On the Multimodal Logic of Elementary
Normative Systems

Pilar DELLUNDE!,
[1IA (Artificial Intelligence Research Institute)

Abstract. We introduce Multimodal Logics of Normative Systems as a contribution
to the development of a general logical framework for reasoning about normative
systems over logics for Multi-Agent Systems. Given a multimodal Idgiavith
standard Kripke semantics, for every modalily and normative system, we
expand the language adding a new modatifywith the intended meaning af;! ¢

being ¢ is obligatory in the context of the normative systgmver the logicL".

In this expanded language we define the Multimodal Logic of Normative Systems
over L, for any given set of normative systemg and give a sound and complete
axiomatisation for this logic, proving transfer results in the case thatd N are
axiomatised by sets of Sahlqvist or shallow modal formulas.
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1. Introduction

Recent research on the logical foundations of Multi-Agent Systems (MAS) has centered
its attention in the study of normative systems. MAS could be regarded as a type of
dialogical system, in which interactions among agents are realized by means of mes-
sage interchanges, all these interactions taking place within an institution. The notion of
electronic institution is a natural extension of human institutions by permitting not only
humans but also autonomous agents to interact with one another. Institutions are used
to regulate interactions where participants establish commitments and to facilitate that
these commitments are upheld, the institutional conventions are devised so that those
commitments can be established and fulfilled (see [1] for a general reference of the role
of electronic institutions to regulate agents interactions in MAS). Over the past decade,
normative systems have been promoted for the coordination of MAS and the engineer-
ing of societies of self-interested autonomous software agents. In this context there is an
increasing need to find a general logical framework for the study of normative systems
over the logics for MAS.

Given a set of stateS and a binary accessibility relatiaR on S, a normative sys-
temn on the structuréS, R) could be understood as a set of constraints R on the
transitions between states, the intended meanirig,af) € n being "the transition from
stater to statey is not legal according to normative systefh Several formalisms have
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been introduced for reasoning about normative systems over specific logics, two exam-
ples are worth noting: Normative ATL (NATL), proposed in [2] and Temporal Logic of
Normative Systems (NTL) in [3]. NATL is an extension to the Alternating-Time Tem-
poral Logic of Alur, Henzinger and Kupferman (see [4]), NATL contains cooperation
modalities of the formc< n : C >> ¢ with the intended interpretation that"has the
ability to achievep within the context of the normative systefh NTL is a conservative
generalization of the Branching-Time Temporal Logic CTL (see [5]). In NTL, the path
quantifiersA ("on all paths...") and® ("on some path...") are replaced by the indexed
deontic operator®,, ("it is obligatory in the context of the normative systenthat...")

andP, ("it is permissible in the context of the normative systethat...").

For our purpose of developing logical models for MAS, it would be worth to work in
a generalization to arbitrary logics of the approaches taken in [2] and [3]. The Multimodal
Logics of Normative Systems introduced in this article are a contribution to define such a
general logical framework. There are some advantages of using these logics for reasoning
about MAS: it is possible to compare whether a normative system is more restrictive
than the other, check if a certain property holds in a model of a logic once a hormative
system has restricted its accessibility relation, model the dynamics of normative systems
in institutional settings, define a hierarchy of normative systems (and, by extension, a
classification of the institutions) or present a logical-based reasoning model for the agents
to negotiate over norms.

We have restricted our attention to multimodal logics with Kripke semantics, out-
lining at the end of the paper how these results could be applied to other formalisms
of common use in modelling MAS, such as Hybrid Logics. Our definition of normative
system is intensional, but the languages introduced permit to work with extensional def-
initions like the one in [3]. We present completeness and canonicity results for logics
with normative systems that define elementary classes of modal frames, we have called
themElementary Normative Systems (ENS) the one hand, the choice of ENS seems
the more natural to start with, because elementary classes of frames include a wide range
of formalisms used in describing MAS, modelling different aspects of agenthood, some
Temporal Logics, Logics of Knowledge and Belief, Logics of Communication, etc. On
the other hand, at the moment, we are far from obtaining a unique formalism which
addresses all the features of MAS at the same time, but the emerging field of combin-
ing logics is a very active area and has proved to be successful in obtaining formalisms
which combine good properties of the existing logics. In our approach, we regard the
Logic of Normative Systems over a given lodi¢ as being the fusion of logics obtained
from L and a set of normative systems overthis model-theoretical construction will
help us to understand better which properties are preserved under combinations of logics
over which we have imposed some restrictions and to apply known transfer results (for a
recent account on the combination of logics, we refer to [6]).

This paper is structured as follows. In Section 2 we introduce the notidflesf
mentary Normative System (EN&)kind of normative system that defines elementary
classes of modal frames, and we study the Multimodal Logics of Elementary Normative
Systems, proving completeness, canonicity and some transfer results in the case that the
logic L and the normative systeV are axiomatised by sets of Sahlqvist or shallow
modal formulas. In section 3, we give an example to illustrate how our framework can
work in Multiprocess Temporal Structures, and we show that we can axiomatise with
elementary classes a wide range of formalisms used in describing MAS, modelling dif-



ferent aspects of agenthood: some Temporal Logics, Logics of Knowledge and Belief,
Logics of Communication, etc. and to which we can apply also our framework. In Sec-
tion 4 we present some related work and compare our results with the ones obtained by
other approaches. Finally, Section 5 is devoted to future work.

2. Elementary Normative Systems on Multimodal Languages

We begin the section by introducing the notion of First-order Normative System and its
corresponding counterpart in modal languages, Elementary Normative Systenis. Let
be a first-order language whose similarity type is a{d&t: i € I'} of binary relational
symbols. Given ari-structuref) with domainA, we denote by2* the following set of
sequences of elements 4f

Q" ={(ao,...,am) : Vj <m,3i € I such that;R{a;}

We say that a formula(xy, ..., zx) € Lis aFirst-Order Normative Systeiff for every
L-structuref?,

{(ag,-..,ar) : Q= @lag,...ar]} T Q.

A modal similarity typer = (F, p) consists of a sef’ of modal operators and a
mapp : F — w assigning to eaclf € F a finite arity p(f) € w. A propositional
modal language of type is defined in the usual way by using propositional variables,
the operators i’ and the boolean connectivesv, -, —, <, T, L.

Given a set of modal formulas, the frame class defined by is the class of all
frames on which each formula 1 is valid. A frame class isnodally definabléf there
is a set of modal formulas that defines it, and it is said that the frame classnigen-
tary if it is defined by a first-order sentence of the frame correspondence language (the
first-order language with equality and one binary relation symbol for each modality).
An Elementary Normative SystgiiNS) is a propositional modal formula that defines
an elementary class of frames and such that its translation is a First-Order Normative
System.

From now on, we assume that our modal languages have standard Kripke semantics
and its modal similarity types have only a countable infinite set of monadic modalities
{0, : ¢ € I} and a countable infinite set of propositional variables. We introduce a new
set of symbol® to denote normative systems. Given a modal language of similarity type
T, for everyn € ©, let 7" be the similarity type whose modalities &re; : i € I'}. For
every set of formula¥, let us denote by the set of formulas of type” obtained from
I" by substituting every occurrence of the modalityby O7. We define the operatofs;
in the usual ways>; ¢ = -0, ¢ and we introduce the correspondifij. For the sake of
clarity from now on we will denote by both the term which indexes the modality and
the formula that expresses the normative system.

Given a logicL and a set of normative systemsover L, for everyn € N, let us
denote byL(n) the smallest normal logic of similarity type which includesL” U {n}.

We define théMultimodal Logic of Normative Systernser L and N, denoted by,
as being the smallest normal logic in the expanded language which contaivisand
everyL". We now present a sound and complete axiomatisation and prove some transfer



results in the case thdtis axiomatised by a set of Sahlqvist formulas avds a set of
Sahlqvist formulas.

Definition 1. (Sahlqgvist formulas) A modal formula ispositive (negativejf every oc-
currence of a proposition letter is under the scope of an even (odd) number of negation
signs. ASahlqvist antecedel a formula built up fromT, 1, boxed atoms of the form

0, ... 0Oyp, foré; € I and negative formulas, using conjunction, disjunction and dia-
monds. ASahlqvist implicatioris a formula of the formp — ¢, wheng is a Sahlqvist
antecedent ang is positive. ASahlqvist formulais a formula that is obtained from
Sahlqvist implications by applying boxes and conjunction, and by applying disjunctions
between formulas that do not share any propositional letters.

Observe that. andT are both Sahlgvist and ENS formulas. Intuitively speakinhg,
is the trivial normative system, i every transition is forbidden in every state andrin
every action is legal. In the sequel we assume that for everyy SHtENS, T € N.

Theorem 2. Let L be a normal modal logic axiomatised by a Satf Sahlqvist formulas
and N a set of ENS Sahlgvist formulas, then:

1. TN =TUNUU{I": n € N}is an axiomatisation of." .

2. LV is complete for the class of Kripke frames defined By

3. L is canonical.

4. If L and L" are consistent, for every € N, andP is one of the following
properties:

Compactness
Interpolation Property
Halldén-completeness
Decidability

Finite Model Property

then L™ hasP iff L and L(n) haveP, for everyn € N.

Proof: 1 — 3 follows directly from the Sahlqgvist's Theorem. The main basic idea of the
proof of 4 is to apply the Sahlqvist's Theorem to show first that for everg N, the
smallest normal logic of similarity typg” which included™U{n} is L(n), is a complete
logic for the class of Kripke frames defined b U {n} and is canonical (observe that
this logic is axiomatised by a set of Sahlqvist formulas). Now, since for every Elementary
Normative Systery € N we have introduced a disjoint modal similarity type, we

can define the fusion of the logi€® < L(n) : n € N >. Itis enough to check that

LN =@ < L(n) : n € N > (remarkthat. " = L) and using transfer results for fusions

of consistent logics (see for instance [7] and [8]) we obtain fiWtis a conservative
extension and that decidability, compactness, interpolation, Hallden-completeness and
the Finite Model Property are preserved. |

We study now the relationships between normative systems. It is interesting to see
how the structure of the set of all the ENS over a lafifwe denote it byV (L)) inherits

2For the transfer of the Finite Model Property it is required that there is a numsech that eacli.(n) has
a model of size at most.



its properties from the set of first-order counterparts. A natural relationship could be
defined between ENS, the relationship of being @ss restrictivehan another, let us
denote it by<. Givenn, 7/, it is said that) < »’ iff the first-order formulap,, — ¢, is
valid (when for everyy € N, ¢,, is the translation of)). The relation= defines a partial
order onN (L) and the pai(/N (L), <) forms a complete lattice with least upper bound
1 and greatest lower bountd and the operations andV.

Now we present an extension of the Logic of Elementary Normative Systems over a
logic L with some inclusion axioms and we prove completeness and canonicity results.
Given a set N of ENS, lef¥ " be the following set of formulas:

{04 ..0up—0] ...0lp:i; e,ne N}
andI™V" the set:
{DZ"'DZP_)DZ“'DZp:ij EI,njn’,n,n’EN}

Corollary 3. LetL be a normal modal logic axiomatised by a Feaif Sahlqvist formulas
and N a set of ENS Sahlqvist formulas, then:

1. IN" = TNUIN" is an axiomatisation of the smallest normal logic with contains
LY and the axiomg™ ", is complete for the class of the Kripke frames defined
byT'¥" and is canonical. We denote this logic by "

2. TN =TV U ¥ UIM" is an axiomatisation of the smallest normal logic with
containsL™ and the axiomg ™~ U IV", is complete for the class of the Kripke
frames defined by¥ " and is canonical. We denote this logic by .

3. If LV is consistent, botN " and LN are consistent.

Proof: Since for every; < I everyn,n’ € N, the formulas3;, ... 0;p — 07 ... O/ p

and DZ/ e D?;p — D?l ...I:\Zp are Sahlqgvist, we can apply Theorem 2. In the case
that LV is consistent, consistency is guaranteed by the restriction torpairg’ and for
the fact that) andr’ are ENS. O

It is worth to remark that Corollary 3 allows us to see that our framework could also be
applied to deal with an extensional definition of normative systems (for example like the
one presented in [3], where normative systems are defined to be subsets of the accessi-
bility relation with certain properties), takiny = L in the statement of Corollary 3,

the IogicsLN+ andLN" have the desired properties. Observe also that for every frame
(S, Ri, R))icr.nen of the logicLV",

RZO...ORZ CR;i,0...0R,;,

and forn <7/, R} o...o R} C R;?ll 0...0 R?I, whereo is the composition relation.

We end this section introducing a new class of modal formulas defining elementary
classes of frames, the shallow formulas (for a recent account of the model theory of
elementary classes and shallow formulas we refer the reader to [9]).

Definition 4. A modal formula isshallowif every occurrence of a proposition letter is
in the scope of at most one modal operator.



It is easy to see that every closed formula is shallow and that the class of Sahlqvist
and shallow formulas don’t coincidét; (p V q) — <$a2(p A q) is an example of shallow
formula that is not Sahlgvist. Analogous results to Theorem 2 and Corollary 3 hold for
shallow formulas, and using the fact that every frame class defined by any finite set of
shallow formulas admits polynomial filtration, by Theorem 2.6.8 of [9], i a normal
modal logic axiomatised by a finite sEtof shallow formulas andV is a finite set of
ENS shallow formulas, then the frame class definedByhas the finite model property
and has a satisfiability problem that can be solved in NEXPTIME.

3. Multiprocess Temporal Frames and other examples

Different formalisms have been introduced in the last twenty years in order to model par-
ticular aspects of agenthood (Temporal Logics, Logics of Knowledge and Belief, Logics
of Communication, etc). Logics of ENS defined above are combinations of different log-
ics, and consequently, they reflect different aspects of agents and the agent multiplicity.
We show in this section that several logics proposed for describing Multi-Agents Sys-
tems are axiomatised by a set of Sahlgvist or shallow formulas and therefore we could
apply our results to the study of their normative systems. We introduce first the basic
temporal logic of transition systems, not because it is specially interesting in itself, but
because is the logic upon which other temporal logics are built and because it is a clear
and simple example of how the ENS framework can work.

Given a modal similarity type-, a 7-frame= = (S, Ry, ..., Rx) is amultipro-
cess temporal framé and only if | J,,. R; is serial. Observe that a-frame= =
(S, Ry, ..., Ri) is a multiprocess temporal frame if and only if the formula

ST V...V O,RT (MPT)

is valid in =. Let us denote byV PT'L the smallest normal logic containing axiom
(MPT). For every nonempty tupl@., ..., ;) such that for every < [, ¢; < k, con-

sider the formulad,, ... Od;, L. Observe that every formula of this form is shallow and
ENS. We state now without proof a result on the consistency of normative systems over
M PTL that will allow us to use the logical framework introduced in the previous sec-
tion.

Proposition 5. Let X be a finite set of formulas of the form, ... O;, L and lety) be the
conjunction of all the formulas itX'. Then, ifL ¢ X and the following property holds:

If O, ...0;,1 ¢ X, thereisj < k suchthatd;, ...0;, 0,1 ¢ X.

the logic M PTL" is consistent, complete for the class of Kripke frames defined by
{M PT,n}, canonical, has the finite model property and has a satisfiability problem that
can be solved in NEXPTIME.

Now we give an example of logic to which our framework could be applied. In a
multi-agent institutional environment, in order to allow agents to successfully interact
with other agents, they share the dialogic framework (see [10]). The expressions of the
communication language in a dialogic framework are constructed as formulas of the type
t(ay : ps, 05t pj, ¢, 7), wheree is an illocutionary particley; anda; are agent termgy;



andp; are role terms andis a time term. A scene is specified by a graph where the nodes
of the graph represent the different states of the conversation and the arcs connecting the
nodes are labelled with illocution schemes that make scene state change.

Several formalisms for modelling interscene exchanges between agents have been
introduced using multi-modal logics. In [11] the authors provide an alternating offers
protocol to specify commitments that agents make to each other when engaging in per-
suasive negotiations using rewards. Specifically, the protocol details, how commitments
arise or get retracted as a result of agents promising rewards or making offers. The pro-
tocol also standardises what an agent is allowed to say or what it can expect to receive
from its opponent which, in turn, allows it to focus on making the important negotiation
decisions.

The logic introduced in [11] is a multimodal logic in which modalitieg for ex-
pressionsg of the communication language are introduced. The semantics are given by
means of Multiprocess Temporal Frames. Therefore, we can use our framework to anal-
yse different protocols over this multimodal logic, regarding protocols as normative sys-
tems. Some examples of those protocols are formalised by formulas of the following
form Oy, ... Oy, L, for example with the formul@lo s e, (i,0) Do f fer(i,y) L, fOr o # y
we can express that it is not allowed to agetat do two different offers one immediately
after the other.

In general, a normal multimodal logic can be characterized by axioms that are added
to the systeni(,,, the class oBasic Serial Multimodal Logicis characterized by subsets
of axioms of the following form, requiring that AD is full:

O;p — <ip AD(i)

O;p — p AT(i)

O,p — O;p Al(i)

p — 0;0,p AB(i,))

O;p — 0;0,p A4(i,j,K)
Oip — 0,;Cp A5(i,),K)

An example of Kripke frame of\/ PT'L in which none of the previous axioms is
validis= = ({0,1,2},{(0,1),(2,0)},{(1,2)}). In particular, our example shows that
the Multimodal Serial Logic axiomatised QYA D(i) : ¢ < k}, is a proper extension of
M PTL. Observe that any logic in the class BSML is axiomatised by a set of Sahlqgvist
formulas, therefore we could apply the framework introduced before to compare elemen-
tary normative systems on these logics.

Another type of logics axiomatised by Sahlqgvist formulas are many Multimodal
Epistemic Logics. Properties such as positive or negative introspection can be expressed
by O,p — 0,0,p and—0;p — 0,-0;p respectively. And formulas likel,p — O,p
allow us to reason about multi-degree belief.

The Minimal Temporal Logids; is axiomatised by the axioms— H F'p andp —

G Pp which are also Sahlgvist formulas. Some important axioms such as lingarity

GHp N HGp, or densityGGp — Gp, are Sahlgvist formulas, and we can express the
property that the time has a beginning with an ENS. By adding the nexttime modality,

we have an ENS which expresses that every instant has at most one immediate successor.



4. Related work

Several formalisms have been introduced for reasoning about normative systems over
specific logics: Normative ATL (NATL), proposed in [2] and Temporal Logic of Nor-
mative Systems (NTL) in [3]. NATL is an extension to the Alternating-Time Temporal
Logic of Alur, Henzinger and Kupferman (see [4]), NATL contains cooperation modal-
ities of the form<< 7 : C >> ¢ with the intended interpretation that""has the abil-

ity to achieve¢ within the context of the normative systegl. NTL is a conservative
generalization of the Branching-Time Temporal Logic CTL (see [5]). In NTL, the path
quantifiersA ("on all paths...") and? ("on some path...") are replaced by the indexed de-
ontic operator$),, ("itis obligatory in the context of the normative systerthat...") and

P, ("itis permissible in the context of the normative systerhat..."). In our article we

have extended these approaches to deal with arbitrary multimodal logics with standard
Kripke semantics. Our definition of normative system is intensional, but the languages
introduced permit to work with extensional definitions like the ones in [3] and [2].

A general common framework that generalizes both, the results from [3], [2] and the
results we present here can be found in [12]. There we go beyond logics with standard
Kripke semantics, defining normative systems over polyadic logics that satisfy the two
conditions below:

1. Forevery modality in the logic similarity typef", the semantics of (po, . . . , p,(5))
is a monadic first-order formula build from predicatgs, . .., P, ), the rela-
tional symbols{ R : f € F'} and equality.

2. For every modalityf in the logic similarity typeF’, there is a derived connective
O, such thatd;p expresseSz(tRyz — Px) and is closed under the necessita-
tion rule: If ¢ is a theorem of the logic, then;¢ is also a theorem of the logic.
This second condition corresponds to the notionaimality.

In[13], D. M. Gabbay and G. Governatori introduced a multi-modal language where
modalities were indexed. Their purpose was the logical formalization of norms of dif-
ferent strength and the formalization of normative reasoning dealing with several inten-
sional notions at once. The systems were combined using Gabbay’s fibring methodol-
ogy. Our approach is different from their, because our main purpose is the comparison
between normative systems at the same level, over a fixed logic. Our approaches also
differ in the methodologies in use. It could be interesting to combine both perspectives
to model the dynamics of norms in hierarchical systems.

5. Future work

In our paper we have dealt only with multimodal languages with monadic modalities,
but using the results of Goranko and Vakarelov in [14], on the extension of the class of
Sahlgvist formulas in arbitrary polyadic modal languages to the class of inductive for-
mulas, it is possible to generalize our results to polyadic languages. We could apply also
our results to different extended modal languages, such as reversive languages with nom-
inals (in [14], the elementary canonical formulas in these languages are characterized) or
Hybrid Logic (in [9], Hybrid Sahlqvist formulas are proved to define elementary classes
of frames).



We will proceed also to the study of computational questions for the multimodal
logics introduced, such as model checking. This kind of results will give us a very useful
tool to compare normative systems and to answer some questions, for example, about
the existence of normative systems with some given properties. It is known thais if
a multimodal logic interpreted using Kripke semantics in a finite similarity type, given a
finite model and a formula, there is an algorithm that determines in ti@g M| x |¢|)
whether or notM = ¢ (see [15], p. 63), using this fact, since we build our formalisms
for normative systems by means of fusions, complexity results for fusion of logics could
be applied (see for instance [16]).

Most state-of-the-art SAT solvers today are based on different variations of the
Davis-Putnam-Logemann-Loveland (DPLL) procedure (see [17] and [18]). Because of
their success, both the DPLL procedure and its enhancements have been adapted to han-
dle satisfiability problems in more expressive logics than propositional logic. In particu-
lar, they have been used to build efficient algorithms for the Satisfiability Modulo The-
ories (SMT) problem. Future work will include the study of the (SMT) problem for a
Multimodal Logic of Normative Systems: given a formulap, determine whethep is
L -satisfiable, i.e., whether there exists a model dfiat is also a model af.

Using the framework introduced in [19] it would be possible to integrate fusions of
logics on a propositional framework. In [19], an Abstract DPLL, uniform, declarative
framework for describing DPLL-based solvers is provided both for propositional satisfi-
ability and for satisfiability modulo theories. It could be interesting to work with a Quan-
tified Boolean formulas engine instead of the usual SAT engines used by several SMT
solvers, in order to deal with formulas that axiomatise Logics for Multi-Agent Systems.

Given a normative system, it is important also to be able to efficiently check why it is
not modelling what we originally want. We could benefit from recent advances in system
diagnosis using Boolean Satisfiability and adapt it to our framework. See for instance
[20], where efficient procedures are developed to extract an unsatisfiable core from an
unsatisfiability proof of the formula provided by a Boolean Satisfiability (SAT) solver.
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