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Abstract. Following the guidelines proposed by Héjek in [1], some pro-
posals of research on Fuzzy Description Logics (FDLs) were given in
[2]. One of them consists in the definition and development of a family
of description languages, each one having as underlying fuzzy logic the
expansion with an involutive negation and truth constants of the logic
defined by a divisible finite t-norm. A general framework for finitely va-
lued FDLs was presented in [3]. In the present paper we study the family
of languages ALCxre based on the finitely valued Lukasiewicz logics with
truth constants. In addition, we provide an interpretation of these FDLs
into fuzzy multi-modal systems. We also deal with the corresponding
reasoning tasks and their relationships, and we report some results on
decidability and computational complexity.

Keywords: Description Logics, Finitely Valued Description Logics,
n-graded Lukasiewicz Description Logics.

1 Introduction

Description Logics (DLs) are knowledge representation languages particularly
suited to specify ontologies, to create knowledge bases and to reason with them.
A full reference manual of the field is [4]. The vocabulary of DLs consists of
symbols for individuals, concepts, which denote sets of individuals, and roles,
which denote binary relations among individuals. From atomic concepts and roles
and by means of constructors, DL systems allow to build complex descriptions
of both concepts and roles. These complex descriptions are used to describe a
domain through a knowledge base (KB) containing the definitions of relevant
domain concepts or some hierarchical relationships among them ( Terminological
Box or T Box) and a specification of properties of the domain instances (Asser-
tional Box or ABox). One of the main issues of DLs is the fact that the semantics
is given in a Tarski-style presentation and the statements in both T Box and
ABox can be identified with formulas in first-order logic, and hence we can use
reasoning to obtain implicit knowledge from the explicit knowledge in the KB.
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Nevertheless, the knowledge used in real applications is commonly imperfect
and has to address situations of uncertainty, imprecision and vagueness. From
a real world viewpoint, vague concepts like “patient with a high fever” and
“person living near Paris” have to be considered. A natural generalization to
cope with vague concepts and relations consists in interpreting DL concepts and
roles as fuzzy sets and fuzzy relations, respectively. The initial proposals for
Fuzzy Description Logics (FDLs) have been made (see [Bl6[7]) mainly based on
the earlier approaches to fuzzy logic. In recent times, fuzzy logics has evolved
into what is known as Mathematical Fuzzy Logic (as a general reference for
the field see [8]). The starting point is the book Metamathematics of Fuzzy
Logics [9] where Héjek shows the connection between fuzzy logic systems and
many-valued residuated logics based on continuous ¢-norms. Later on, in the
paper Making fuzzy description logic more general [1], Héjek proposes to deal
with FDLs taking as basis t-norm based fuzzy logics with the aim of enriching
the expressive possibilities in FDLs. Following this line, we have developed the
topic in [2I3]. Since real applications are mainly made using a finite number
of values, we are interested in FDLs over finitely valued fuzzy logics. In the
present paper we study FDLs based on finitely valued Lukasiewiz logics. In our
proposal, description languages are restricted to constructors defined from logical
connectives and the fuzzy versions of universal and existential quantifiers. We
study the languages, reasoning tasks and their relationships, and decidability
and complexity. Special mention is due to the modal translation section that, as
far as we know, it is not already considered in the literature for the fuzzy case.
Finally, let us mention the recent papers [I0/T1], which contain results related
to our work.

2 The Finitely Valued Lukasiewicz Logic with Truth
Constants

Given a positive integer n > 2, the algebra L, is the structure (L,,®, N,0),
where L, = {0, ﬁ, %, cee Z—j, 1}, ® is the Lukasiewicz t-norm defined as
a®b:=max{0,a+b— 1}, for each a,b € L,, and N is the negation associated
to Lukasiewicz t-norm, defined as N(a) = 1 — a, for each a € L, [1 Further

operations are defined as follows:

a=b = N(a® N (b)) min{0,1 — a + b}
alNb = a® (a=0b) min{a, b}
aVvb = (a=b)=0 max{a,b}
a®b = N(N(a) ® N(b)) min{l,a + b}
1 = N(0) 1

Let us consider the set of formulas built from a countable set of proposi-
tional variables & = {p; : j € J} using the connectives & (strong conjunction),
~ (involutive negation) and 0 (falsity truth constant). A propositional evalua-
tion is a map e : & — L, which is extended to all (&,~,0)-formulas by set-
ting e(p&v) = e(p) ® e(¥), e(~p) = N(e(p)), and e(0) = 0. The n-valued

! In fact this is the unique involutive negation definable in L.
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Lukasiewicz logic, which we denote by A(L,,) is obtained by putting for all sets
I'U{y} of (&,~,0)-formulas, I" =1,  if, and only if, for every evaluation e,
if e[I'] C {1}, then e(yp) = 1. As defined connectives we have implication, bi-
conditional, additive conjunction, additive disjunction, strong disjunction, and
true truth constant: ¢ — ¥ = ~(p& ~1), p < VY = (p = V)& — @),
e A=kl =), VP =~ (~p A~y), Yo i=~(~p&k~y), 1:=~0.
It is well known that this logic is finitely axiomatizable having Modus Ponens
as the unique inference rule (cf. [12] p.171]; see also [13]). The logic A(L;) is
the expansion of A(L,) with truth constants. It is obtained by adding to the
language n canonical constants: one truth constant 7 for each r € L,\{0}; the
semantics of the constant 7 is its canonical value r. A(LY) is finitely axioma-
tizable from an axiomatization of A(L,) by adding the so-called book-keeping
axioms:

(bk1) T&E TS

(bk2) ~F ¢ N(r)
The predicate logic A(Ly,)V is defined from A(L;) as it is done for the fuzzy
predicate logics introduced in [9, Chapter 5]. Let X = (C,P) be a first order
signature (without functional symbols), C being a countable set of object cons-
tants and P a countable set of predicate symbols, each one with arity £ > 1.
An LS-interpretation for X is a tuple M = (M, {a™ : a € C},{PM: P € P}),
where 1) M is a non-empty set; 2) for each object constant a € C, aM is an
element of M; and 3) for each k-ary predicate symbol P, PM is an n-graded
k-ary relation defined on M, that is, a function PM : M* — L,. Given an
interpretation M, a map v assigning an element v(z) € M to each variable x
is called an assignation of the variables in M. Given M and v, the value of a
term ¢ in M, denoted by [|¢[|ys ,,, is defined as v(z) when ¢ is a variable z, and

as a™ when t is a constant a. In order to emphasize that a formula « has its

free variables in {x1,...,2,}, we will denote it by «(z1,...,z,). Let v be an
assignation such that v(z1) = b1,...,v(xy) = by,. The truth value in M over L,
of the predicate formula p(x1,...,xy,) for the assignation v, denoted by ||¢|lng .
or by |lo(b1,...,bn)|lp is & value in L,, defined inductively as follows: ,

PM(HtlnM,v? Tty ||tk||M,v)7 lf (p = P(th; .. 7tk7);

T, ifo=7€{0,71,...,fn-1};

1 — [l o if o =~a;

latllng,o @ 181,00 if p = ad&eB;

inf {|la(a,by,....bn)|lp @€ M}, if ¢ = (Va)a(z, z1,...,2,).
A L? -interpretation M is an LS -model, or simply a model, of a set of formulas
I' if, for each ¢ € I', and each assignation v, ||¢[|ys, = 1. The logic A(L;,)V is
defined by a finite set of axioms. Moreover, we have the following resultf

Theorem 1. The logic A(LS)V is strongly complete with respect to interpreta-
tions over L.

2 A direct proof of this theorem is easy since the unique subdirectly irreducible algebra
of the variety corresponding to A(Ly,) is Lj,.
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3 The n-Valued Lukasiewicz Description Logics ALCyc

Description Logics based on finitely valued Lukasiewicz logics are built in the
same way as in the classical case, but now we need a set of constructors that
corresponds to the logical symbols existing in the setting of the first order logics
ALV (cf. [3])@ To do so we introduce some symbols for new propositional
constructors: X for strong intersection; B for strong union; 1 for residuated
implication, and a constant v for every r € L,. Moreover, in our setting, we
have the classical L and M as defined constructors. It is worth pointing out that
ALC-like DLs based on n-valued Lukasiewicz logics are analogous to the classical
ALC in the sense that the basic relations between connectives remain true:

— complementation is involutive,

— both pairs of weak and strong intersection and union are dual w.r.t. comple-
mentation,

— the universal and the existential quantifications are inter-definable by means
of complementation,

— implication is definable from complementation and strong intersection or
from complementation and strong union.

Notice that the above relations are not satisfied in other finitely valued ¢-norm
based predicate fuzzy logics.

Definition 1 (The attributive languages ALCy:). Let us fiv a description
signature D = (N1, N4, Ng), that is, a set of individual names Ny, a set Na of
concept names (the atomic concepts), and a set Ng of role names (the atomic
roles). An (ALCyc,D)-description, or simply an ALCyc -description, is induc-
tiwely defined in accordance with the following syntactic rules (we use the symbols
C,Cy,Cy as meta-variables for descriptions of concepts):

C,C,Cy  ~ A | (atomic concept)
L | (empty description)
T | (universal description)
t | (constant description)
-C | (strong complementary concept) (C)
Cy B Cy | (concept strong union) )
Cy1 R Cy | (concept strong intersection)
VR.C | (universal quantification)
AR.C' | (existential quantification) €)
R | (atomic role)

Further constructors are defined as follows:

C1 00y :=~(C1 ®=Cy)  (residuated implication)
C1NCy:=C1 K (Cr OCy) (weak intersection)
C1UCy :=—(=C1 M =Cq)  (weak union)

3 1In [3] a new hierarchy of attributive languages adapted to the behavior of the con-
nectives in the fuzzy setting is proposed.
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The notion of instance of a description allows us to read description formulas
of a given description signature D as predicate formulas of A(L{)V as it is done
in Definition 2] following Hajék’s paper [I]. From this notion, we can define the
truth value of a description formula as the truth value of a first order formula.

Definition 2 (Instance of a description). Given a description signature D =
(N1, Na, Ng), we define the first order signature Xp = (Cp, Pp), where Cp = Ny
and Pp = NoaUNpg. We read each individual name in N1 as an object constant,
each atomic concept in N4 as a unary predicate symbol, and each atomic role
in Ng as a binary predicate symbol. We define as instances of an (ALCy,, ,D)-

description the following formulas of A(Ly,)V:

— The instance of a truth constant is defined as 0 for 1; 1 for T; and 7 for t.
— Given a term t and a concept D, the instance D(t) of D is defined as

A(t) if D is an atomic concept A,
~Cl0) if D =~C,

Ci(t) Y Ca(t) if D=Cy BC,,

Ci( 2(t) if D=C1 XCy,

yV.C

t)&C:

(Vy)(R(t,y) = C(y)) if D = VR.C,

(Fy)(R(t,y)&C(y)) 4+ D=3R.C.

— An instance of an atomic role R is any atomic first order formula R(ty,t2),
where t1 and to are terms.

We can define the consequence relation =azc,. as the restriction of the conse-
quence relation of the logic A(Ly,)V to instances of ALC e -descriptions.

4 ALCyc and Modal Finite-Valued Lukasiewicz Logics

It is known that there is a translation between classical ALC and multi-modal
logical systems (cf. [4, Chapter 4]). In this section we show that a similar transla-
tion is also possible between ALCye and multi-modal finite-valued Lukasiewicz
logics with truth constantsd The language of each one of these multi-modal
systems, denoted by pi,,, is obtained by fixing a natural number m and expan-
ding the language of A(L{) with m unary connectives [y, ..., 0, (m necessity
operators).

Definition 3 (Kripke m-frames and m-models). An n-valued Kripke m-
frame is a tuple § = (W, Ry,..., Ry,), where W is a non-empty set (the set of
worlds) and Ry, ..., Ry, are binary relations (the accessibility relations) valued
in L,. The Kripke frame is said to be crisp if the range of the relations Ry
is included in {0,1}. The class of all n-valued m-frames will be denoted by Fr
and the class of crisp m-frames by CFr. A Kripke (LS, m)-model is a pair 9t =
(&, V), where § is an n-valued Kripke m-frame and V is a valuation assigning

4 Modal finite-valued Lukasiewicz logics —~with and without truth constants— have been
studied in [14].
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to each variable in & = {p; : j € J} and each world in W a value in L,,. The
map V can be uniquely extended to a map, which we also denote by V', assigning
an element of L, to each pair formed by a iy, -formula ¢ and a world w in such
a way that:

= V(p&p,w) = V(p,w) @ V(ih,w), V(~p,w) =1~ V(p,w), V(0,w) = 0;
— for each canonical constant a;, i € {1,...,n— 1}, V(a;,w) = a;;
— foreach k, 1 <k <m, V(Ogp,w) = inf {Rx(w,w’) = V(p,w') :w' € W}.

Note that since the algebra of values is finite, we have that this infimum is always
a minimum. Therefore, we are sure that we can compute the value of formulas
with [Jg. For each operator Oy, an operator of possibility is defined as follows:
Ok := ~0g ~ . According with this definition it is easy to see that:

V(Orp, w) = sup { Ry (w,w") @ V(p,w') : w' € W}.

Definition 4 (Validity, the set A(K,L)). Let M = (W,r1,...,mm, V) be a
(E;,, m)-model. We will say that w € W satisfies a formula ¢ in 9 whenever
V(p,w) = 1; then we write M, w ' ¢. And we write M =1 ¢ whenever
M, w =L ¢ for every w € W. Then we say that o is valid in 9. We say that ¢
is valid in the frame § when ¢ is valid in any Kripke model based on §. Then
we write § =L ¢. Given a class K of frames, we write K =1 ¢ to mean that ¢ is
valid in all frames in this class. The set of all the formulas that are valid in all

the frames of a class K will be denoted by A(K,ES)H

Definition 5 (The standard translation in the L{-valued framework).

Fiz a positive natural number m and let us consider the propositional multi-
modal language with constants . Let & = {p; : j € J} be a countable set of
propositional letters. Let L, (P) be the first order language which has a unary
predicate P; for each propositional letter p; € @, and a binary relation symbol
Ry for every necessity operator Ui from pum,. Let x be a first order variable.
We define the standard translation 7, from pin,-formulas to L,,,, (®)-formulas as
follows:

Tz(p;) = Pj(x), for each j € J,

72 (&) = 7o () & 72 (¥),

Ta(~ ) = ~T(e),

7 (Okp) = (V) (Ri(2,y) = 7y(0)), L <k <m,
72(0) =0,
T2(@;) = a;, 1 <i<n-—1.

Proposition 1. Let M = (W, r1,...,rm, V) be a (L5, m)-model. From 9 we
define the L, (P)-interpretation Ion = (W, (PJ-IW‘ )ies, RE™ ... RIm)  where
PJ-IW‘ : W — L,, such that PjIim (w) = V(pj,w), and RE™ = ry,. Then:

1. For every pm-formula ¢ and w € W, [|1:(¢)(w)llz,, = V (e, w).

2. For everyw € W, M,w =1 ¢ iff |7 (p)(w)]l £, = 1.

3. MEL ¢ iff (Vo) 72 (9)llz,, = 1-

5 In [14] Section 4.2] finite axiomatizations for A (K, L) are given when K € {Fr, CFr}.
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Given a description signature D with Ny = {41, As,...} as the set of atomic
concepts, and Ngp = {R1,..., Ry} as the set of atomic roles, the corresponding
language ALCye can be seen as a propositional language built from the concept
names A € N4 (seen as propositional letters) using X as binary connective,
the unary connective —, a unary connective denoted by VR. for every R € Ng,
and the constants 1,vq,...,t,_1. We have an isomorphism f between the set
of ALCye-formulas built from the generators {41, Ag,...} and the set of fi,,-
formulas generated by a set of propositional letters {p; : j € J} with the same
cardinality as N 4:

f(A;) =pj, for each j € J,

F(CRD) = f(C)&f(D),
~f(C),
fVR,.C) =0, f(C), 1 <k <m,

This isomorphism is a preserving translation in the sense stated in the following
proposition.

Proposition 2. Let f be as above and let us consider the first order signature
L(D) = ((Aj)jes, R1,. .., Rm) given by the description signature D = (Na, Ng).
Let T = (W, (AJI-)J-G,], RE ... RL) be an L(D)-interpretation. From T we define
a Kripke (LS, m)-model Mz = (W,r% ... rP7 Vip ), where T;mI = RY, and

yImo

Vony : @ x W — Ly, such that Vap, (pj, w) = AT (w). Then:

1. For every concept C' and every w € W, [|C(w)||; = Von, (f(C),w).
2. For every instance C(z) and everyw € W, ||C(w)||; = 1 off Mz, w = f(C).

3. I(V)C (@) = 1 iff Mz, =" £(C).

5 Reasoning

In this section we define firstly the graded axioms used to define knowledge
bases for our n-graded DLs and after the equivalences between the corresponding
reasoning tasks. Finally we report the state of the art of the research on the
computational complexity of these reasoning tasks.

5.1 Knowledge Bases for ALCyc

To define knowledge bases (KBs) for the description logics ALCy: , we need the
notion of evaluated formula. Given r € Ly, an evaluated formula of the logic
A(L;)V is a formula of one of the forms ¥ — ¢, ¢ — 7, or ¥ <> ¢, where ¢
does not contain any occurrence of truth constants other than 0 or 1. In our
framework, since we are interested in reasoning on partial truth of formulas,
it seems reasonable to restrict ourselves to evaluated formulas for representing
the knowledge contained in a knowledge base. Having truth constants in the
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language, we can handle graded inclusion axioms in addition to graded assertion
axioms (see [2]), as usually done in FDLs (see [7I15]). Next we define these graded
notions.

Let C, D be concepts without occurrences of any truth constant other than
1 or T, R be an atomic role and a, b be constant objects. Finally let r € L,,.

A graded concept inclusion axiom is an expression of the form (C' T D, 7),
whose corresponding evaluated first order sentence is 7 — (Va)(C(z) — D(z)).

An graded equivalence axiom is an expression of the form (C = D, ), whose
corresponding evaluated first order sentence is 7 — (Vz)(C(z) + D(x)).

A graded concept assertion axiom (or graded assertion) is an expression of the
form (C(a),7), whose corresponding evaluated first order sentence is 7 — C'(a).

Finally, graded role assertion axioms is an expression of the form (R(a,b), 7).
Its corresponding evaluated first order sentence is 7 — R(a, b).

A T Boz for a graded DL language is a finite set of graded concept inclusion
axioms. An ABozx is a finite set of graded concept and role assertion axioms. A
knowledge base (KB) is a pair K = (T, .A), where the first component is a T Box
and the second one is an ABoz.

5.2 Reasoning Tasks in ALCygc

Among the reasoning tasks that can be defined in a multi-valued framework
we can find the usual ones, i.e, KB consistency, concept satisfiability and sub-
sumption with respect to a (possibly empty) KB and entailment of an assertion
axiom from a (possibly empty) KB (see [I6]). In this framework we can define
the following graded notions:

Definition 1 (Satisfiability). 4 concept C is satisfiable w.r.t. a knowledge
base K in a degree greater or equal than r iff there is an L -model M of K,
and an individual a € M such that ||C(a)|m > r. In particular, C is positively
satisfiable when r = % (strictly greater than 0) and 1-satisfiable when r = 1.

Definition 2 (Subsumption). A concept C is subsumed by a concept D in a
degree greater or equal than v w.r.t. a KB K iff, for every L -model M of K, it
holds that ||(Vz)(C(z) — D(x))|lm > 7. In case C is subsumed by D in a degree
greater or equal than 1, we will simply say that C' is subsumed by D.

In our language we only need the notions of 1 and positive satisfiability since,
thanks to the expressive power given by the presence of the truth constants in
the language, all other graded notions can be reduced to them in ALCyc .

Proposition 1. Let K be a (possibly empty) knowledge base, C, D be ALCy -
concepts and r € Ly, then the following equivalences hold:

1. C is satisfiable w.r.t. K in a degree greater or equal than r iff the concept
7 1 C is 1-satisfiable w.r.t. K.

2. C is subsumed by D w.r.t. KC in a degree greater or equal than r iff concept
X C is subsumed by D in degree 1.
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3. A concept C' is subsumed in degree 1 by a concept D w.r.t. a knowledge base
K iff CU{C K~ D} is not positively satisfiable.

Notice that this last result is true only for the Lukasiewicz case and it is not
achievable in the general framework of (finite) t-norm based FDLs presented in
[213], where negation is not necessarily involutive.

5.3 Decidability and Complexity Issues

From results in [1] it is easy to prove that concept satisfiability for ALC-like FDLs
based on finite ¢-norms is a decidable problem. The method used in that paper,
based on a recursive reduction to propositional satisfiability, can be also used to
obtain decidability for the ABox consistency and the concept satisfiability w.r.t.
an ABox. Moreover, in [IT] it has been proved that concept satisfiability w.r.t.
a general TBox for FDLs over finite lattices is EXPTIME-complete. From these
results, we can easily obtain the following decidability results and complexity
bounds for our finite-valued Lukasiewicz FDLs:

— TBox consistency is EXPTIME-complete.
— Entailment of an assertion from an ABox is decidable.
— Entailment of an inclusion axiom from a TBox is EXPTIME-complete.

Concept satisfiability can be seen as concept satisfiability w.r.t. the empty TBox,
thus obtaining EXPTIME upper bound for this problem. Nevertheless, in [17]
has been proved that finite-valued Lukasiewicz modal logic is PSPACE-complete
and, since this logic can be seen as a notational variant of ALCy:, we obtain
PSPACE-completeness of the concept satisfiability problem in ALCy.c .

Another remarkable result is the one reported in [I8], where a reduction from
finitely valued fuzzy ALCH to classical ALCH is provided. Since, however, the
reduction is not polynomial, it can only be used to obtain decidability of its
reasoning tasks, but not to obtain their computational complexity. Finally, let
us mention [I0] where the authors show how to reason with a fuzzy extension
of the description language SROZQ under finitely valued Lukasiewicz logics.
They show that it is decidable by presenting a reasoning preserving procedure
to obtain a crisp representation of the logics.
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