incomparable to L,. But by intersecting these log-
ics with L,,, we can obtain new intermediate logics.

Lemma 12. If T = {(1, EV2), (t, EV,)} with t # 1, then L(Fr) N £, is a new
logic that strictly contains L(F} ).

Proof. The logic L(Fr) N L, is semantically defined by the condition

(K2VC)ANCL = (KENCL) V(CLACY),

12That is, a tautology over EVa.
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while L(F; ;) is defined by the condition K7 V (C1 ACy). But clearly K7 implies
both K? and Cj, thus the inclusion is proved. O

This proof can be easily generalized to obtain the following corollary.

Corollary 7. If T = {(1,EVa2),t1,...,tn}, then L(Fr)N L, is a new logic that
strictly contains L(Fi 4, .. t,)-

As a consequence of the previous lemmas, it follows that these new logics
form a sublattice in Int(L,,).

Proposition 14. The set of logics L(Fr) N Ly, with (1, EVy) € T, forms a
Boolean lattice that will be denoted Int;(L,,), whose mazimum is £, and whose
minimum is L(Fr,) N Ly, where T, = {(1, EVy), —2=,..., 2=2 1}.

s SRR
Similarly to what has been done with Intyr(L,) in Section 6.1, we can provide
now an informal description of the full lattice Int(L,,) when n — 1 is prime:

- The top of the lattice is L,,.

- In the second layer, we have the coatoms of IntZ(L,), the logics
L(F(I,LVQ),t) an = L(]:) with F = {F(I,LVQ),tvFl}'

- In the third layer, we have the coatoms of Int&F (L,,) (each coatom L(F} ;)
just below L(F(1 1v,)+) NLy), and the pairwise intersections of coatoms
of IntZ(Ly,), that is, the logics L(F(11.v,)¢,r) N Ly.

- In a fourth layer, we have the coatoms of Int9F (L,) (each coatom
L(F{1,4y) just below L(Fy ;)), the intersection of the coatoms of IntHF (L)
(the logics L(Fi 4, 4,)), and the 3-place intersections of the coatoms of
Int? (L, ), that are the logics of the form L(F(1 gv,)¢rs) N Ly for differ-
ent t,r,s € LV, \ {0}.

- By repeating the same process, the rest of logics of the three Boolean
sublattices IntEF (L,,), Int9F (L,,) and Int%(L,) appear in lower layers
together with all their intersections.

- Finally, there also appear logics resulting from intersections of the previous
logics with some non-intermediate logics (hence outside Int(L,)). These
new logics are of the form L(F) where the set F contains at least some
Fr with |T'| > 1 and max(T) < 1.

As a final remark, observe that any logic L in Int? (L, ) satisfies condition
K? (that is, K2(I') implies T' - ¢, for every I' and ¢), and all such logics
are explosive. Indeed, for any crisp evaluation e, e(p A =) = 0, i.e., the
condition K7 ({¢, —p}) is verified, and hence o, ~¢ 1, L for any L € IntZ(L,).
Nevertheles, we can obtain new paraconsistent logics by intersecting them with
paraconsistent logics of Intrr(L,,). This is the case, for instance, of the logic
A7 = L(F(1,1,),2/3,1/3) N L(F1, Fy/3) shown in the graph of the all intermediate
logics for L4 of Fig. 4 in Appendix B2.

In the Appendices B1 and B2, as a matter of example, we show the lattice
of all intermediate logics for Lg and Ly.
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8 Concluding remarks

In this paper we have provided results towards a full study of intermediate log-
ics between the degree-preserving and the truth-preserving Lukasiewicz logics,
both for the cases of the finite-valued and the infinite-valued logics. In the
infinite-valued case we have proved that there is at least a countable sequence
of paraconsistent logics between the minimal paraconsistent intermediate logic
L= and the minimal explosive logic Legxp. Similarly, we have proved that there is
at least a countable sequence of explosive logics between the minimal explosive
logic LS, and the maximal intermediate logic L. We have also proved that
it is not possible to characterize these logics by matrices over [0, 1] defined by
lattice filters, with the exception of L= and L. This makes the characterization
of the full set of intermediate logics very difficult. Even when we have restricted
ourselves to the case to finite-valued Lukasiewicz logics L,, we have not succeded
in providing a full description of intermediate logics in general, only in the case
that n — 1 is a prime number we have provided a much more complete insight.
Nevertheless the examples of Lg and L4 are fully described and we show a way
for a general study of the case where n — 1 is a prime number.

The paper leaves a number of interesting questions for further research, for
instance:

1. When studying the intermediate logics for L, we have used some log-
ics that are not intermediate, that would be interesting to analyze. For
example, we have used the logics L(F};) being 1 # ¢t € LV, (that are
logics not comparable with L,,), as well as the intersection of them with
L,. In the case of L3 we can find the logic L(Fy/3) that coincides with
the well-known paraconsistent logic J3 introduced by N. da Costa and I.
D’Ottaviano in [12]. Therefore, their study is also interesting in order
to obtain new paraconsistent logics from Lukasiewicz logics and, perhaps,
like in the case of L(F}/3), some ideal paraconsistent logic in the sense

of [2].

2. When studying the intermediate logics defined by matrices whose algebras
are not direct products of LV, one needs to consider matrices defined
over subalgebras of LV,, as well. In the case of n — 1 prime, all the logics
defined by filters of type F(1 £v,),,...,1,,, for either t; < 1 or k > 1 are
explosive, and the full set of these logics forms a Boolean lattice anti-
isomorphic to the set of subsets of LV,,. Is it also true, or is there an
analogous result in the general case?

As a general conclusion we can say that the study initiated in this paper has
introduced a wide family of paraconsistent logics with nice semantics, that can
be enlarged when studying the logics described in first item above.

Finally, let us remark that, in the general setting of abstract algebraic logic,
the paper provides a large set of examples of admissible rules in the degree
preserving (finite or infinite-valued) Lukasiewicz logics.
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Appendix A: The lattices Inty(k;) and Intp(Ly)
of intermediate logics

A1l: The lattice of intermediate logics Intp(L3)

In EV3 the lattice filters are F; and F%7 defining the logics L(F;) = L3 and

L(F,F.) = Lg, and there is only one lattice filter defining a different logic, the
lattice filter By 1

L(Fy12)
e Semantic condition: K; V (Cy A Cyj2)

o Axiomatization:

o F(p®p))
1

L + (exp) = L5 +

The lattice Intry(Ls) is then the chain of three elements depicted in Figure 1,
where the sublattice Int&F (L3) is composed of the logics L3 and L(Fy 1), while

the sublattice IntIQ[F(Lg) is composed of the logics L3 and L;. The only para-
consistent logic in Intry(L3) is obviously L§.

ol;
|

O L3 +(cxp)

i

Figure 1: Logics between L§ and L3 in the lattice Intry(L3).

A2: The lattice of intermediate logics Intr(E,)
The lattice Intrr(L4) contains the following logics:

e those belonging to the sublattice IntHF (L4), ie. the four logics Ly,
L(F1,2/3); L(F1,1/3)» and L(F1,2/3,1/3);

e those in the sublattice IntQ¥ (L4), i.e. the four logics Ly, L(Fy, Fy3),
L(Fy, Fy/3), and L(Fy, Fy/3, Fij3) = L3

e those obtained by intersection of logics in the two sublattices above, that
is, the logics L(Fy, Fy/3) N L(F12/3,1/3) = L({F1, Fay3, F1,2/3,1/3}), and
L(Fy, Fyy3) WL(Fy 9/31/3) = LU{F1, Fys, Fiagsa/s));
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e those not appearing in the above items: in this case we only have the logic
<
L(Fy, Fyy3,1/3) = Ly +(exp).

The lattice Intrr(Ly) is depicted in Figure 2, where the grey nodes correspond
to paraconsistent logics. Next we describe the logics with the conditions charac-
terizing them (we give the semantic conditions and their simplified disjunctive
normal form if they are different from the original semantic conditions) and
their axiomatization.'® In the following description we omit the logics L, and
Lf, whose axiomatizations are already well known.

37}

1,33 /
L§+<ewyf{FgaF1,g,;}

{F3.Fy 3,

7373

{F1, Fy 2}

Figure 2: All intermediate logics between Lf and Ly in the lattice Intry(Ly).

1. Logics belonging to IntHF (L4):

L(Fy2/3)
e Semantic condition: Ky V (C1 A Cyy3)
e Axiomatization:
p Fa@®) v Flp= ) V(p—=)

L + b

LS +

L(Fy1/3)
e Semantic condition: Ky V (Cy A Cy3)
e Axiomatization:

o (%) L ¥ FMNysq1/3(0.0) V(@ = )

LS
4+ 1 ,(/}

L(F12/3,1/3)

13In the axiomatizations we use the abbreviations: ©* for ¢ ® ... ® ¢ and ke for ¢ @
... D
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e Semantic condition: Ky V (C1 A Cyy3 A Chy3)

e Axiomatization: - ()
¥ P
LS
1+ T
2. Logics belonging to Int3QF (L,):

L(Flv F2/3)
e Semantic condition: Cy A Cyy3
e Axiomatization:
¢ Fle—29)Vip—=1)
()

LS +

L(F17 F1/3)
e Semantic condition: C1 A Cy/3
e Axiomatization:

@ F MNys1/5(0,0)V (0 — 1)
0

3. Logics obtained as intersection of logics of Int:F (L) and IntS¥ (L,):

L(Fy 273,13, 1, Fa)3)
e Semantic condition: (Kl vV (01 A 02/3 A 01/3)) A (Cl A 02/3) =
(K1 A Cqy3) V (C1 A Cyyz AClys)

e Axiomatization:

LS +

o F 2V (—p A20)
P

LS +

L(Fy, Fyy3, F12/3,1/3)
e Semantic condition: C1 A Cy3 A (K1 V (Cy A Cyys A Cyy3)) =
(K33 AN Ciys) VvV (C1 A Cyy3 ANCyys)

e Axiomatization:
¢ F(—¢® A3Y)
(0

4. The remaining logic is related to the explosion inference rule:

L(F1, F5)3.1/3)
e Semantic condition: Cy A (Kz/3V (Cay3 A Cly3)) = Koy3V (C1 A
Cay3 N Cyy3)

e Axiomatization:

Ly +

o Fa(p®p)
1L

L + (eap) = Lf +
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Appendix B: The lattice of all the intermediate
logics for L3 and L,

B1: Intermediate logics for L;

The Boolean lattice IntZ (L3) described in Section 7 contains only two interme-
diate logics, L3 and L(F{(1 £v,),1/2)NL3. Asit can be proved, L(F(1 £v,),1/2)NL3
strictly contains the coatom of the Boolean lattice Intrr(Ls), i.e., it contains the
logic L§+(exp) = L(F},1/2). Indeed, the condition defining L(F(1 £.v,),1/2) VL3
is K? Vv C1/2, and the one defining L(F} 1/2) is K1 V (C1 A Cy/2). In order to
show the inclusion it is now a simple computation to check that the derivation
¢ <>~ F L holds in L(F(1 £v,),1/2) NLs (Kf({p <+ —¢}) is verified) but not
in L(F,1/2) (neither condition K; nor C is satisfied).

Therefore the lattice of all intermediate logics for Ls is the chain of four
elements depicted in Figure 3, where only L§ is paraconsistent.

ol

O{F\, Fyrv,),1}

L +(exp)
L3

Figure 3: All intermediate logics between LgS and Ls.

B2: Intermediate logics for L,

The new intermediate logics obtained in Section 7 are the ones belonging to
Int (L,) plus their intersection with the logics belonging to Int&F(L,) and
Int9F(L,,)). For n = 4, they are described below together with the conditions
defining them and their relation to the logics of matrices defined by lattice filters
over direct products of copies of LV, described in Appendix A2 and depicted
in Figure 2.

In order to have a complete description of the intermediate logics for L4 we
have to consider the relation between the logics depicted in Figure 2 and the
ones obtained by intersecting logics of IntZ (L4) with logics of either IntHF (L)
or IntSF (L,). The complete graph of the lattice Int(L,) is depicted in Figure 4,
where again the grey nodes correspond to paraconsistent logics and where the
new logics obtained (Aj,...,A7) are listed below together with their charac-
terizing conditions and their relative position in the graph. At the end of this
subsection we sketch a method to prove all the inclusions described below and
we show the proof for two particular cases (which are not consequence of results
of Appendix A2).
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Figure 4: All intermediate logics between Lf and Ly.

1. Logics belonging to IntZ (L) with their defining conditions, and their
relation to the logics of Intr(Ly), depicted in Fig. 2:

Ay =Ly N L(Fevs,),2/3)
e Semantical condition: C1 A(KFVCy)3) = (K ACL)V(C1ACyy3)
e This logic strictly contains L(F} 2/3) and it is not comparable
with L(F} 1 3).
Ao =Ly N L(F11v,),1/3)
e Semantical condition: C1 A(KFVC/3) = (KEACT)V(CiACYy3)
e This logic strictly contains L(Fy 1/3) and it is not comparable
with L(Fy 2/3).
A3 =Ly N L(F1ev,),2/3) N L(F1evy),173) = La 0 L(F1gv,),2/3,1/3)
e Semantical condition: Cy A (K7 V (Coy3 A Cly3)) = (Kf ACy) V
(C1 N Cqy3 NCyy3)
e This logic is strictly contained in Ay and in Ao, and it strictly con-
tains L(F 2/3,1/3). Moreover, it is not comparable with L(F} 5/3)
and L(F} 1/3).
2. Logics obtained by intersection with logics of Int&F (L,):

Ay = LN L(F vy ,2/3,1/3) VL(F12/3) = L(F1,1v,),2/3,1/3) VL(F12/3)
e Semantical condition: ((KEAC1)V(C1AC2/3ACh 3)) A K1V (CiA
Cyy3)) = (K1 ANKEACY)V (K1 ACoy3 ACyy3) V (KEACT ACyy3)V
(C1ACay3NChy3) = MKV (KEACI ACoy3) V(CLACy 3 ACyy3)

4 Take into account that K1 implies K2 A C1, that is: K1(I") implies K2(T') A C1 (T, ¢), for
every I') .
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e This logic is strictly contained in L(F} 5/3) and strictly contains
L(F12/3,1/3). Moreover, it is not comparable with L(Fy, Fy/3).

As = LaNL(F(1,8vsy),2/3,1/3) N L(F11/3) = L(F(1,Ev,),2/3,1/3) N L(F11/3)

e Semantical condition: ((KfAC1)V(C1AC2/3ACh 3)) A K1V (CLA

Ci3)) = (K1 AKEACL)V (K1 ACoy3 ANCyy3) V(KT ACLAC j5)V

(C1ACoys NChys) = K1 V(K AC1ACyy3) V (CL ACoy3 ACyys)

e This logic is strictly contained in L(F} ;/3) and strictly contains

L(Fy2/3,1/3). Moreover, it is not comparable with L(F; N Fy /3).

3. Logics obtained by intersection with logics of Int3¥ (L,):

Ao = L(F(1,1v2),2/3,1/3) N L(F12/3) N L(Fy, Fyy3) = L(F(1 £v,),2/3,1/3) N
L(Fy, Fy3)
e Semantical condition: (K1V(KFAC1ACs/3)V(C1ACo/3NC/3))A
(C1ACoy3)) = (KFACLACoy3) V(K1 ACoy3)V (C1ACo 3 ACly3)
e This logic is strictly contained in L(F, F5/3) and strictly contains
L(Fy2/3,1/3) N L(F1, Fy3).
A7 = L(F1v,),2/3,1/3) N L(F11y3) N L(Fy, Frys) = L(F(1 Ev,),2/3,1/3) N
L(Fy, Fyy3)
e Semantical condition: (K1V(KFACIAC) 3)V(C1ACo3NC3))A
(C1AChy3)) = (KEACLAC3) V(K1 AC3)V(CLACo 3N Cys)
e This logic is strictly contained in L(F, Fy/3) and strictly contains
L(Fi12/3,1/3) N L(FYy, Fyys).

Now we describe a method to prove that a logic of the family above is strictly
contained in some other logic of that family. The basic idea is that, for any
given function f : LV, — LV} such that f(0), f(1) € {0, 1}, there exists a Mc-
Naugthon function fas : [0,1] — [0, 1] such that its restriction to LV} coincides
with f, and thus there is a logical formula that corresponds to this function.
Therefore to prove an inclusion it is enough to provide two functions f; and g4
that ‘satisfy’ (abusing the language by identifying functions and formulas) one
condition and not the other. Here is one example.

We have claimed that the logic L(F(1 £v,),2/3,1/3) N L(Fi 2/3) is strictly con-
tained in L(F} 2/3) and strictly contains L(F} 5/3,1/3). Take the conditions defin-
ing these logics:

o L(F(1,1v,),2/3,1/3) N L(Fy 2/3) is defined by the condition K; V (K2AC1 A
02/3) V (Cl A 02/3 A 01/3),

o L(F} 5/3) is defined by the condition K; V (C1 A Cy)3),
o L(F} 2/3,1/3) is defined by the condition K V (C1 A Cy/3 A Cy3).

To prove that L(F(1 gv,),2/3,1/3) N L(F1,2/3) is strictly contained in L(F} 5/3) we
need to define functions f; and g4 satisfying the condition of the second logic
but not the condition of the first one. Take f4(z) = z and g4(x) = 2/3if z = 2/3
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and g4(z) = 0 otherwise. Obviously f4 neither satisfies K; nor K7, while both
fa and gy satisfy Cy and Cy/3, but not C'y /3. Thus f4 and g4 satisfy the condition
of L(Fl,g/g) but not the condition of L(F(l,LVQ),Q/S,l/S) n L(Fl,g/g).

On the other hand to prove that L(F(igv,)z2/3,1/3) N L(F12/3) strictly
contains L(F} /31/3) we take the functions f; and g4 defined as follows:
fa(0) = fa(1) = 0,fs(1/3) = 1 and fu(2/3) = 1/3, and g4(1/3) = 1 and
ga(z) = 0 otherwise. One can check that f4 satisfies K? but not K;. Moreover
both functions satisfy C; and Cy/3 but not C,3. Thus f; and g4 satisfy the
condition of L(F(17LV2))2/3)1/3)OL(F172/3) but not the condition of L(F172/371/3).
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