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 a b s t r a c t

This paper addresses the problem of ensuring that autonomous learning agents align with multiple 
moral values. Specifically, we present the theoretical principles and algorithmic tools necessary 
for creating an environment where we ensure that the agent learns a behaviour aligned with 
multiple moral values while striving to achieve its individual objective. To address this value 
alignment problem, we adopt the Multi-Objective Reinforcement Learning framework and pro-
pose a novel algorithm that combines techniques from Multi-Objective Reinforcement Learning 
and Linear Programming. In addition, we illustrate our value alignment process with an example 
involving an autonomous vehicle. Here, we demonstrate that the agent learns to behave in align-
ment with the ethical values of safety, achievement, and comfort, with achievement representing 
the agent’s individual objective. Such ethical behaviour differs depending on the ordering be-
tween values. We also use a synthetic multi-objective environment to evaluate the computational 
costs of guaranteeing ethical learning as the number of values increases.

1.  Introduction

The problem of guaranteeing that autonomous agents act value-aligned (in alignment with human values) [1,2], is becoming of 
paramount importance as agents become more prevalent in our society. Consequently, there is a pressing need to develop ethically-
aligned trustworthy AI [3] capable of respecting human values [4,5] across a variety of emerging application domains (e.g., social 
assistive robotics [6], self-driving cars [7], conversational agents [8]).

Indeed, there has been a rising interest, within both the fields of Machine Ethics [9,10] and AI Safety [11,12], in applying 
Reinforcement Learning (RL) [13] to address the challenging problem of value alignment. A prevailing approach in both of these 
communities for addressing this problem involves the creation of environments with incentives to behave ethically. These incentives 
are typically introduced through exogenous reward functions (e.g., [14–19]). The specification of such reward functions is based on 
some ethical insights. Afterwards, the rewards are integrated into an agent’s learning environment employing an ethical embedding
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process. However, in all these learning approaches, the ethical insights originate from a single moral value. It is widely recognised in 
the field of Ethics that human societies uphold multiple moral values, which are ordered according to how preferred they are (i.e., 
by considering first what they value most) [20–23]. This ordered collection of values is often called a value system. To the best of 
our knowledge, guaranteeing that an agent learns to behave aligned with a value system remains an open problem despite being the 
most common case in our society [20].

Against this background, in this work, we aim at automating the design of ethical environments that incentivise an agent to learn 
to behave in alignment with a value system while trying to pursue its individual objective. We do so by assimilating the agent’s 
individual objective to the moral value of achievement1, which is included in the value system at hand and prioritised with respect 
to the rest of moral values. Moreover, we adhere to the stance that “the end doesn’t justify the means” and claim that achievement 
should always be ranked below the value system’s higher ethical standards (such as, for instance, non-maleficence).

This paper tackles the value alignment problem by proposing a novel ethical embedding process in a reinforcement learning con-
text. From a given (initial) social value system, we first enrich it by including the moral value of achievement, which encapsulates 
the agent’s individual objective, as shown in Fig. 1 (Top-Left). Next, our ethical embedding shapes the learning environment, guar-
anteeing that an agent will be incentivised to learn an ethical behaviour aligned with the (enriched) value system. Since we consider 
multiple values, we refer to the ethical embedding of a value system as the Multi-Valued Ethical Embedding (MVEE), or simply as 
ethical embedding to ease readability.

Our contributions are three-fold. First, we formalise the Multi-Valued Ethical Embedding problem within the framework of Multi-
Objective Markov Decision Processes (MOMDP) [25,26]. This formalisation models moral values as ethical objectives within a so-
called Multi-Valued Markov Decision Process, an instance of a Multi-Objective MDP. Moreover, our formalisation paves the way for 
our definition of ethical policies, which characterise the behaviour of an agent aligned with a value system (i.e., in alignment with the 
moral values and respecting the preferences over those values). Finally, considering multiple objectives does require specific (more 
complex) algorithms for a learning agent. To ease the agent’s learning, we reformulate the ethical embedding problem as finding 
the single-objective MDP that embeds all ethical objectives (so that the optimal policies in this MDP are ethical). To this end, we 
follow the prevailing approach (e.g.[16,18]) of applying a linear scalarisation function that weighs the rewards related to each ethical 
objective.

Second, we propose a novel algorithm to solve the ethical embedding problem that generalises the single-value ethical embedding 
process in [19]. Our novel algorithm combines recent developments in the Multi-Objective Reinforcement Learning literature (to 
compute ethical policies) with linear programming (to compute how to weigh ethical objectives). Fig. 1 outlines this algorithm, 
which transforms an input multi-objective environment  into a single-objective ethical environment ∗. In this single-objective 
environment, the agent can thus apply a standard reinforcement learning method, and it is guaranteed that it will be incentivised to 
learn a policy aligned with the value system at hand.

Third, we illustrate our ethical embedding process by applying it to a novel (and simple) autonomous driving scenario, including 
three moral values (safety, achievement, and comfort), wherein the value of achievement represents the agents’ individual objective 
. We chose those values inspired by those described by Caballero et al. in [27,28]. We show that an agent learns to behave according 
to a value system with a Q-learning algorithm [29]. Moreover, we also study the differences between the value-aligned behaviours 
that an agent would learn depending on the preferences over the considered values. Our study confirms that significantly different 
behaviours arise depending on the preferences on values in a value system. However, since the values mentioned above only represent 
a subset of those proposed by Caballero et al., we empirically analyse the computational cost to pay to guarantee ethical learning when 
considering an increasing number of values in a value system. We do so using the synthetic multi-objective environment generator 
from [30]. Our analysis indicates that our ethical embedding algorithm manages to do the ethical embedding of environments with 
up to eight objectives and almost 106 states in less than five hours. However, we also observe that its computational cost exponentially 
grows with the number of values considered.

Finally, notice that the work presented in this paper generalises our initial work in [19] and [31], which focused on developing 
theoretical foundations and algorithmic tools for designing a learning environment with guarantees for a single moral value. Therefore, 
the contributions in [19,31] must now be regarded as a particular case of the approach to design ethical environments presented in 
this paper.

The remainder of this paper is organised as follows. Section 2 provides the necessary background on Multi-Objective Reinforcement 
Learning and Ethics. Section 3 formally introduces our ethical embedding problem and the type of environments we target. Section 4 
details our algorithm for building ethical environments. Section 5 details our empirical analysis of our ethical embedding algorithm. 
Finally, Section 6 discusses the related work, and Section 7 concludes and sets paths to future work.

2.  Background

This section is dedicated to providing the necessary background for our approach to designing ethical environments with rein-
forcement learning. Thus, Section 2.1 introduces single-objective reinforcement learning. Subsequently, Section 2.2 introduces multi-
objective reinforcement learning. Finally, Section 2.3 introduces the necessary concepts of the Ethics literature for understanding the 
role of moral values in our approach.

1 Although achieving an individual goal can naturally be related to the moral value of diligence, we advocate for achievement because Schwartz 
defines it as based on competence and personal success when including it in his list of ten Basic Human Values [24].
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Fig. 1. Multi-Valued Ethical Embedding (MVEE) process for environment design (from left to right): partial convex hull computation, ethical policy 
extraction, and solution weight vector computation. The process takes as input a multi-objective environment  associated with an enriched 
value system 𝑆 , and returns as output an ethical (single-objective) environment ∗. Rectangles stand for objects, whereas rounded rectangles 
correspond to processes. Colour green indicates that a given object is either a value system or an environment where aligning with the value system 
is incentivised. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

2.1.  Single-objective reinforcement learning

In single-objective reinforcement learning (RL), the agent’s learning environment is formalised as a Markov decision process (MDP) 
[13,32,33]. An MDP defines an environment in which an agent can consistently take actions to modify it and promptly receive a 
reward signal after each action. Formally:
Definition 1  (Markov Decision Process). A (finite single-objective)2 Markov Decision Process (MDP) is defined as a tuple ⟨ ,, 𝑅, 𝑇 ⟩
where  is a (finite) set of states, (𝑠) is the set of actions available at state 𝑠, 𝑅(𝑠, 𝑎, 𝑠′) is a reward function specifying the expected 
reward for each tuple of state 𝑠, action 𝑎 and future state 𝑠′, and 𝑇 (𝑠, 𝑎, 𝑠′) is a transition function specifying the probability that the 
next state is 𝑠′ if an action 𝑎 is performed upon the state 𝑠. 

An agent’s behaviour in an MDP is characterised through a policy 𝜋 that, for each state-action pair ⟨𝑠, 𝑎⟩, specifies the probability 
of performing action 𝑎 upon state 𝑠.

The agent begins at a given initial state 𝑠0 ∈  of the MDP. In general, it is assumed that there is a probability function 𝜇 ∶  → [0, 1]
assigning the probability that each state will be the initial state of the agent [13].

The conventional approach for assessing the value of a policy is to compute the (expected) discounted accumulation of rewards 
an agent obtains when following it. The function that performs such computation is the so-called value function 𝑉 , defined as: 

𝑉 𝜋 (𝑠) ≐ 𝔼[
∞
∑

𝑡=0
𝛾𝑘𝑟𝑡+𝑘+1 ∣ 𝑆𝑡 = 𝑠, 𝜋] for every state 𝑠 ∈ , (1)

where 𝛾 ∈ [0, 1) is referred to as the discount factor.
The solution of an MDP is a policy that maximises the value function 𝜋∗ ≐ argmax𝜋 𝑉 𝜋 . Learning this policy 𝜋∗ is the agent’s goal 

in an MDP. We refer to 𝜋∗ as an optimal policy. We call the value function 𝑉 𝜋∗  of an optimal policy 𝜋∗ simply as the optimal value 
function 𝑉 ∗. While there might be several optimal policies in an MDP, they all share the same optimal value function [13].

Notice that these optimal policies and this optimal value function exist because there is a total order between policies. In other 
words, we can always determine whether 𝑉 𝜋 > 𝑉 𝜋′  or 𝑉 𝜋 < 𝑉 𝜋′  or 𝑉 𝜋 = 𝑉 𝜋′  for any pair of policies 𝜋, 𝜋′.

In the reinforcement learning literature, Q-learning is a classical algorithm for learning an optimal policy [29]. The main advan-
tages of Q-learning are that it is a model-free algorithm (which means it is oblivious to the transition function 𝑇  and the reward 
function 𝑅) and counts on theoretical properties that guarantee its convergence to a deterministic optimal policy.

2.2.  Multi-objective reinforcement learning

Multi-objective reinforcement learning (MORL) deals with environments where an agent possesses various objectives. The added 
difficulty in MORL with respect to single-objective RL arises from the fact that, in many cases, the objectives are not fully compat-
ible. Thus, the agent must choose between them, with each objective represented as a distinct reward function [34]. In MORL, the 
environment is formalised as a Multi-Objective Markov Decision Process (MOMDP), an MDP composed of a vectorial reward function. 
Formally:

Definition 2. An 𝑛-objective Markov Decision Process (MOMDP) is defined as a tuple ⟨ ,, 𝑅⃗, 𝑇 ⟩ where ,  and 𝑇  are the same 
as in an MDP, and 𝑅⃗ = (𝑅1,… , 𝑅𝑛) is a vectorial reward function with each 𝑅𝑖 as the associated scalar reward function to objective 
𝑖 ∈ {1,… , 𝑛}. 

2 Through the paper, we refer to a finite single-objective MDP simply as an MDP.
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M. Rodriguez-Soto, R. Rădulescu, F. Bistaffa et al.

Policies in an MOMDP are evaluated by means of a vectorial value function 𝑉  (or simply, value vector), defined as: 

𝑉 𝜋 (𝑠) ≐ 𝔼[
∞
∑

𝑡=0
𝛾𝑘𝑟𝑡+𝑘+1 ∣ 𝑆𝑡 = 𝑠, 𝜋] for every state 𝑠 ∈ . (2)

In an MOMDP, it is not straightforward to define its solution, unlike in an MDP, because the value vector 𝑉  only offers a partial 
order between policies and not a total order. For example, a policy 𝜋 can be better than another policy 𝜋′ for some objective (𝑉 𝜋

𝑖 > 𝑉 𝜋′
𝑖 ), 

whereas at the same time being worse for another objective (𝑉 𝜋
𝑗 < 𝑉 𝜋′

𝑗 ).
Thus, it is not possible to determine optimal policies in an MOMDP without additional environment knowledge. If this additional 

knowledge is specific enough, we can create an alternative definition of optimality for the policies in an MOMDP. Otherwise, we 
might only be capable of determining a subset of policies that are incomparable between them but better than the rest.

Therefore, depending on this additional knowledge, an MOMDP can have two different kinds of solution: those for which the goal 
is to learn a single policy, and those in which the goal is to learn multiple policies [35]. Now, we proceed to explain both problems.

2.2.1.  Single-policy MORL
The majority of approaches in MORL assume the existence of a scalarisation function 𝑓 , which condenses all the dimensions of 

a MOMDP into a single one (e.g., [17,36,37]). Formally, the scalarisation function transforms the vectorial value function 𝑉  into a 
scalar value function 𝑓 (𝑉 ). With 𝑓 , the agent’s goal becomes to learn a policy that maximises 𝑓 (𝑉 ), thereby simplifying the multiple 
objectives into a single-objective problem.

It is particularly noteworthy in the case in which 𝑓 is a linear function. When 𝑓 is linear, the scalarised problem can be solved with 
single-objective reinforcement learning algorithms.3 Any linear scalarisation function 𝑓 can be expressed as a weighted combination 
of rewards, and henceforth we will refer to such function by the weight vector 𝑤⃗ ∈ ℝ𝑛 that it employs. We refer to any policy that 
maximises 𝑓 (𝑉 ) = 𝑤⃗ ⋅ 𝑉  as 𝑤⃗-optimal. Consequently, any 𝑤⃗-optimal policy is optimal in the associated MDP ⟨ ,, 𝑤⃗ ⋅ 𝑅⃗, 𝑇 ⟩.

2.2.2.  Multiple-policy MORL
If the scalarisation function is not assumed to exist nor to be even a priori known, it is impossible to define an optimality criterion. 

In such cases, what we can do is compute the set of policies that could be optimal for some hypothetical scalarisation function. The 
literature refers to such policies as undominated policies. The set of all undominated policies is defined in [25]:
Definition 3  (Undominated set).  Given an MOMDP , its undominated set 𝑈 is the subset of policies 𝜋∗ and their associated value 
vectors 𝑉 𝜋∗  that are maximal for some scalarisation function 𝑓 : 

𝑈 () ≐ {𝑉 𝜋∗ ∣ 𝜋∗ ∈ Π∧∃𝑓 ∈  : 𝑓 (𝑉 𝜋∗ ) = max
𝜋∈Π

𝑓 (𝑉 𝜋 )} (3)

where Π is the set of policies of , and  is the set of all possible scalarisation functions. 
In this paper, we are interested in the particular case for which we consider linear scalarisation functions. In such case, the 

undominated set is called the convex hull [25]:
Definition 4  (Convex hull).  Given an MOMDP , its convex hull 𝐶𝐻 is the subset of policies 𝜋∗ and their associated value vectors 
𝑉 𝜋∗  that are maximal for some weight vector 𝑤⃗: 

𝐶𝐻() ≐ {𝑉 𝜋∗ ∣ 𝜋∗ ∈ Π ∧ ∃𝑤⃗ ∈ ℝ𝑛 : 𝑤⃗ ⋅ 𝑉 𝜋∗ = max
𝜋∈Π

𝑤⃗ ⋅ 𝑉 𝜋}, (4)

where Π is the set of policies of , and 𝑛 is the number of objectives of . 
In the multi-objective reinforcement learning literature, Convex Hull Value Iteration (CHVI) [38] is a classical algorithm for 

obtaining the convex hull of an MOMDP. CHVI is a model-based algorithm that is always guaranteed to converge. CHVI can be 
applied when only considering the linear scalarisation function 𝑓 of an MOMDP. If it is unnecessary to compute the whole convex 
hull of an MOMDP, CHVI can be adapted to compute only a partial region (for instance, the region of positive weights).

There also exists model-free algorithms such as Pareto Q-Learning [39], which compute a superset of the convex hull, the Pareto 
front, instead. The Pareto front contains the set of policies that are maximal for some monotonically increasing scalarisation function, 
a notion weaker than linear. The algorithm selection will depend on the available knowledge of 𝑓 .

2.3.  Values: Value pluralism, value systems, and value alignment

To understand the value alignment problem and why it is a pressing challenge, we need to define the concept of values first. In 
this paper, we follow the philosophical views of Arnold et al. [40–42] by defining values as: “natural or non-natural facts about what is 
good or bad, and about what kinds of things ought to be promoted, from an ethical point of view”. In other words, moral values constitute 
ethical criteria that allow us to discern good from wrong daily. For instance, in the context of a driving scenario, the value of safety 
considers that driving aggressively is wrong, and the value of achievement regards pursuing one’s own goals as good.

3 This is because the linear scalarisation function for 𝑉  also induces a scalarisation function for 𝑅⃗, by setting 𝑤⃗ ⋅ 𝑉 = 𝑤⃗ ⋅ 𝔼[
∑∞

𝑡=0 𝛾
𝑘𝑟𝑡+𝑘+1] =

𝔼[
∑∞

𝑡=0 𝛾
𝑘𝑤⃗ ⋅ 𝑟𝑡+𝑘+1], which is not true in general for the non-linear case.
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It is important to emphasise that, as can be observed from the previous example about driving, in this work, we assume a value 
pluralistic view [20–23,43], that is, that there exist many different moral values. This pluralistic view is typically assumed to be true 
in the Ethics and AI literature (for example, in [2,44,45]). It is also worth remarking here that value pluralism does not imply moral 
subjectivity [20]: values are not subjective preferences, which would imply that any ethical judgement is correct. Quoting Cooper 
[20]: “Tastes and ethical values belong in different bags. […] I may not be able to give good public reasons to justify my dislike of chocolate, 
but I can give good public reasons to support my judgment that sadistic behaviour is wrong”.

The natural conclusion from adopting a pluralistic view of values is that these values might conflict in many situations. Back to 
the previous example, if someone’s goal is to get home as fast as possible, they will want to drive their car as fast as possible, aligning 
with the value of achievement. However, this action will conflict with the value of safety. When conflicts exist between values, a 
common solution is to compare them and observe which outcome would be preferred. The literature provides a formal name to a set 
of moral values with preferences among them: a value system [46–48]. We will use the concept of value system extensively in this 
work, for which we provide a formal definition in Section 3. For example, a value system prioritising safety over achievement tells 
us that it is morally wrong to drive dangerously even if we desire to get home early today.

While there are many possible ways of defining value systems, in this work we follow the specific definition of [48], which 
considers that value systems establish a total order between values. We consider that this formalisation can be a relevant model of a 
value system in multiple scenarios. Let us illustrate it with three examples:

• Healthcare: Clinicians typically consider four main bioethical values when making decisions: beneficence, non-maleficence, pa-
tient autonomy, and justice [22]. Although all four values are of the utmost importance for them, the patient’s autonomy is always 
the most prioritised value for them. This can lead to extreme cases in which a clinician cannot perform a life-saving surgery if the 
patient has explicitly rejected it (aligning with their autonomy). There would not be any acceptable (and probably neither legal) 
trade-off between the patient’s autonomy and beneficence in such an example.

• Childcare: We can also consider a parent who decides to stay at home nurturing their newborn child (prioritising alignment 
with the value of benevolence) even though they are craving to go to a dinner with friends (which would align with their own 
achievement). There is no intermediate option here.

• Engineering: Consider a car engineer who must destroy a new car prototype because it fails some security tests by a very small 
margin (prioritising alignment with safety over any other value). There would not be any option for a trade-off between producing 
and selling this car (aligning with achievement) and destroying it (aligning with safety)”.

Having defined moral values and value system, we can finally introduce the concepts of value alignment and the value alignment 
problem. The value alignment problem is the problem of guaranteeing that agents act in alignment with human values [1,2,41]. 
An agent exhibiting a value-aligned behaviour should always pursue objectives beneficial to humans [1,2,40,42]. As mentioned in 
Section 1, as autonomous agents become more autonomous and intelligent, they are starting to play an increasingly prominent role 
in our daily lives. Thus, we need to guarantee that agents will always behave in alignment with our value systems. Not being able to 
guarantee value-aligned would lead us to a scenario with catastrophic consequences [2].

Moreover, for an agent’s behaviour to be considered ethical in a specific domain, we require that the value system actually 
prioritises the highest ethical standards in that domain over values without ethical considerations, such as the value of achievement, 
which only aims to maximise one own’s desires [24]. This requirement is inspired by biomedical ethics, where non-maleficence, 
beneficence, autonomy, and justice [49] are considered to be the highest ethical standards in the field. Hence, a medical environment 
must prioritise all four biomedical values higher than, for instance, the value of achievement when incentivising the agent to learn 
to behave ethically. This is so because a medical agent that, for instance, willingly hurts a patient cannot be considered ethical. 
As an alternative example, consider a driving scenario where safety is the highest ethical standard that must be prioritised over 
achievement. Thus, a car running into a pedestrian in a rush to reach its destination cannot be considered to behave ethically.

3.  Formalisation of the multi-valued ethical embedding problem

In this section, we formalise the ethical embedding problem considering multiple moral values. As previously introduced, our main 
goal is to design an environment that guarantees that an agent is incentivised to learn to behave ethically, that is, in alignment with 
a system of multiple moral values. As mentioned in Section 2 , the Ethics literature considers that moral values (also called ethical 
principles) express the moral objectives worth striving for [23]. Furthermore, it is common to consider the set of moral values together 
with preferences among them [46–48]. Here, we formalise a Value System in the vein of [48] as follows:
Definition 5. A value system 𝑆 is a tuple 𝑆 = ⟨ ,⪰⟩, where:  = {𝑣1,… , 𝑣𝑛} stands for a non-empty set (i.e. 𝑛 > 0) of moral values; 
and ⪰ is a total order over the moral values of  . If 𝑣 ⪰ 𝑣′ we say that 𝑣 is more preferred than 𝑣′. 

Notice that we formalise a value system as a totally ordered set. This total order between values of a value system helps the 
agent to behave when facing solve value conflicts. Thus, this total order between values will have a direct impact on our definition 
of value-aligned behaviour, which we formalise in the following Definition 7. “Notice that we formalise a value system as a totally 
ordered set. This total order between values of a value system helps the agent to behave when facing solve value conflicts. Thus, 
this total order between values will have a direct impact on our definition of value-aligned behaviour, which we formalise in the 
following Definition 7. In this work, we will prove that when considering this specific definition of value system, it is always possible to 
incentivise value-aligned behaviour. This theoretical property is one of the main reasons why we consider this value system definition: 
we focus on providing algorithms that guarantee a value-aligned behaviour. In more detail, we deem it important to remark on the 
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need for offering value alignment algorithms with formal guarantees. In many scenarios, we need to have absolute certainty that the 
agents will behave in strict alignment with a value system. For this reason, in this work we have decided to focus on such moral 
scenarios in which we could guarantee value alignment: those in which the value system could be formalised as a total order between 
values.

As mentioned in Section 1 and shown in Fig. 1, we consider that we are given 𝑆0
 —the value system shared by a human society 

to align with— and the agent’s objective. Then, we represent this objective as the achievement moral value 𝑣𝑎 and embed it within 𝑆0
to produce 𝑆 . Afterwards, we can transform the ethical knowledge in the value system 𝑆 into ethical rewards of a particular type of 
Multi-Objective Markov Decision Process (MOMDP) [34]. In this MOMDP , each reward function is associated with a value of the 
value system 𝑆 , generalising the approach of [31]. Each moral value evaluates actions as being aligned or misaligned with respect to 
it. We can translate this dichotomy in terms of rewards as: receiving a positive reward for value-aligned actions, and a negative reward 
for value-misaligned actions.4 Since the performance of an action cannot simultaneously be aligned and misaligned with the same 
moral value, the corresponding reward component will be simply positive if the action is value-aligned, negative if it is misaligned, 
and 0 if it is neutral to the value. In more detail, the numerical value of the reward indicates to us how aligned / misaligned it is with 
respect to the moral value. Thus, near-zero rewards are almost neutral to the value, while large rewards indicate a strong degree of 
aligned (if positive) or misalignment (if negative). Moreover, the moral value of achievement 𝑣𝑎 —which corresponds to the agent’s 
objective— is mapped to one reward 𝑅𝑎.

To simplify notation, in the vein of [50], we define a family of MOMDPs called Multi-Valued MDPs that encapsulates all previously 
mentioned conditions. In particular, Multi-Valued MDPs are a family of MOMDPs in which (i) maximising each of its reward function 
is equivalent to aligning with some value of a value system, (ii) one of its reward functions (𝑅𝑎) is always associated with the value 
of achievement, but (iii) the value of achievement is never the most prioritised value of the value system. Formally:
Definition 6  (Multi-Valued MDP). Given: i) 𝑆 = ⟨ ,⪰⟩ a value system 𝑆 = ⟨ ,⪰⟩ with 𝑛 values including the achievement value 
𝑣𝑛 = 𝑣𝑎 (which cannot be prioritised first in ⪰); and ii) an MOMDP 

 = ⟨ ,, (𝑅1,… , 𝑅𝑛−1, 𝑅𝑎), 𝑇 ⟩, (5)

we say that  is a Multi-Valued MDP if and only if each 𝑅𝑖∶1,…,𝑛 ∶  × → ℝ is an ethical reward function that rewards positively the 
performance of actions evaluated as value-aligned (𝑅𝑖 > 0), and rewards negatively the performance of misaligned actions (𝑅𝑖 < 0) 
for moral value 𝑣𝑖 ⊆  . In particular, we denote as 𝑅𝑎 = 𝑅𝑛 the reward aligned with the agent’s individual objective (i.e., with value 
𝑣𝑎). 

Notice that Definition 6 explicitly forbids Multi-Valued MDPs such that their associated value system  prioritise the value of 
achievement 𝑣𝑎 over all other values. As argued in Section 1, this design choice aims to avoid value systems that promote highly 
individualistic behaviours over higher ethical standards.
Example 1. Let 𝑆 = ⟨ ,⪰⟩ be a value system with three values ordered 𝑣1 ⪰ 𝑣2 ⪰ 𝑣3, where 𝑣3 corresponds to the achievement value. 
Then, we consider the associated Multi-Valued MDP  = ⟨ ,, (𝑅1, 𝑅2, 𝑅3), 𝑇 ⟩ specified by 𝑆 such that 𝑅1 is defined according to 
𝑣1, 𝑅2 to 𝑣2 and 𝑅3 to 𝑣3. 

Having the Multi-Valued MDP  (see Fig. 1), we can now move forward with the value alignment process by addressing the 
ethical embedding problem: that of setting the rewards of the environment so that we guarantee that an agent is incentivised to learn 
to behave ethically. As ethical embedding constitutes the main focus of this work, the rest of the paper is dedicated to formalising 
and solving it.

To formalise the ethical embedding problem, we must first define the notion of ethical behaviour. We do so by first defining a 
value-aligned policy in the context of a Multi-Valued MDP  and its associated value system 𝑆 . In a Multi-Valued MDP associated 
with 𝑆 , its rewards are defined according to the values in 𝑆 . Moreover, the ordering between values also defines a lexicographic 
ordering [51] between rewards. This lexicographic ordering gives more importance to rewards from the most preferred values. In 
this manner, we define a value-aligned policy as the policy that is most aligned with the value system. Example 2 below illustrates how 
lexicographic ordering handles value preferences to order alternative policies, allowing us to determine the value-aligned policy as 
the policy performing aligned actions with respect to the most preferred values. Formally, a value-aligned policy maximises rewards 
following the lexicographic ordering induced by 𝑆 over the rewards of a Multi-Valued MDP:
Definition 7  (Value-aligned policy). Let  be a Multi-Valued MDP with a value system 𝑆 . Let 𝑙𝑉𝑆  be the lexicographic ordering 
of objectives induced by ordering ⪰ of the value system 𝑆 . We say that a policy 𝜋∗ is a value-aligned policy in  if and only if its 
value vector 𝑉 𝜋∗  is optimal with respect to the lexicographic ordering 𝑙𝑉𝑆  (in short, it is 𝑙𝑉𝑆 -optimal). 
Example 2. Considering the value system 𝑆 and the Multi-Valued MDP  from Example 1, the order 𝑣1 ⪰ 𝑣2 ⪰ 𝑣3 induces the 
lexicographic order 𝑙𝑉𝑆 = ⟨1, 2, 3⟩. Now, let us assume that  only has two states, 𝑠0, and 𝑠1. There are five possible actions, and the 
following rewards:

𝑅⃗(𝑠, 𝑎1) = (−1, 5, 4),

𝑅⃗(𝑠, 𝑎2) = (8, 1, −2),

4 For example, considering the value of safety, to yield is an aligned action, while producing an accident is misaligned with the value of safety. 
Regarding ethical rewards, yielding deserves a positive reward, while producing an accident causes a negative reward.
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𝑅⃗(𝑠, 𝑎3) = (8, 4, 3),

𝑅⃗(𝑠, 𝑎4) = (2, 5, 3),

𝑅⃗(𝑠, 𝑎5) = (7, −1, 2).

All actions transition to the terminal state 𝑠1. Then, the lexicographic ordering 𝑙𝑉𝑆  prioritises the values of each action as: (8, 4, 3) ⪰
(8, 1,−2) ⪰ (7, 1,−2) ⪰ (2, 5, 3) ⪰ (−1, 5, 4) because 𝑎3 and 𝑎2 accumulate more rewards for 𝑣1 (8) than 𝑎5 (2) (and 𝑎5 more than 𝑎4, and 
𝑎4 more than 𝑎1) and although both 𝑎3 and 𝑎2 accumulate the same rewards for 𝑣1, 𝑎3 accumulates more rewards for 𝑣2 (the second 
most preferred value) than 𝑎2. Hence, 𝑎3 ⪰ 𝑎2 ⪰ 𝑎5 ⪰ 𝑎4 ⪰ 𝑎1 and 𝜋(𝑠) = 𝑎3 is the value-aligned policy (i.e., optimal with respect to the 
lexicographic ordering 𝑙𝑉𝑆 ). 

In this manner, we can always compute its Value-aligned policy for any given value system. However, recall from the discussion 
in Section 2.3 that, for the policy to be considered ethical in a specific domain, we require that the value system actually prioritises 
the highest ethical standards in that domain over the value of achievement. Therefore, we only consider that a value-aligned policy 
is ethical if and only if it is derived from a value system 𝑆 where 𝑣𝑎 is ranked below values representing higher ethical standards.

In this work we take an environment-designer approach for incentivising value-aligned policies [19,31]. This approach has several 
benefits to the learning agent, which we detail in the coming Section 3.2. First, we explain how such an environment designer 
approach works. In short, this approach consists of designing a simpler learning environment for the agent where it can learn with 
single-objective reinforcement learning algorithms. Thus, we tackle the multi-valued ethical embedding problem by transforming 
a Multi-Valued MDP  into a single-objective MDP ∗ (see Fig. 1). We do it by scalarising the vectorial value function 𝑉  of 
employing a scalarisation function 𝑓𝑒, which we call the embedding function.

In more detail, in this work, we assume that this embedding function 𝑓𝑒 is linear.5 Thus, the embedding function will be of 
the form 𝑓𝑒(𝑉 ) = 𝑤⃗ ⋅ 𝑉  for some given weight vector 𝑤⃗ ∈ ℝ𝑛. Such an embedding function will transform the original environment 
 = ⟨ ,, 𝑅⃗, 𝑇 ⟩ into the single-objective environment ∗ =  = ⟨ ,, 𝑤⃗ ⋅ 𝑅⃗, 𝑇 ⟩.

Before we continue, we introduce the following notation: we will refer to the optimal policies in the single-objective environment 
∗ scalarised by some weight vector 𝑤⃗ as the 𝑤⃗-optimal policies.

Consequently, given a Multi-Valued MDP , we aim to find a scalarisation function that guarantees that the only possible opti-
mal policies for an agent in the scalarised environment (∗, a single-objective MDP) are the value-aligned policies of the original 
Multi-Valued MDP . Therefore, the ethical embedding problem consists of computing a weight vector 𝑤⃗ that transforms an initial 
environment into another one wherein an agent is incentivised to behave ethically. Formally:
Problem 1  (Ethical embedding problem). Let  = ⟨ ,, (𝑅1,… , 𝑅𝑛−1, 𝑅𝑎),𝑇 ⟩ be a Multi-Valued MDP with a value system 𝑆 . The 
multi-valued ethical embedding problem is that of finding the weight vector 𝑤⃗ such that all optimal policies in the scalarised MDP 
∗ = ⟨ ,,

∑𝑛
𝑖=1 𝑤𝑖𝑅𝑖), 𝑇 ⟩ are also ethical in  (as defined in Definition 7).

Any weight vector 𝑤⃗ that guarantees that all optimal policies (concerning 𝑤⃗) are also ethical is a solution of Problem 1. However, 
as aforementioned, in this work we take an environment-designer approach which requires us to consider the following assumptions:

1. We fix the achievement weight: First, we consider that the learning agent always has its own individual objective (represented 
as the value of achievement in the value system, and as the reward function 𝑅𝑎 in the Multi-Valued MDP). As a point of reference, 
when designing an ethical environment, we will always consider that the scale of its individual/achievement rewards is 𝑅𝑎, the 
standard one (i.e., the weight vector 𝑤⃗ solution of Problem 1 will always have 𝑤𝑎 = 1). This assumption has no impact on the 
solvability of Problem 1, as we will observe in the next Section 4. Moreover, forcing 𝑤𝑎 = 1 allows us to know, when computing 
the solution weight vector 𝑤⃗, how much we need to scale the rest of the objectives of the Multi-Valued MDP so that the agent 
prefers to behave value-aligned rather than only maximising its own objective.

2. We look for the minimum weight vector: Second, we assume that incentivising the agent with ethical rewards has a cost to 
the designer or the agent. Take as a motivating example the problem of setting traffic sanctions. A sanction of 1 million euros if 
someone surpasses the speed limit will probably guarantee that people will respect speed limits. However, it is probably better to 
search for the minimum fee that will guarantee alignment with traffic rules. Thus, we aim at finding the solution weight vector 𝑤⃗
that has the smallest possible weights (i.e., the weight vector 𝑤⃗ with the minimal scalarised accumulated rewards for the agent).

Next, we provide an example of weight vector that would solve Problem 1 for the Multi-Valued MDP of previous Example 2:
Example 3. Considering the lexicographic ordering 𝑙𝑉𝑆  and the Multi-Valued MDP  from Example 2, the weight vector 𝑤⃗ =
(100, 10, 1) guarantees that the value-aligned policy is optimal. Indeed: 

𝑤⃗ ⋅ (8, 4, 3) = 843 > 𝑤⃗ ⋅ (8, 1,−2) = 808 > 𝑤⃗ ⋅ (2, 5, 3) = 253 > 𝑤⃗ ⋅ (−1, 5, 4) = −46.

Yet, there exist other solutions with smaller weights, such as 𝑤⃗′ = (4, 3, 1). 

5 Linear scalarisation functions are widely used in the MORL literature because they guarantee that the Bellman equation will be preserved in the 
scalarised MDP [25]. It is important to remark that they pose some limitations on the learning of the agents. The most severe being that an agent 
with a linear scalarisation function will not be able to learn any policy from the concave region of the Pareto front solution set [25]. This will not 
be a problem in our case because we will prove that our desired solution lies in the convex region of the Pareto front: the convex hull.

Artiϧcial Intelligence 351 (2026) 104460 

7 
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3.1.  Solvability of MVEE problems

In this section, we prove that Problem 1 is solvable for any finite Multi-Valued MDP. First, we must prove an intermediate result: 
in finite MOMDPs, any lexicographic ordering can be expressed as a linear scalarisation function. Formally:
Theorem 1. Given a finite 𝑛-objective Markov Decision Process (MOMDP)  = ⟨ ,, 𝑅⃗, 𝑇 ⟩ and a lexicographic ordering 𝑙, there exists 
some weight vector 𝑤⃗ with strictly positive weights 𝑤𝑖 > 0 ∀𝑖 for which every policy 𝜋 that is 𝑤⃗-optimal also maximises the lexicographic 
ordering 𝑙 and vice versa.
Proof.  We prove it by induction. First, we consider a 2-objective MDP in which the lexicographic ordering is 𝑙2 = ⟨2, 1⟩. We consider 
a weight vector of the form 𝑤⃗∗ = (1, 𝑤2). Let 𝜋 be a policy that is (0, 1)-optimal (i.e., policies that are optimal for the weight vector 
(0, 1)). Then, let us define the weight 𝑤2 as follows: 

𝑤2 = max
𝑠

max
𝜌∉Π2

𝑉 𝜌
1 (𝑠) − 𝑉 𝜋

1 (𝑠)

𝑉 𝜋
2 (𝑠) − 𝑉 𝜌

2 (𝑠)
+ 𝜖,

where 𝜖 > 0 and Π2 is the set of (0, 1)-optimal policies. For such weight vector 𝑤⃗∗ = (1, 𝑤2), any 𝑤⃗∗-optimal policy is necessarily 
(0, 1)-optimal. Furthermore, since 𝑤1 = 1 > 0, such a weight vector guarantees that among two (0, 1)-optimal policies, the one with 
more value in objective 1 will be preferred. Therefore, any 𝑤⃗∗-optimal policy is also a policy that maximises the lexicographic ordering 
𝑙2, as desired.

By induction, let us assume we can create a linear scalarisation function for any lexicographic ordering of up to 𝑛 − 1 objectives. 
Now we consider an MOMDP  with 𝑛 objectives and a lexicographic ordering 𝑙𝑛 of the 𝑛 objectives. Without loss of generality, 
we consider that objective 𝑛 is the most preferred one in 𝑙𝑛. Consider now the lexicographic 𝑙′𝑛 ordering without objective 1, which 
orders the other 𝑛 − 1 objectives. By the induction hypothesis, a weight vector 𝑤⃗′ exists for which any 𝑤⃗′-optimal policy is 𝑙′𝑛-optimal. 
Hence, we can re-express the vectorial reward function of  as: 

(𝑅1,
𝑛
∑

𝑖=2
𝑤′

𝑖𝑅𝑖).

In other words, we can re-express the MOMDP  as a 2-objective MDP ′ in which the lexicographic ordering is preserved: Any 
policy maximising the lexicographic order 𝑙𝑛 will maximise the second objective of ′ as much as possible (i.e. the last objective of 
) subject to maximising the first objective of ′ (i.e., the lexicographic order 𝑙′𝑛 of ). Since we have already proven that we can 
find a weight vector that preserves the lexicographic ordering for a 2-objective MDP, we can also find it for , as desired.

We have proven that, for any lexicographic order 𝑙, there exists a weight vector 𝑤⃗ for which all its 𝑤⃗-optimal policies maximise 
𝑙. Notice that all policies 𝜋 that maximise a lexicographic ordering 𝑙 share the same value vector 𝑉 𝜋 by definition. Hence, for such 
weight vector 𝑤⃗, all policies that maximise 𝑙 will also be 𝑤⃗-optimal. ∎

Now, we are ready to prove that Problem 1 is solvable.
Theorem 2. Let  = ⟨ ,, (𝑅1,… , 𝑅𝑛−1, 𝑅𝑎), 𝑇 ⟩ be a Multi-Valued MDP with a value system 𝑆 . There exists a vector 𝑤⃗𝐸 of positive 
weights 𝑤𝑎 > 0, 𝑤𝑖 > 0 for every i, for which every optimal policy in the MDP 

′ = ⟨ ,, 𝑤𝑎 ⋅ 𝑅𝑎 +
𝑛−1
∑

𝑖=1
𝑤𝑖𝑅𝑖), 𝑇 ⟩

is also a value-aligned policy in .

Proof.  Direct from Theorem 1, since any value-aligned policy maximises some lexicographic ordering 𝑙. ∎
To finish this section, there is an essential remark about Theorem 1 concerning the relationship between lexicographic orders and 

linear scalarisation functions. Given a MOMDP , its convex hull 𝐶𝐻() [52] is defined as the set of policies that are strictly better 
than any other policy for some linear scalarisation function (i.e., some weights). A natural conclusion of Theorem 1 is that the convex 
hull of any finite MOMDP contains all policies optimal for some lexicographic ordering. Formally:
Corollary 1. Given a finite 𝑛-objective Markov Decision Process (MOMDP)  = ⟨ ,, 𝑅⃗, 𝑇 ⟩, then its set of policies optimal for any 
lexicographic ordering is a subset of its convex hull 𝐶𝐻().

3.2.  The environment-designer approach

As previously discussed, in this work, we follow an environment-designer approach for incentivising the agent to learn a value-
aligned policy. Such an approach consists of designing a single-objective environment in which the learning agent will find that it 
is optimal to behave following a value-aligned policy. Moreover, in the previous section we have proven that we can always design 
such an environment for any Multi-Valued MDP thanks to Theorem 2. However, one fundamental question remains unanswered: 
why we should design such a single-objective environment in the first place? Why not let the agents learn using a multi-objective 
reinforcement learning algorithm directly? We will refer to this alternative approach as the agent-centric approach.

There are three main reasons why we advocate for the environment-designer approach:
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1. First, in this work, we follow the mechanism design literature [53], where it is assumed that we cannot modify the agent’s 
preferences. This constraint might occur for a variety of reasons, including that the agent might belong to a third party unrelated 
to us, or that the agent is autonomous and has its own goals and motivations. Thus, in order for the agent to behave value-aligned, 
we will need to incentivise it to do so. Hence, our work focuses on creating the incentives that guarantee that the agent learns to 
behave value-aligned even if we have no control over its goals.

2. Second, in a similar vein, we assume that we cannot control the learning algorithm of the agent (for the same reasons as previously 
mentioned). Ideally, an agent could directly learn an ethical policy applying a lexicographic reinforcement learning algorithm 
(such as TLO [54]). However, we assume that we have no guarantee that they will choose such an algorithm during training 
(or even the algorithm with the correct lexicographic order). In the worst case, the agent’s learning algorithm could have been 
designed to be as misaligned as possible to the value system. In our ethical embedding approach, by transforming the environment 
into a single-objective one, we are ensuring that the agent’s learning algorithm will be irrelevant. In more detail, by designing an 
environment in which the only optimal policy is to behave value-aligned, all single-objective reinforcement learning algorithms 
will lead to the value-aligned policy, as they always compute the optimal policy.

3. Finally, transforming the multi-objective environment into a single-objective one also simplifies the learning problem for the 
agents. For any multi-objective reinforcement learning algorithm, its single-objective counterpart will always be less compu-
tationally complex, even if minimally. This is also one of the reasons why linear scalarisation functions are so popular in the 
multi-objective reinforcement learning literature: they allow for the direct use of any single-objective RL algorithm [25].

For these three reasons, in this work, we advocate for the need to develop an environment-designer approach, which involves 
designing an ethical single-objective environment that incentivises agents’ ethical behaviour. These three reasons show how the value 
alignment problem is more complex than simply finding the ethical policy the agent should follow. To guarantee value alignment, 
we need to also be resilient against agents equipped with their own learning algorithms, and with their own preferences beyond our 
control.

4.  Solving the MVEE problem

This section explains how to compute a solution weight vector for the multi-valued ethical embedding problem (Problem 1). Such 
weight vector will allow us to transform our Multi-Value MDP  into a (single objective) MDP ∗ by combining the ethical rewards 
derived from the value system 𝑆 into a single reward in ∗, the environment in which the agent learns a value-aligned policy.

In short, our algorithm to solve the MVEE problem, the so-called Ethical Embedding algorithm, performs the following three steps 
(see Fig. 1):

1. Computation of the partial convex hull of a Multi-Valued MDP  containing the subset 𝑃  of policies optimal for some weight vector 
with positive weights.

2. Extraction of one value-aligned policy 𝜋∗ from the partial convex hull 𝑃 .
3. Computation of the solution weight vector: use the extracted value-aligned policy 𝜋∗ to find a weighting 𝑤⃗ of the rewards in  to 
yield a single-objective, ethical environment ∗ wherein all optimal policies are guaranteed to be value-aligned.

The following three subsections provide the theoretical ground for computing each step of our algorithm. After that, we present 
in Section 4.4 the algorithm as a whole.

4.1.  Computation of the partial convex hull

To compute the specific weight vector 𝑤⃗ that solves Problem 1, we resort to the multi-objective RL concept of convex hull. Recall 
that, given a MOMDP , its convex hull 𝐶𝐻() [52] contains those policies that are strictly better than any other policy for some 
linear weights. By Theorem 2 and Corollary 1, we know that the convex hull of a Multi-Valued MDP contains all value-aligned policies 
since we can express them as optimal for some linear combination of weights. Therefore, the convex hull allows us to compute the 
weight vector necessary to guarantee that all optimal policies are ethical. Furthermore, again from Theorem 2, we only need to 
compute the partial convex hull 𝑃  of policies that are optimal for some positive weights (i.e., 𝑤⃗ such that 𝑤𝑖 > 0 for all 𝑖).

Significantly, we can benefit from state-of-the-art algorithms (such as Convex Hull Value Iteration [38], which compute the whole 
convex hull of a MOMDP) to compute only the region of interest from the convex hull.
Example 4. Consider the Multi-Valued MDP  from Example 3, that only has two states, 𝑠0, and 𝑠1. There are five possible actions, 
and the following rewards:

𝑅⃗(𝑠, 𝑎1) = (−1, 5, 4),

𝑅⃗(𝑠, 𝑎2) = (8, 1, −2),

𝑅⃗(𝑠, 𝑎3) = (8, 4, 3),

𝑅⃗(𝑠, 𝑎4) = (2, 5, 3),

𝑅⃗(𝑠, 𝑎5) = (7, −1, 2).
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All actions transition to the terminal state 𝑠1. Then, define for each action 𝑎𝑖 the deterministic policy 𝜋𝑖 such that it always selects the 
action 𝜋(𝑠𝑖) = 𝑎𝑖. It can be proven that the partial convex hull of deterministic policies that are optimal for some positive weights is: 

𝐶𝐻() = {𝑉 𝜋1 , 𝑉 𝜋2 , 𝑉 𝜋3 , 𝑉 𝜋4} = {(−1, 5, 4), (8, 1, −2), (8, 4, 3), (2, 5, 3)}.

In particular, notice how 𝜋3 achieves a vectorial reward strictly greater than 𝜋5 for all objectives (i.e., 𝜋5 is strictly dominated by 𝜋5). 
Thus, 𝜋5 cannot belong to the convex hull. Meanwhile, notice how each of the four remaining policies achieves maximum value for 
at least one objective and, thus, they are guaranteed to belong to the partial convex hull. 

4.2.  Extraction of a value-aligned policy

After computing the partial convex hull 𝑃 ⊆ 𝐶𝐻(), we are ready to perform the second step of our algorithm, which is the 
extraction of the value-aligned policy (together with its value vector) from 𝑃 .

To find the value-aligned policy among the policies in 𝑃 , we must order 𝑃  lexicographically. We need to follow the total ordering 
established by the value system 𝑆 to order the policies, which allows us to select the value-aligned policy. Formally, let 𝑃𝑙 be the 
sequence of policies of the partial convex hull ordered by the lexicographic ordering 𝑙𝑉𝑆  induced by 𝑆 : 

𝑃𝑙 ≐ (𝜋𝑘)𝐾𝑘=1 such that 𝑉 𝜋𝑖 ⪰ 𝑉 𝜋𝑖+1 , (6)

where 𝐾 is the number of policies in 𝑃 . Let 𝑃𝑙𝑘  denote the 𝑘th element of 𝑃𝑙. Then, we can extract a value-aligned policy 𝜋∗ from 𝑃
by computing 𝑃𝑙1 , the first element of 𝑃𝑙.

Notice that for any policy 𝜋 in the positive partial convex hull 𝑃 , we know its value 𝑉 𝜋 because we obtained it when computing 
the partial convex hull. Thus, computing 𝑃𝑙 requires only a sorting operation.
Example 5. Consider the Multi-Valued MDP  from Example 4, together with the value system 𝑆 with order 𝑣1 ⪰ 𝑣2 ⪰ 𝑣3 from 
Example 3. Recall from Example 4 that the partial convex hull of  is: 

𝐶𝐻() = {𝑉 𝜋1 , 𝑉 𝜋2 , 𝑉 𝜋3 , 𝑉 𝜋4} = {(−1, 5, 4), (8, 1, −2), (8, 4, 3), (2, 5, 3)}.

Then, we can order lexicographically the values of these policies according to the order of the value system as follows: (8, 4, 3) ⪰
(8, 1,−2) ⪰ (2, 5, 3) ⪰ (−1, 5, 4). Thus, we extract the policy 𝜋3(𝑠0) = 𝑎3 with vectorial value 𝑉 𝜋3 (𝑠0) = (8, 4, 3) as it is the ethical policy 
(i.e., the policy that maximises the lexicographic order induced by 𝑆 . 

4.3.  Computation of the solution weight vector

To compute the solution weight vector (the scalarisation function), we use the computed partial convex hull (step 1) and the 
reference value-aligned policy 𝜋∗ (step 2). The solution weight vector (𝑤⃗𝑒) will guarantee that the value-aligned policies in the initial 
environment  are the optimal policies in the ethical (single-objective) environment ∗ (see Fig. 1). In other words, the scalarisation 
function with weight vector 𝑤⃗𝑒 will help us create an ethical environment as a single-objective MDP, wherein the agent will learn a 
value-aligned policy.

Next, we show how to cast the problem of finding the solution weight vector (𝑤⃗𝑒 ∈ ℝ𝑛, where 𝑛 > 0 is the number of moral values) 
as an optimisation problem that we solve with linear programming. Consider a Multi-Valued MDP 1 with a single initial state 𝑠0, 
with value-aligned policy 𝜋∗ and partial convex hull 𝑃 . Our goal is to find the smallest (non-negative) values for the weight vector 𝑤⃗𝑒
of the scalarised function 𝑤⃗𝑒 ⋅ 𝑉 𝜋 so that the value-aligned policy 𝜋∗ of 1 is optimal in ∗. This computation amounts to solving 
the following LP:

Min. 𝑤⃗𝑒 ⋅ 𝑉
𝜋∗ (𝑠0) (7)

 s.t. 𝑤⃗𝑒 ⋅ 𝑉
𝜋∗ (𝑠0) ≥ 𝑤⃗𝑒 ⋅ 𝑉

𝜋 (𝑠0) + 𝜖∀𝜋 ∈ 𝑃−𝜋∗ , (8)

𝑤𝑖 > 0 ∀𝑖, (9)

𝑤𝑎 = 1, (10)

where 𝑤𝑖 ∈ ℝ+ are the decision variables, 𝜖 > 0 is a small positive number, 𝑃−𝜋∗  is the subset of the partial convex hull 𝑃  without 
𝜋∗, and 𝑤𝑎 is the weight corresponding to the agent’s individual objective. The objective function of Eq. (7) indicates that we aim 
at minimising the scalarised value of the value-aligned policy (by minimising the values in 𝑤⃗𝑒). The constraint in Eq. (8) ensures 
that the value-aligned policy 𝜋∗ is an optimal policy for the scalarised function 𝑤⃗𝑒 ⋅ 𝑉 𝜋 of ∗. Constraint Eq. (9) ensures that the 
weights in 𝑤⃗𝑒 are positive, and constraint Eq. (10) ensures that the individual objective’s rewards do not change. Moreover, notice 
that the linear program described by Eqs. (7)–(10) always has a feasible solution for an 𝜖 > 0 small enough: We already know by 
Theorem 1 that there is a weight vector 𝑤⃗𝑒 with all 𝑤𝑖 > 0 (the constraint of Eq. (9)) such that only the policy 𝜋∗ maximising a given 
lexicographic order will be optimal (i.e., fulfil the constraint of Eq. (8)). Finally, recall that for any weight vector 𝑤⃗𝑒, multiplying all 
its weights 𝑤𝑖 by the same constant 𝜆 > 0 does not modify its set of optimal policies. Hence, we can always satisfy the constraint of 
Eq. (10).

Consider now that the Multi-Valued MDP has a set of initial states 0. Then, we must change our LP above as follows. First, 
we must change the objective function in Eq. (7). For that, we must consider that each initial state 𝑠𝑖 ∈ 0 has a probability 𝑝𝑖 of 
occurring, and therefore minimise the expectation of the scalarised value of the initial states: 𝔼[𝑤⃗𝑒 ⋅ 𝑉 𝜋∗ (𝑠0)]. Second, we must expand 
constraint Eq. (8) to ensure that the value-aligned policy 𝜋∗ will be optimal for each initial state in 0, and not only for a specific 𝑠0.

The LP above contains 𝑛 decision variables (the 𝑛 ethical weights of 𝑤⃗𝑒); and |𝑆0| ⋅ (|𝑃 | − 1) constraints.
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Example 6. Consider the Multi-Valued MDP  and the value system 𝑆 from Example 5. Recall from Example 4 that the partial 
convex hull of  is: 

𝐶𝐻() = {𝑉 𝜋1 , 𝑉 𝜋2 , 𝑉 𝜋3 , 𝑉 𝜋4} = {(−1, 5, 4), (8, 1, −2), (8, 4, 3), (2, 5, 3)}.

Recall also from Example 5 that its ethical policy is 𝜋3 such that it achieves vectorial value 𝑉 𝜋3 (𝑠0) = (8, 4, 3). Then, we can solve 
the Linear Problem of Eqs. (7)–(10) to find a solution weight vector. Instanced for our case, we need to solve the following linear 
program (LP):

Min. 𝑤1 ⋅ 8 +𝑤2 ⋅ 4 +𝑤3 ⋅ 3

 s.t. 𝑤1 ⋅ 8 +𝑤2 ⋅ 4 +𝑤3 ⋅ 3 ≥ 𝑤1 ⋅ (−1) +𝑤2 ⋅ 5 +𝑤3 ⋅ 4 + 0.1

𝑤1 ⋅ 8 +𝑤2 ⋅ 4 +𝑤3 ⋅ 3 ≥ 𝑤1 ⋅ 8 +𝑤2 ⋅ 1 +𝑤3 ⋅ (−1) + 0.1

𝑤1 ⋅ 8 +𝑤2 ⋅ 4 +𝑤3 ⋅ 3 ≥ 𝑤1 ⋅ 2 +𝑤2 ⋅ 5 +𝑤3 ⋅ 3 + 0.1

𝑤𝑖 ≥ 0.1 ∀𝑖,

𝑤1 = 1.

This LP has as its exact solution the weight vector 𝑤⃗𝑒 = (1, 0.1, 0.1). We can easily check that indeed with such weight vector the only 
optimal policy is 𝜋3 ∶

𝑤⃗𝑒 ⋅ 𝑉
𝜋1 (𝑠0) = 1 ⋅ (−1) + 0.1 ⋅ 5 + 0.1 ⋅ 4 = −0.1,

𝑤⃗𝑒 ⋅ 𝑉
𝜋2 (𝑠0) = 1 ⋅ 8 + 0.1 ⋅ 1 + 0.1 ⋅ (−2) = 7.9,

𝑤⃗𝑒 ⋅ 𝑉
𝜋3 (𝑠0) = 1 ⋅ 8 + 0.1 ⋅ 4 + 0.1 ⋅ 3 = 8.7,

𝑤⃗𝑒 ⋅ 𝑉
𝜋4 (𝑠0) = 1 ⋅ 2 + 0.1 ⋅ 5 + 0.1 ⋅ 3 = 2.8.

Thus, such 𝑤⃗𝑒 is the solution weight vector with which we can design an ethical environment wherein 𝜋3 will be the optimal policy. 

4.4.  An algorithm for designing ethical environments

We now have all the tools required to solve Problem 1, hence building an environment wherein an agent will be incentivised to 
learn a value-aligned policy. Algorithm 1 implements the ethical embedding process and receives as an input both a Multi-Valued 
MDP  and its corresponding value system 𝑆 . Then, it starts in line 1 by computing the partial convex hull 𝑃 ⊆ 𝐶𝐻() of the 
input ; and then in line 2 it obtains the value-aligned policy 𝜋∗ out of those in the partial convex hull 𝑃 . After that, in line 3, our 
weighting process searches, within 𝑃 , for an ethical weight vector 𝑤⃗𝑒 that solves the Linear Program in Eqs. (7)–(10) (see Section 4.3). 
For the obtained weight vector 𝑤⃗𝑒, all optimal policies of the single-objective MDP ∗ = ⟨ ,, 𝑤⃗𝑒 ⋅ 𝑅⃗, 𝑇 ⟩ are ethical. In other words, 
such a weight vector solves the ethical embedding problem (Problem 1). Finally, it returns the MDP ∗ in line 4.

Algorithm 1 Ethical embedding.
Input: Multi-Valued MDP  = ⟨ ,, 𝑅⃗, 𝑇 ⟩, 𝑆 = ⟨ ,⪰⟩
1: Compute 𝑃 ⊆ 𝐶𝐻() the positive partial convex hull of . 
2: Extract 𝜋∗ the value-aligned policy within 𝑃  by computing Equation (6) according to the ordering ⪰ in 𝑆 . 
3: Find a value for 𝑤⃗𝑒 that solves the Linear Problem of Equations (7)–(10). 
4: return ethical MDP ∗ = ⟨ ,, 𝑤⃗𝑒 ⋅ 𝑅⃗, 𝑇 ⟩.

The computational cost of the algorithm mainly resides in computing the partial convex hull of an MOMDP. The Convex Hull 
Value Iteration algorithm requires 𝑂(𝑛 ⋅ log𝐾) times what its single-objective counterpart [38,55] requires, where 𝐾 is the number 
of policies in the convex hull. In our case, this number will be 𝑘′ ≤ 𝐾 since we are only computing the positive half of the convex 
hull. Notice that the second step of our algorithm, solving Eq. (6), is a sorting operation because we already have calculated 𝑉 𝜋 for 
every 𝜋 ∈ 𝑃 . Finally, the third step involves solving an LP with |𝑆0| ⋅ (𝑘′ − 1) constraints.

4.4.1.  Algorithm properties
We conclude by offering some relevant properties of our algorithm. First and foremost, notice that Algorithm 1 is always guaranteed 

to design an ethical environment where value-aligned policies are incentivised. We provide the formal proof in next Theorem 3:
Theorem 3. Let  be a finite multi-valued MDP, and  a value system. Consider the single-objective MDP ∗ resulting from applying 
Algorithm 1 to  and  . Assume that step 1 of Algorithm 1 has been computed with an algorithm guaranteed to converge to the convex hull 
of . Then, all the optimal policies 𝜋∗ of ∗ are value-aligned policies of  and vice versa.
Proof.  First, if we have computed the correct partial convex hull of , we will obtain from it the exact value vector of value-aligned 
policies of  (step 2 of Algorithm 1).

Thus, step 3 will compute the weight vector 𝑤⃗𝑒 for which only the ethical policies of  achieve the maximum scalarised value 
by solving the Linear Problem of Eqs. (7)–(10). In other words, for weight vector 𝑤⃗𝑒 the only policies that will maximise its value 
will be the value-aligned policies (all of them since they share the same value vector). ∎
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Second, it is essential to remark that the convex hull contains all optimal policies for any given lexicographic ordering (Theorem 1). 
Thus, if there were changes in the order of values of a given value system 𝑆 , our algorithm would only need to re-compute steps 2 
and 3.

A third and final important property of our algorithm is that it works no matter the disparities between the different ranges of the 
multiple reward functions. In fact, if our Algorithm 1 has computed the ethical weight vector 𝑤⃗𝑒 for a given Multi-Valued MDP , 
we can immediately obtain the ethical weight vector for any linear transformation of any of its reward functions. Formally:
Theorem 4.  Let  = ⟨ ,, (𝑅1,… , 𝑅𝑛−1, 𝑅𝑎), 𝑇 ⟩ be a Multi-Valued MDP and let 𝑆 = ⟨ ,⪰⟩ be a value system. Consider the weight 
vector 𝑤⃗𝑒 = (𝑤1,… , 𝑤𝑛−1, 1) resulting from applying Algorithm 1 to  and 𝑆 .

Now consider an alternative MOMDP ′ in which the only difference is that either:

• We have 𝑅′
𝑖 = 𝛼 ⋅ 𝑅𝑖 with 𝛼 > 0 being any positive real number, and some 𝑅𝑖 ≠ 𝑅𝑎. Then, for input environment ′, and the same value 

system 𝑆 from before, Algorithm 1 would compute the weight vector 

𝑤⃗′
𝑒 = (𝑤1,… , 1

𝛼
𝑤𝑖,… , 𝑤𝑛−1, 1). (11)

• We have 𝑅′
𝑎 = 𝛼 ⋅ 𝑅𝑎 with 𝛼 > 0 being any positive real number. Then, for input environment ′, and the same value system 𝑆 from 

before, Algorithm 1 would compute the weight vector 
𝑤⃗′′

𝑒 = (𝛼 ⋅𝑤1,… , 𝛼 ⋅𝑤𝑛−1, 1). (12)

Proof.  For any policy 𝜋 in the original environment , if it achieves value 𝑉 𝜋 , in the modified environment ′ it will achieve 
exactly the value 𝑉 ′ such that 𝑉 ′

𝑖 = 𝛼𝑉𝑖 for some objective 𝑖, and 𝑉 ′
𝑗 = 𝑉𝑗 for all the rest of objectives.

Moreover, it is clear that all possible environments ′ would have the same set of value-aligned policies 𝜋∗ as the original 
environment , since the lexicographic order is insensitive to reward ranges.

Similarly, notice that any policy belonging to the convex hull of  directly belongs to the convex hull of ′ and vice-versa.
Then, recall that the weight vector 𝑤⃗𝑒 was sufficient to guarantee that all value-aligned policies 𝜋∗ become optimal when scalarising 

the original environment  with 𝑤⃗𝑒. Thus, for the modified environment ′, the alternative weight vector 𝑤⃗′
𝑒 in which we transform 

the scales of the modified objective back to the original scale would suffice: 𝑤⃗′
𝑒 = (𝑤1,… , 1𝛼𝑤𝑖,… , 𝑤𝑛−1, 1).

If the modification was performed in the achievement reward function 𝑅𝑎, recall that Constraint Eq. (10) of our Algorithm 1 
requires 𝑤𝑎 = 1. Thus, instead, we multiply all other objectives by the same 𝛼 to obtain the desired weight vector 𝑤⃗′′

𝑒 = (𝛼 ⋅𝑤1,… , 𝛼 ⋅
𝑤𝑛−1, 1). ∎

5.  Experimental analysis

The purpose of this section is three-fold: (i) to illustrate our process for designing an ethical environment (see Fig. 1); (ii) to illustrate 
the sensitiveness of the learnt policy to the value system of choice; and (iii) to perform an empirical analysis of the computational 
cost to pay to design ethical environments. Due to the lack of benchmark multi-objective reinforcement learning environments that 
consider multiple ethical objectives, we propose a novel (and simple) autonomous car environment. This environment is inspired 
by the work by Caballero et al. [27,28], which offers a complete taxonomy of ethical objectives in the autonomous car domain 
and study the problem from a non-sequential decision-making perspective without learning. For our environment, we consider the 
moral values of safety, achievement, and comfort to illustrate our approach and the sensitivity of the learnt policy to different value 
priorities. However, the proposed taxonomy in Caballero et al. tells us that a value-aligned agent must potentially deal with multi-
objective environments considering more than three values. Thus, to analyse the cost of applying our ethical embedding process to 
environments with large value systems, we resort to the WalkRoom synthetic environment [30], one of the few many-objective6 
environments in the reinforcement learning literature [52].

The remainder of this section is organised as follows. Section 5.1 illustrates the application of our Ethical Embedding algorithm to 
the autonomous car environment. Then, Section 5.2 analyses the computational cost of guaranteeing ethical learning in a synthetic 
many-objective environment, where each objective corresponds to a value.

5.1.  Multi-valued autonomous car environment

The Multi-Valued Autonomous Car environment is broadly characterised as a two-lane road wherein an autonomous car (the 
learning agent) drives towards its destination. Fig. 2(a) depicts the initial state of the environment, where the autonomous car is 
represented as the black circle with a C, and the goal is shown as the two cells with an X. The road features bumps (depicted as 
purple squares) and pedestrians (depicted as black circles with a P) that the car may encounter. Pedestrians can only walk over red 
cells (representing walkable streets that the car cannot occupy) or blue cells (representing crosswalks) on the map. The autonomous 
car can drive over grey and blue cells.

In this environment, we consider a value system with three values:

6 Many-objective environments refer to environments with more than three objectives.
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Fig. 2. (a) A possible initial state of the Multi-Valued Autonomous Car Environment. (b) Possible routes that pedestrians follow. Each arrow indicates 
a pedestrian’s direction at a given cell. More than one arrow at a given cell indicates that each pedestrian randomly selects one of them. A circle 
indicates that a pedestrian might randomly stop there for one time-step.

1. Achievement (𝑣𝑎): the value associated with the agent’s objective. In this case, to reach its destination.
2. Comfort (𝑣𝑐): behaving in alignment with the value of comfort requires avoiding bumps to ensure a pleasant trip.
3. Safety (𝑣𝑠): the value of safety promotes avoiding dangerous driving and avoiding running over crossing pedestrians.

These values are ordered to define a specific value system. Thus, different orderings lead to alternative value systems. Conse-
quently, the agent will learn a different value-aligned policy for each value system. Moreover, recall from Section 3 that, if we aim 
to incentivise the learning of an ethical policy, then the value system must prioritise the higher ethical standards over achievement. 
In our driving scenario, this amounts to prioritising safety over achievement. This subsection illustrates our ethical embedding of 
alternative value systems and the value-aligned policies that the agent learns for each environment. In particular, Section 5.1.1 
specifies the Multi-Objective MDP of the Multi-Valued Autonomous Car environment and the alternative value systems we consider. 
Section 5.1.2 illustrates how we apply our ethical embedding process. Next, Section 5.1.3 focuses on the learning agent. Finally, 
Section 5.1.4 evaluates the alternative value-aligned policies and highlights those that are ethical.

5.1.1.  Multi-valued MDP specification
Given the value system 𝑆 = ⟨{𝑣𝑎, 𝑣𝑐 , 𝑣𝑠},⪰⟩ (see Definition 5), we define a finite Multi-Valued MDP  (see Definition 6) for the 

environment with the corresponding vectorial reward function 𝑅⃗ = (𝑅𝑎, 𝑅𝑐 , 𝑅𝑠). Now we specify each element of the Multi-Valued 
MDP tuple ⟨ ,, 𝑅⃗, 𝑇 ⟩:

• States: States are fully observable by the car. Each state contains the car’s position and the current position of the two pedestrians 
(i.e., the cells at which they are located).

• Actions: The autonomous car has six possible available actions: to move up, left, or right, and with speed 1, or 2 (the speed being 
the number of cells that moves along the chosen direction at each time step).

• Rewards: There are three reward functions, one per value in the value system 𝑆 . Each reward function punishes misaligned 
actions and rewards aligned actions according to its associated value. We detail the reward function per value:
– Achievement: the autonomous car receives a reward (𝑅𝑎 = 14) when reaching its destination. Otherwise, acting without 
reaching the destination receives a negative reward (𝑅𝑎 = −1), so the agent is incentivised to reach its destination as fast as 
possible.

– Comfort: the agent receives a penalty (𝑅𝑐 = −10) to punish the action of running into a bump, blameworthy for the value of 
comfort. Otherwise, it receives zero rewards (𝑅𝑐 = 0).

– Safety: the agent receives a penalty (𝑅𝑠 = −10) for running over a pedestrian and a different penalty (𝑅𝑠 = −3) for dangerous 
driving occurrences (driving too close to pedestrians). We consider that the agent drives too close to a pedestrian when it moves 
to a position occupied by the pedestrian in the previous state. In any other case, the agent receives zero reward (𝑅𝑠 = 0).

• Transition probabilities: Finally, there is also a source of stochasticity in the environment: pedestrians. Pedestrian routes are 
depicted in Fig. 2(b). Pedestrians always move counter-clockwise and can only walk over red cells (representing walkable streets 
that the car cannot occupy) or blue cells (representing crosswalks) in the map. However, they decide randomly (with the same 
probability) whether to cross through the crosswalk at their left or the crosswalk in front. Also, there are two red walkable cells 
in which, with a 50% probability, pedestrians may decide to stop for one time step, illustrated in Fig. 2(b) as the two cells with 
a circle. These two factors make their behaviour less predictable for the learning agent.

Now, we specify the value system 𝑆 associated with . As previously mentioned, it contains three values: achievement (𝑣𝑎), 
comfort (𝑣𝑐), and safety (𝑣𝑠). There are six possible orders between the three values. In this work, we evaluate all six possible value 
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Fig. 3. Convex hull of the Multi-Valued Autonomous Car Environment. All optimal policies for at least one lexicographic ordering are highlighted 
with a blue dot or a green star. Notice that the convex hull is zoomed in: achievement axis starts at 5. (For interpretation of the references to colour 
in this figure legend, the reader is referred to the web version of this article.)

systems arising from the six different orders ⪰𝑖, with 𝑖 = 1,… , 6, plus a value system that only considers achievement 𝑣𝑎. Notice, 
however, that Definition 6 explicitly forbids aligning agents with value systems where the value of achievement is prioritised first. 
However, for the sake of completeness and to show the ethical problems of prioritizing achievement first, we have also evaluated 
these value systems (which are 5

𝑆 , 6
𝑆 , and 7

𝑆 . We now make explicit each value system  𝑖
𝑆 = ⟨{𝑣𝑎, 𝑣𝑐 , 𝑣𝑠},⪰𝑖

⟩:

1. 1
𝑆 , with ordering 𝑣𝑠 ⪰ 𝑣𝑐 ⪰ 𝑣𝑎: safety prioritised over comfort, and comfort over achievement. An agent aligned with this value 
system will first avoid running over pedestrians and, second, try to avoid as many bumps as possible (speed is third).

2. 2
𝑆 , with ordering 𝑣𝑠 ⪰ 𝑣𝑎 ⪰ 𝑣𝑐 : safety prioritised over achievement, and achievement over comfort. An agent aligned with this 
value system will try to follow the route that avoids accidents and dangerous driving while reaching its destination as fast as 
possible (comfort is last considered).

3. 3
𝑆 , with ordering 𝑣𝑐 ⪰ 𝑣𝑠 ⪰ 𝑣𝑎: comfort prioritised over safety, and safety over achievement. An agent aligned with this value 
system will prioritise avoiding bumps in the first place (and safety second and speed third).

4. 4
𝑆 , with ordering 𝑣𝑐 ⪰ 𝑣𝑎 ⪰ 𝑣𝑠: comfort prioritised over achievement, and achievement over safety. An agent aligned with this 
value system will try to reach its goal following the route that avoids all bumps as fast as possible (and safety is last considered).

5. 5
𝑆 , with ordering 𝑣𝑎 ⪰ 𝑣𝑠 ⪰ 𝑣𝑐 prioritises achievement over safety, and safety over comfort. A car aligned with this value system 
will drive as fast as possible to its destination. From all the possible journeys that minimise the time spent to reach its goal, it will 
select the safest one (that is, as comfortable as possible).

6. 6
𝑆 , with ordering 𝑣𝑎 ⪰ 𝑣𝑐 ⪰ 𝑣𝑠 prioritises achievement over comfort, and comfort over safety. This value system encourages the 
car to run as fast as possible to its destination. From all the possible journeys that minimise the time spent to reach its goal, it will 
select the one with the maximum comfort that achieves as much safety as possible.

7. 7
𝑆 , with ordering 𝑣𝑎: the only value in this case is achievement, which is the agent’s own objective. An agent aligned with this 
value system will run as fast as possible to its destination regardless of any other consideration.

5.1.2.  Building an ethical environment for a value system
This section shows how our ethical embedding algorithm designs an ethical environment for . The procedure is the same 

regardless of which of the seven value systems we select. In particular, to illustrate the steps of the ethical embedding process, we 
select the value system 1

𝑆 with ordering 𝑣𝑠 ⪰ 𝑣𝑐 ⪰ 𝑣𝑎 because it prioritises safety –its higher ethical standard– over achievement. Thus, 
as previously mentioned, it incentivises learning an ethical behaviour. We now apply Algorithm 1 to design an ethical environment 
∗ for the Multi-Valued Autonomous Car Environment. Next, we detail the three steps to obtain an ethical environment.
1. Partial convex hull computation: Considering the Multi-Valued MDP , we compute its partial convex hull 𝑃 ⊆ 𝐶𝐻() by 
applying Convex Hull Value Iteration. Recall from Algorithm 1 that for this step we can apply any algorithm that computes the 
convex hull of an MOMDP (for instance, Convex Hull Value Iteration (CHVI) or Optimistic Linear Support) [25]. Fig. 3 depicts 
the resulting 𝑃  for the initial state 𝑠0.

2. Extraction of the ethical policy: We order the policies of 𝑃  by following the value system 1
𝑆 with ordering 𝑣𝑠 ⪰ 𝑣𝑐 ⪰ 𝑣𝑎 and 

pick the first policy as the ethical policy 𝜋∗, highlighted with a green star in Fig. 3. Notice that 𝜋∗ is the only policy that maximises 
both safety and comfort 𝑉 𝜋∗ = (𝑉𝑎, 𝑉𝑐 , 𝑉𝑠) = (5.283, 0, 0) because when the agent follows 𝜋∗ it is capable of reaching its destination 
without running over any pedestrian nor over any bump, and thus, it avoids receiving any negative comfort reward (𝑅𝑐) or safety 
reward (𝑅𝑠).
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Table 1 
Table of the different ethical weightings computed by the Multi-Valued Ethical Em-
bedding algorithm depending on which value system is selected for the Autonomous 
Car environment. The fifth column presents the vectorial value of the policy that 
maximises each respective weight vector. Each policy is also the most aligned with 
each respective value system. All values are rounded to the nearest thousandth. For 
all vectors in columns 4 and 5, recall that their dimensions follow this order: first di-
mension is achievement, second dimension is comfort, and third dimension is safety. 

 Value system  𝑖
𝑆  Ordering  Ethical  Weight vector  Value-aligned

𝑤⃗𝑖
𝑒 = (𝑤𝑖

𝑎 , 𝑤
𝑖
𝑐 , 𝑤

𝑖
𝑠) 𝑉 𝜋𝑖 = (𝑉 𝜋𝑖

𝑎 , 𝑉 𝜋𝑖
𝑐 , 𝑉 𝜋𝑖

𝑠 )

1
𝑆 𝑣𝑠 ⪰ 𝑣𝑐 ⪰ 𝑣𝑎  Yes  (1, 1.370, 5.540)  (5.283, 0.0, 0.0)

2
𝑆 𝑣𝑠 ⪰ 𝑣𝑎 ⪰ 𝑣𝑐  Yes  (1, 0.003, 1.240)  (9.27, −22.5, 0.0)

3
𝑆 𝑣𝑐 ⪰ 𝑣𝑠 ⪰ 𝑣𝑎  Yes  (1, 1.370, 5.540)  (5.283, 0.0, 0.0)

4
𝑆 𝑣𝑐 ⪰ 𝑣𝑎 ⪰ 𝑣𝑠  No  (1, 0.505, 0.001)  (7.0, 0.0, −3.62)

5
𝑆 𝑣𝑎 ⪰ 𝑣𝑠 ⪰ 𝑣𝑐  No  (1, 0.027, 0.093)  (10.0, −30.0, −1.41)

6
𝑆 𝑣𝑎 ⪰ 𝑣𝑐 ⪰ 𝑣𝑠  No  (1, 0.097, 0.001)  (10.0, −20.0, −4.48)

7
𝑆 𝑣𝑎  No  (1, 0, 0)  (10.0, −25.0, −2.95)

3. Computation of the scalarisation function: Line 3 in Algorithm 1 computes the weight vector 𝑤⃗𝑒 for which 𝜋∗ is the only 
optimal policy of 𝑃 , by solving the linear program in Eqs. (7)–(10). This amounts to solving a linear program in which the 
objective function is to minimise the scalarised value of the ethical policy. By solving it, we find that if 𝑤⃗𝑒 = (1, 1.37, 5.54), then 
𝜋∗ becomes the only optimal policy in ∗. Hence, Algorithm 1 returns a single objective MDP ∗ whose scalarised reward 
𝑤⃗𝑒 ⋅ 𝑅⃗ comes from scalarising the Multi-Valued MDP by 𝑤⃗𝑒. Such weight vector 𝑤⃗𝑒 solves the Autonomous Car environment. More 
specifically, an MDP created from a scalarisation function with such ethical weight vector 𝑤⃗𝑒 incentivises an agent to learn the 
ethical policy 𝜋∗, aligned with 1

𝑆 .

Repeating the ethical embedding process for alternative value systems leads to alternative value-aligned policies within the convex 
hull that require a different weight vector 𝑤⃗𝑒 in the resulting ∗. Table 1 shows the results for the value systems 1

𝑆 ,… ,7
𝑆 previously 

defined. In particular, it details the 𝑤⃗𝑒 used to incentivise the agent to behave value-aligned and the vectorial value accumulating 
the optimal policy. Notice that we obtain the same ethical weight vector and ethical policy for value systems 3

𝑆 and 1
𝑆 . This is so 

because, for this specific setting, the policy can be maximally aligned with safety and comfort simultaneously (i.e., the agent can 
avoid all pedestrians and bumps).7

5.1.3.  Learning in an ethical environment
We guarantee that for each environment designed with our ethical embedding process, the optimal policy is the most aligned 

with its respective value system. Considering again the value system 1
𝑆 with ordering 𝑣𝑠 ⪰ 𝑣𝑐 ⪰ 𝑣𝑎, we designed for it an ethical 

environment ∗ by applying the ethical weight vector (1, 1.37, 5.54) (see Table 1). As expected, an agent converges to the optimal 
policy 𝜋∗ when learning within the ethical environment ∗, even if it applies a basic single-objective reinforcement learning algorithm 
such as tabular Q-learning.

Fig. 4 plots the rewards per episode accumulated by a Q-learning agent, which stabilises at 𝑉 𝜋∗ = (5.283, 0, 0), the values of ethical 
policy 𝜋∗ associated with 1

𝑆 (first row in Table 1). For reference, the policy that only maximises the individual objective 𝑣𝑎 obtains 
a value of (10, -25, -2.95), as shown in Table 1. Thus, by behaving ethically, the agent completely eliminates the accumulation of 
negative rewards in terms of safety and comfort (from -25 to 0 and from -2.95 to 0) at the cost of decreasing its individual rewards 
(from 10 to 5.283).

5.1.4.  Comparing value-aligned policies
This subsection aims to analyse the consequences of each value system in Table 1 to determine which would be the most appropriate 

for a real-world autonomous car. Thus, we compare the behaviour of the seven policies 𝜋1,… , 𝜋7 in Table 1 in terms of four ethical
metrics. These four ethical metrics empirically quantify the degree of alignment of each policy with the three values in our value 
system. In particular, for each of the seven environments that result from applying the embedding process considering the value 
systems in Table 1, we trained an agent with Q-learning. We then evaluated the learnt policies according to the following four ethical 
metrics. Each ethical metric is associated with a moral value of the value system, so the lower the value of the metric, the higher 
the value alignment. That way, we can empirically measure the degree of alignment of each policy to each value. The four ethical 
metrics are:

• Time steps to destination: measures the number of time steps the agent requires to reach its destination, fulfilling its individual 
objective. This metric is associated with the value of achievement 𝑣𝑎.

7 Notice also that the value of the policy aligned with 7
𝑆 is an average of the two policies that prioritise 𝑣𝑎 as its most important value (i.e., those 

aligned with 6
𝑆 and 5

𝑆 , respectively).
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Fig. 4. Evolution of the accumulated rewards per episode that the learning agent obtains in the ethical environment with value system 1
𝑆 with 

ordering 𝑣𝑠 ⪰ 𝑣𝑐 ⪰ 𝑣𝑎. Horizontal straight lines mark the corresponding convergence values in the first row of Table 1.

Fig. 5. Bar graphs evaluating the seven different value-aligned policies for the Multi-Valued Autonomous Car environment. Each policy 𝜋𝑖 is learned 
to be aligned with each value system in Table 1: from 1

𝑆 (𝑣𝑠 ⪰ 𝑣𝑐 ⪰ 𝑣𝑎, displayed as “Safety > Comfort > Achievement”) to 7
𝑆 (𝑣𝑎, displayed as 

“Achievement”). Each row presents the results for the four ethical metrics: Time to destination, Accidents, Dangerous driving, and Bumps. The 𝑥-axis 
is the possible discrete values of each metric, and the 𝑦-axis is the number of times, from the 250 executions, that each value is registered.

• Accidents: the number of pedestrians the agent runs over. This metric is associated with the safety value and amounts to how 
often the agent receives a negative safety reward of 𝑅𝑠 = −10.

• Dangerous driving occurrences: number of times the agent drives too close to pedestrians. This metric is also associated with 
the value of safety and amounts to how often the agent receives a negative safety reward of 𝑅𝑠 = −3.

• Bumps: number of times the agent crossed any of the three bumpy areas. This metric is associated with the comfort value and 
amounts to how often the agent receives a negative comfort reward of 𝑅𝑐 = −10.

We evaluated the learnt value-aligned policies for each of the seven value systems in 250 episodes. We measured the four metrics 
per episode. Since the Autonomous Car Environment is stochastic (in the behaviour of pedestrians), we simulated 250 episodes per 
policy for more robust conclusions. Fig. 5 presents the bar graph of all seven evaluated policies. Notice that since Fig. 5 is a bar 
graph, there are more than seven columns per graph, even though we evaluated seven policies. For instance, policy 𝜋6 with ordering 
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Fig. 6. Bar graphs of 𝜋1, 𝜋2, and 𝜋3, the three different ethical policies in Fig. 5: they are aligned with value systems 1
𝑆 (𝑣𝑠 ⪰ 𝑣𝑐 ⪰ 𝑣𝑎, displayed as 

“Safety > Comfort > Achievement”), 2
𝑆 (𝑣𝑠 ⪰ 𝑣𝑎 ⪰ 𝑣𝑐), and 3

𝑆 (𝑣𝑐 ⪰ 𝑣𝑠 ⪰ 𝑣𝑎). Each subsequent bar graph presents the 
results for each of the four ethical metrics: Time to destination, Accidents, Dangerous driving, and Bumps.

𝑣𝑎 ⪰ 𝑣𝑐 ⪰ 𝑣𝑠 there were no accidents in 195 episodes, but for 55 episodes there is at least 1 accident (hence, its column appears twice 
in second row of Fig. 5). Moreover, to discuss the results presented in Fig. 5, we divide the seven policies into two categories:

• Ethical policies: the three policies associated with a value system that prioritises safety over achievement. They satisfy our 
definition of being ethical because safety is a higher ethical standard than achievement.

• Unethical policies: the four remaining policies, where achievement is prioritised over safety. 

For the sake of simplicity, we refer to these policies as being ethical or unethical, but we may also refer to them as virtuous 
behaviour (if they are aligned with value systems that prioritise higher ethical standards over achievement) or as achievement-driven 
behaviour (if achievement is prioritised instead). This richer terminology would emphasise the fact that value-aligned behaviours can 
exhibit different degrees of ethicality.8 However, it may also hinder the ethical superiority of virtuous behaviour, which may fatally 
lead us to use our value-alignment process for ethics-washing purposes. Therefore, we opt for the ethical and unethical terminology, 
as in our autonomous vehicle case study, any autonomous car not prioritising human life should be considered unethical even if it is 
value-aligned. Indeed, the work in [58] goes a step forward in this direction and explicitly distinguishes good (such as prudence or 
generosity) from bad values (such as greed or selfishness). 

Now, we proceed to discuss the first category, the ethical policies. Afterwards, we analyse the unethical policies.

Ethical policies. Three ethical policies prioritise safety over achievement: 𝜋1, 𝜋2, and 𝜋3, the ones associated with value systems 1
𝑆

(with 𝑣𝑠 ⪰ 𝑣𝑐 ⪰ 𝑣𝑎), 2
𝑆 (with 𝑣𝑠 ⪰ 𝑣𝑎 ⪰ 𝑣𝑐), and 3

𝑆 (with 𝑣𝑐 ⪰ 𝑣𝑠 ⪰ 𝑣𝑎), respectively. Ethical policies occupy the first three rows of 
Table 1.

Empirically, Fig. 6 shows that none of the three ethical policies accumulates accidents or dangerous driving occurrences. In other 
words, all three ethical policies obtain the optimal value (0) regarding the two safety-related metrics. Moreover, as 𝜋1 and 𝜋3 prioritise 
achievement the least, they obtain the optimal value (0) for both the safety-related and comfort metrics, meaning they are completely 
aligned with both values. Only 𝜋2 traverses bumps because it prioritises the comfort value the least.

Of course, prioritising safety over achievement has a cost in terms of the time steps needed to reach the destination. As expected, 
Fig. 6 shows that two of the three ethical policies require, on average, more than eight time steps to reach their destination. Interest-
ingly, the ethical policy 𝜋2 giving the value of comfort (𝑣𝑠 ⪰ 𝑣𝑎 ⪰ 𝑣𝑐) the lowest priority, reaches the destination significantly faster 
than all the rest of the ethical policies, as the first bar graph of Fig. 6 illustrates. Indeed, the agent does not care about following the 

8 The Ethics literature defines the idea of bounded ethicality [56] to highlight the restrictions to make ethical choices. For example, self-serving 
bias [57] often causes us to subconsciously favour ourselves at the expense of others.
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Fig. 7. Bar graphs of 𝜋4,… , 𝜋7, the four unethical policies in Fig. 5 that prioritise the moral value of achievement over safety they are aligned with 
value systems 4

𝑆 (𝑣𝑐 ⪰ 𝑣𝑎 ⪰ 𝑣𝑠, displayed as “Comfort > Achievement > Safety”), 5
𝑆 (𝑣𝑎 ⪰ 𝑣𝑠 ⪰ 𝑣𝑐), 6

𝑆 (𝑣𝑎 ⪰ 𝑣𝑐 ⪰ 𝑣𝑠), and 7
𝑆

(𝑣𝑎, simply displayed as “Achievement”). Each subsequent bar graph presents the results for the four metrics: Time to 
destination, Accidents, Dangerous driving, and Bumps.

most bumpy trajectory, shown in the fourth bar graph of Fig. 6, as long as it reaches its destination as fast as possible while avoiding 
dangerous driving situations and accidents. However, compared to unethical policies, 𝜋2 can only surpass the slowest unethical policy 
regarding speed.

Unethical policies. Four unethical policies 𝜋4,… , 𝜋7 correspond to rows 4 to 7 of Table 1. All of them prioritise achievement over 
safety. Empirically, Fig. 7 shows that prioritising achievement has a cost: in all cases, none of the four unethical policies manages to 
avoid dangerous driving situations, unlike the policies shown in Fig. 6.

Regarding their results in terms of achievement, as expected, Fig. 7 shows that amongst the four policies, 𝜋5, 𝜋6, and 𝜋7 always 
allow the agent to reach its destination in five time-steps, the fastest possible route. No ethical policy can reach the destination as 
consistently fast, as shown in Fig. 5. Of course, this difference occurs because achievement is the most prioritised value for these three 
policies. Only the unethical policy 𝜋4 prioritising comfort exhibits a slower behaviour, requiring eight time steps. Still, 𝜋4 is faster 
than all ethical policies but 𝜋2.

Regarding comfort, we also appreciate the differences between the four unethical policies. 𝜋3 prioritises comfort over the rest of 
values and completely avoids bumps. Instead, 𝜋6 traverses some bumps, though less than the other two unethical policies.

Finally, as to safety, the unethical policies 𝜋4 (𝑣𝑐 ⪰ 𝑣𝑎 ⪰ 𝑣𝑠) and 𝜋5 (𝑣𝑎 ⪰ 𝑣𝑠 ⪰ 𝑣𝑐) follow journeys that avoid accidents. However, 
𝜋4 is the one accumulating more dangerous driving occurrences. Finally, the other two unethical policies (i.e., 𝜋6 and 𝜋7) accumulate 
accidents and dangerous driving occurrences.

Summary. Our analysis above allows us to conclude that the ordering of the values in a value system can drastically affect the 
policy learnt by an agent. Fig. 5 shows that six of the seven policies present a unique behaviour, with two (𝜋6 and 𝜋7) having 
fatal consequences. Thus, it is of uttermost importance to carefully decide on the appropriate value system to enact in real-world 
applications and not only on the values to consider.

Moreover, we empirically observed that the most prioritised value in the value system plays a determining role in the learnt 
behaviour of the agent. In general, if two policies prioritise the most the very same moral values, they exhibit the same behaviour 
in terms of alignment with that value. Here, we observed that all policies prioritising the most achievement (𝑣𝑎) followed the fastest 
route to the destination, all policies prioritising the most comfort (𝑣𝑐) avoided bumps, and policies that prioritise safety (𝑣𝑠) safely 
drove away from pedestrians. Ultimately, we must always incentivise to learn ethical policies.
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5.2.  Computational cost of the ethical embedding process

As previously mentioned, many-objective environments (i.e., multi-objective environments with more than three objectives) hardly 
exist in the literature. However, in the autonomous car scenario from Caballero et al. [27], many more values are at hand. Thus, 
to analyse the cost of applying our ethical embedding process to environments with an increasing number of values, we resort to a 
synthetic many-objective environment from [30] called WalkRoom.

Walkroom models an n-dimensional grid world where an agent can move in any of the 𝑛 dimensions towards several goal positions. 
It can be instantiated with an arbitrary number of dimensions and an arbitrary grid size per dimension. Any time the agent moves along 
dimension 𝑖, it receives a penalty for objective 𝑖. Thus, the dimensions correspond to the number of objectives in the environment.

We adapt this environment by adding a value system 𝑆 with as many values as dimensions. Thus, the agent’s objective is to find 
the goal position which requires minimal movement alongside the most prioritised objectives according to 𝑆 . The agent’s individual 
objective in this environment, associated with the achievement value 𝑣𝑎, is arbitrarily selected as dimension 1. Notice, however, that 
all results in this section would be the same no matter which objective was chosen as the individual objective of the agent due to the 
environment specifications that we further detail in Section 5.2.1.

5.2.1.  Multi-valued MDP and algorithmic specification
Given a value system 𝑆 = ⟨{𝑣1,… , 𝑣𝑛},⪰⟩ (see Definition 5 with 𝑛 values, we define a finite Multi-Valued MDP  (see Defini-

tion 6) for the Walkroom environment with the corresponding vectorial reward function 𝑅⃗ = (𝑅1,… , 𝑅𝑛), with each reward corre-
sponding to one of the values of the value system. Now we specify each element of the Multi-Valued MDP tuple ⟨ ,, 𝑅⃗, 𝑇 ⟩:

• States: States are fully observable by the agent and contain its own position. Assuming a grid size of 𝑘 and 𝑛 moral values, then 
the environment has the shape of a hypercube of 𝑛 dimensions divided into 𝑘𝑛 states.

• Actions: There are twice as many actions as values. Each value 𝑣𝑖 has two associated actions 𝑖 and −𝑖 that move the agent along 
the 𝑖 dimension forward or backwards, respectively. For example, an agent in position (5, 4, 3, 1) that selects action −2 associated 
with 𝑣2 then moves in dimension 2 by (0,-1,0,0) to position (5, 3, 3, 1).

• Rewards: Any time the agent moves along dimension 𝑖, it receives a penalty 𝑅𝑖 = −1 associated with value 𝑣𝑖.
• Transitions: the environment is fully deterministic. There are several goal positions randomly generated within the environment. 
The agent reaching any of them is in a terminal state.

For computing the ethical embedding process to the WalkRoom environment, we applied a parallelised version of CHVI [38] 
to compute its convex hull, which is necessary for our embedding. Our parallelised version exploits the fact that in CHVI, at each 
iteration, we can update the value function of each state independently (and this fact remains valid for any possible MOMDP).

5.2.2.  Experimental setup and results
We evaluated the ethical embedding algorithm in a set of randomly generated Walkroom environments, from 2 to 9 objectives, and 

with a varying grid size per dimension from 2 to 9. Recall that the number of states in the environment is determined as (𝑠, 𝑛) = 𝑠𝑛 with 
𝑠 being the grid size and 𝑛 the number of values (hence, the number of states is grid sizevalues), so in the case (9, 9) we are dealing 
with an environment with more than 380 million states, a very challenging environment for any tabular reinforcement learning 
algorithm. We tested each configuration (𝑠, 𝑛) for 20 different seeds (i.e. for a total 8 ⋅ 8 ⋅ 20 = 1280 experiments). We performed 
all our experiments on a cluster whose computing nodes have 64-core 2.20GHz CPUs and 32GB RAM, allowing us to fully exploit 
the parallelism of our CHVI implementation.9 The heat maps in Fig. 8 contain the average times required to compute the ethical 
embedding for each of the 64 possible configurations of the synthetic environment.

The heat maps show that the computational cost of our algorithm exponentially increases with the grid size per objective, and such 
increase is amplified with the number of objectives in the environment. This is expected due to the computational cost of CHVI. In 
more detail, we find in Fig. 8 (Left) how, for a third of the settings, the required amount of time is at most 10 s (e.g., any configuration 
with less than four values, and any configuration with grid size 2). However, Fig. 8 (Right) illustrates how almost all configurations 
with more than 8 values exceeded the 10-h threshold of computation time.

Table 2 displays some significant cases’ average computation times. Those cases exemplify a general pattern: the computational 
costs of finding an ethical policy (step 2) and computing the solution weight vector (step 3) are negligible compared with computing 
the convex hull (step 1). For example, see the case with (𝑠, 𝑛) = (6, 7), where step 1 takes 705 s, but step 2 takes less than a millisecond, 
and step 3 takes 1.07 s. In this specific case, 99.85% of the time is spent in step 1.

As mentioned, we have discarded the environments in the literature for our empirical analysis because they do not go beyond three 
objectives. Nevertheless, thanks to the obtained results, we can provide rough estimates of how much time our algorithm would need 
to do ethical embeddings depending on the number of values and their size. To illustrate this point, consider the discrete environments 
of MO-Gymnasium [59,60], the main multi-objective library. We assume that if our algorithm needs 𝑡 seconds for WalkRoom with 
𝑛 objectives and a state space 𝑆, it needs at most 𝑡 seconds for an environment with 𝑛 objectives and less than 𝑆 states. Thus: For 
a small state space (less than 500 states) such as Fruit-tree (6 objectives) or Deep Sea Treasure (2 objectives), our algorithm would 
need less than 2 s in total (the result from (𝑠, 𝑛) = (3, 6), which has 36 = 729 states). For a state space of almost 700,000 states and 3 
objectives such as Four-Room, our algorithm would need 5 h (result from (𝑠, 𝑛) = (7, 7)).

9 Our CHVI implementation is available at https://github.com/filippobistaffa/chvi.
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Table 2 
Average computational cost (mean± 3std in seconds) of each step of the ethical embedding 
algorithm for particular Walkroom environment configurations (grid size 𝑠 and 𝑛 objectives). 
Cells coloured in green, yellow, orange, and red indicate 100 ≤ mean < 101, 101 ≤ mean < 102, 
102 ≤ mean < 103, and mean ≥ 103, respectively.

 (𝑠, 𝑛)  Step 1  Step 2  Step 3
 (2, 2) 3.21 ⋅ 10−2 ± 9.13 ⋅ 10−2 1.22 ⋅ 10−4 ± 5.97 ⋅ 10−5 1.16 ⋅ 100 ± 5.48 ⋅ 10−1

 (2, 3) 1.13 ⋅ 10−2 ± 1.51 ⋅ 10−3 1.12 ⋅ 10−4 ± 1.57 ⋅ 10−5 9.72 ⋅ 10−1 ± 4.75 ⋅ 10−2

 (2, 4) 1.34 ⋅ 10−2 ± 2.54 ⋅ 10−2 1.24 ⋅ 10−4 ± 2.19 ⋅ 10−5 9.68 ⋅ 10−1 ± 6.81 ⋅ 10−2

 (2, 5) 4.79 ⋅ 10−2 ± 5.02 ⋅ 10−2 1.46 ⋅ 10−4 ± 5.37 ⋅ 10−5 1.01 ⋅ 100 ± 1.86 ⋅ 10−1

 (2, 6) 5.66 ⋅ 10−2 ± 3.77 ⋅ 10−2 1.70 ⋅ 10−4 ± 4.63 ⋅ 10−5 1.06 ⋅ 100 ± 1.48 ⋅ 10−1

 (2, 7) 9.64 ⋅ 10−2 ± 2.03 ⋅ 10−1 2.09 ⋅ 10−4 ± 9.58 ⋅ 10−5 1.19 ⋅ 100 ± 8.86 ⋅ 10−1

 (2, 8) 9.41 ⋅ 10−2 ± 7.96 ⋅ 10−2 2.22 ⋅ 10−4 ± 9.14 ⋅ 10−5 1.04 ⋅ 100 ± 5.08 ⋅ 10−1

 (2, 9) 1.90 ⋅ 10−1 ± 1.51 ⋅ 10−1 2.67 ⋅ 10−4 ± 1.60 ⋅ 10−4 1.00 ⋅ 100 ± 2.05 ⋅ 10−1

 (3, 2) 2.71 ⋅ 10−2 ± 7.05 ⋅ 10−2 1.16 ⋅ 10−4 ± 5.29 ⋅ 10−5 1.05 ⋅ 100 ± 3.36 ⋅ 10−1

 (3, 3) 4.26 ⋅ 10−2 ± 6.82 ⋅ 10−2 1.21 ⋅ 10−4 ± 5.14 ⋅ 10−5 9.94 ⋅ 10−1 ± 2.22 ⋅ 10−1

 (3, 4) 6.66 ⋅ 10−2 ± 6.20 ⋅ 10−2 1.44 ⋅ 10−4 ± 5.88 ⋅ 10−5 9.92 ⋅ 10−1 ± 1.95 ⋅ 10−1

 (3, 5) 1.01 ⋅ 10−1 ± 8.98 ⋅ 10−2 1.80 ⋅ 10−4 ± 5.52 ⋅ 10−5 1.02 ⋅ 100 ± 3.38 ⋅ 10−1

 (3, 6) 1.13 ⋅ 10−1 ± 9.07 ⋅ 10−2 2.01 ⋅ 10−4 ± 7.15 ⋅ 10−5 1.02 ⋅ 100 ± 2.11 ⋅ 10−1

 (3, 7) 5.10 ⋅ 10−1 ± 2.00 ⋅ 10−1 2.52 ⋅ 10−4 ± 1.17 ⋅ 10−4 1.11 ⋅ 100 ± 5.09 ⋅ 10−1

 (3, 8) 1.08 ⋅ 101 ± 4.00 ⋅ 100 3.78 ⋅ 10−4 ± 3.71 ⋅ 10−4 9.81 ⋅ 10−1 ± 1.97 ⋅ 10−1

 (3, 9) 1.78 ⋅ 102 ± 9.39 ⋅ 102 2.38 ⋅ 10−4 ± 1.80 ⋅ 10−4 1.06 ⋅ 100 ± 2.64 ⋅ 10−1

 (4, 2) 3.38 ⋅ 10−2 ± 1.37 ⋅ 10−1 1.10 ⋅ 10−4 ± 4.98 ⋅ 10−5 1.07 ⋅ 100 ± 4.77 ⋅ 10−1

 (4, 3) 6.82 ⋅ 10−2 ± 5.06 ⋅ 10−2 1.31 ⋅ 10−4 ± 3.99 ⋅ 10−5 9.81 ⋅ 10−1 ± 1.35 ⋅ 10−1

 (4, 4) 9.08 ⋅ 10−2 ± 6.12 ⋅ 10−2 1.48 ⋅ 10−4 ± 4.74 ⋅ 10−5 9.79 ⋅ 10−1 ± 1.57 ⋅ 10−1

 (4, 5) 1.52 ⋅ 10−1 ± 1.12 ⋅ 10−1 1.89 ⋅ 10−4 ± 7.43 ⋅ 10−5 1.02 ⋅ 100 ± 2.29 ⋅ 10−1

 (4, 6) 5.92 ⋅ 10−1 ± 3.58 ⋅ 10−1 2.22 ⋅ 10−4 ± 1.39 ⋅ 10−4 1.00 ⋅ 100 ± 1.11 ⋅ 10−1

 (4, 7) 1.25 ⋅ 101 ± 3.76 ⋅ 100 2.93 ⋅ 10−4 ± 1.79 ⋅ 10−4 1.03 ⋅ 100 ± 3.87 ⋅ 10−2

 (4, 8) 5.82 ⋅ 102 ± 1.10 ⋅ 102 3.41 ⋅ 10−4 ± 2.24 ⋅ 10−4 1.12 ⋅ 100 ± 4.63 ⋅ 10−1

 (4, 9) > 10h  –  –
 (5, 2) 6.42 ⋅ 10−2 ± 1.31 ⋅ 10−1 1.21 ⋅ 10−4 ± 6.45 ⋅ 10−5 1.07 ⋅ 100 ± 4.05 ⋅ 10−1

 (5, 3) 8.36 ⋅ 10−2 ± 5.09 ⋅ 10−2 1.32 ⋅ 10−4 ± 3.71 ⋅ 10−5 9.75 ⋅ 10−1 ± 7.34 ⋅ 10−2

 (5, 4) 1.21 ⋅ 10−1 ± 8.20 ⋅ 10−2 1.61 ⋅ 10−4 ± 6.87 ⋅ 10−5 1.06 ⋅ 100 ± 3.01 ⋅ 10−1

 (5, 5) 2.80 ⋅ 10−1 ± 8.44 ⋅ 10−2 1.87 ⋅ 10−4 ± 7.97 ⋅ 10−5 9.88 ⋅ 10−1 ± 2.05 ⋅ 10−1

 (5, 6) 3.16 ⋅ 100 ± 3.62 ⋅ 100 2.35 ⋅ 10−4 ± 2.01 ⋅ 10−4 9.82 ⋅ 10−1 ± 9.80 ⋅ 10−2

 (5, 7) 1.20 ⋅ 102 ± 1.75 ⋅ 101 3.12 ⋅ 10−4 ± 1.81 ⋅ 10−4 1.06 ⋅ 100 ± 3.71 ⋅ 10−1

 (5, 8) 7.90 ⋅ 103 ± 7.40 ⋅ 102 4.83 ⋅ 10−4 ± 4.48 ⋅ 10−4 1.15 ⋅ 100 ± 3.99 ⋅ 10−1

 (5, 9) > 10h  –  –
 (6, 2) 8.18 ⋅ 10−2 ± 1.04 ⋅ 10−1 1.44 ⋅ 10−4 ± 3.85 ⋅ 10−4 1.01 ⋅ 100 ± 3.00 ⋅ 10−1

 (6, 3) 9.50 ⋅ 10−2 ± 7.01 ⋅ 10−2 1.28 ⋅ 10−4 ± 1.92 ⋅ 10−5 9.76 ⋅ 10−1 ± 6.17 ⋅ 10−2

 (6, 4) 1.41 ⋅ 10−1 ± 1.07 ⋅ 10−1 1.53 ⋅ 10−4 ± 6.47 ⋅ 10−5 9.79 ⋅ 10−1 ± 1.36 ⋅ 10−1

 (6, 5) 7.12 ⋅ 10−1 ± 1.54 ⋅ 10−1 2.45 ⋅ 10−4 ± 3.36 ⋅ 10−4 1.14 ⋅ 100 ± 3.94 ⋅ 10−1

 (6, 6) 1.45 ⋅ 101 ± 1.72 ⋅ 101 2.52 ⋅ 10−4 ± 1.88 ⋅ 10−4 9.80 ⋅ 10−1 ± 1.06 ⋅ 10−1

 (6, 7) 7.05 ⋅ 102 ± 5.97 ⋅ 101 3.33 ⋅ 10−4 ± 2.91 ⋅ 10−4 1.07 ⋅ 100 ± 3.75 ⋅ 10−1

 (6, 8) > 10h  –  –
 (6, 9) > 10h  –  –
 (7, 2) 1.19 ⋅ 10−1 ± 9.51 ⋅ 10−2 1.21 ⋅ 10−4 ± 6.54 ⋅ 10−5 1.00 ⋅ 100 ± 2.32 ⋅ 10−1

 (7, 3) 1.07 ⋅ 10−1 ± 8.21 ⋅ 10−2 1.35 ⋅ 10−4 ± 4.56 ⋅ 10−5 9.81 ⋅ 10−1 ± 6.97 ⋅ 10−2

 (7, 4) 2.01 ⋅ 10−1 ± 1.69 ⋅ 10−1 1.59 ⋅ 10−4 ± 5.39 ⋅ 10−5 1.06 ⋅ 100 ± 3.05 ⋅ 10−1

 (7, 5) 1.74 ⋅ 100 ± 1.96 ⋅ 10−1 2.14 ⋅ 10−4 ± 8.74 ⋅ 10−5 1.03 ⋅ 100 ± 1.97 ⋅ 10−1

 (7, 6) 4.63 ⋅ 101 ± 7.47 ⋅ 101 2.53 ⋅ 10−4 ± 1.96 ⋅ 10−4 9.93 ⋅ 10−1 ± 9.99 ⋅ 10−2

 (7, 7) 3.07 ⋅ 103 ± 2.43 ⋅ 102 4.42 ⋅ 10−4 ± 4.66 ⋅ 10−4 1.30 ⋅ 100 ± 5.58 ⋅ 10−1

 (7, 8) > 10h  –  –
 (7, 9) > 10h  –  –
 (8, 2) 5.31 ⋅ 10−2 ± 7.62 ⋅ 10−2 1.65 ⋅ 10−4 ± 6.12 ⋅ 10−4 9.72 ⋅ 10−1 ± 9.59 ⋅ 10−2

 (8, 3) 1.26 ⋅ 10−1 ± 8.48 ⋅ 10−2 1.35 ⋅ 10−4 ± 3.27 ⋅ 10−5 9.78 ⋅ 10−1 ± 1.01 ⋅ 10−1

 (8, 4) 3.28 ⋅ 10−1 ± 9.12 ⋅ 10−2 1.66 ⋅ 10−4 ± 4.85 ⋅ 10−5 1.04 ⋅ 100 ± 2.30 ⋅ 10−1

 (8, 5) 4.23 ⋅ 100 ± 2.64 ⋅ 10−1 2.29 ⋅ 10−4 ± 8.65 ⋅ 10−5 1.05 ⋅ 100 ± 2.42 ⋅ 10−1

 (8, 6) 1.89 ⋅ 102 ± 1.66 ⋅ 101 3.19 ⋅ 10−4 ± 2.51 ⋅ 10−4 1.03 ⋅ 100 ± 2.43 ⋅ 10−1

 (8, 7) 1.15 ⋅ 104 ± 6.84 ⋅ 102 4.38 ⋅ 10−4 ± 4.86 ⋅ 10−4 1.50 ⋅ 100 ± 2.13 ⋅ 100

 (8, 8) > 10h  –  –
 (8, 9) > 10h  –  –
 (9, 2) 9.57 ⋅ 10−2 ± 1.08 ⋅ 10−1 1.24 ⋅ 10−4 ± 4.86 ⋅ 10−5 9.91 ⋅ 10−1 ± 2.27 ⋅ 10−1

 (9, 3) 1.37 ⋅ 10−1 ± 1.14 ⋅ 10−1 1.34 ⋅ 10−4 ± 3.55 ⋅ 10−5 9.73 ⋅ 10−1 ± 6.19 ⋅ 10−2

 (9, 4) 4.43 ⋅ 10−1 ± 6.03 ⋅ 10−2 1.68 ⋅ 10−4 ± 4.52 ⋅ 10−5 9.94 ⋅ 10−1 ± 6.11 ⋅ 10−2

 (9, 5) 9.19 ⋅ 100 ± 7.88 ⋅ 10−1 2.31 ⋅ 10−4 ± 1.34 ⋅ 10−4 1.05 ⋅ 100 ± 2.16 ⋅ 10−1

 (9, 6) 4.86 ⋅ 102 ± 5.10 ⋅ 101 2.94 ⋅ 10−4 ± 1.75 ⋅ 10−4 1.09 ⋅ 100 ± 2.95 ⋅ 10−1

 (9, 7) > 10h  –  –
 (9, 8) > 10h  –  –
 (9, 9) > 10h  –  –
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Fig. 8. Heat maps reporting computational costs in seconds of our ethical embedding algorithm for 64 possible configurations of Walkroom. Both 
left and right heat maps show the same results in different scales. Left: configurations that exceed a threshold of 10 s appear in dark blue (20 out 
of 64). Right: configurations that exceed a threshold of 10 h appear in black (11 out of 64). (For interpretation of the references to colour in this 
figure legend, the reader is referred to the web version of this article.)

6.  Related work

The literature on AI Value Alignment is broadly divided in two separate communities: the AI Safety community [11,12] and the 
Machine Ethics community [9,10]. Whilst these two communities typically do not communicate with each other, our work here aims 
to help bridge the gap between them. We provide first a summary of the focus of each research community, and then explain how 
this paper interconnects both communities.

6.1.  AI safety

On the one hand, the focus of AI Safety is to prevent any possible harm that the agent may inflict upon itself or others [11] by 
guaranteeing a safe behaviour of the agent. The general approach to achieve a safe behaviour is to constrain [61,62] the agent so 
that it performs its intended objective while avoiding all unsafe outcomes. Unsafe outcomes are defined in different ways, such as 
minimising the side effects of the agent [63,64], or reducing its impact on the environment [12,54]. The AI Safety literature also 
differentiates between those situations in which the agent must be protected from unsafe outcomes once it has been deployed, or 
if the agent also needs to be protected while training [65,66]. While these works guarantee that the agent will behave safely, they 
cannot generalise to guarantee alignment to a different value, or alignment to a value system composed by several values, focusing 
exclusively on safety. In our work, the multi-valued ethical embedding process allows to model safety as one of the several values 
included in the value system that we expect the agent to align with. If in a given value system, the value of safety is the most prioritised 
one, our ethical embedding process will guarantee that it will be optimal for the agent to behave safely. If a different value is the 
most prioritised one of the value system, the same ethical embedding algorithm will design a different environment, adapting to the 
priorities of the value system.

6.2.  Machine ethics

On the other hand, the focus of Machine Ethics is to develop beneficial agents to humans [2]. Again, different works define 
beneficial in different ways (see an extensive summary of the different possible definitions of what is beneficial from a computational 
point of view in [41,42]). There is an ongoing effort on defining and computationally formalising the moral values that an agent 
should align with [45,67] to be beneficial. Another line of research aims to directly incorporate the different moral theories into the 
decision making process of the agent [68,69]. Because the literature is still far from reaching an agreement on which is the correct 
definition of ethically beneficial behaviour, an alternative agnostic approach has emerged that can work under moral uncertainty 
[70]. Similarly, our work presents a model that can work for any value system, independently of which values the agent ought to 
align with. We provide a formal definition of the structure of a value system compatible with reinforcement learning. In particular, 
our definition of value system allows us to computationally design environments guaranteed to incentivise the agent to behave in 
alignment with a given value system.

There are alternative ways of classifying the literature on Machine Ethics. One relates to the different methods of instilling ethical 
behaviours: top-down, bottom-up, and hybrid, as outlined in surveys such as [71,72]. To summarise, top-down methodologies focus 
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on formalising ethical knowledge for direct integration into the agent’s behaviour, while bottom-up strategies involve agents learning 
the ethical knowledge by themselves. As for hybrid approaches, they combine both bottom-up and top-down methods.

Several top-down approaches for formalising ethical knowledge have been explored in the literature. For instance, Sierra et al. [45] 
formalised values as preferences, while Mercuur et al. [73] introduced a conceptual division between values and norms, with values 
acting as a static component within agent behaviour and norms serving as a dynamic element. Additionally, Hansson et al. conducted 
studies on the formal relationship between norms and values [74]. In many approaches, such as the work of Liscio et al. [67], actions 
are considered to be either morally good or wrong depending on their context. Similarly, our work also defines how aligned an action 
is to a given value depending on the current environmental state. An alternative top-down way of formalising ethical knowledge is 
to directly conceptualise moral theories in terms of Markov Decision Process, like in the work of Nashed et al. [68,69]. Nashed et al. 
add a constraint to the decision processes of the agents that enforces them to follow the principles of a given ethical theory. This way, 
the agents learn to behave in compliance with the constraints of the chosen ethical theory (act utilitarianism, Kantianism, etc.10). 
Furthermore, other approaches consider environments with several coexisting moral values and propose the definition of a value 
system as a set of moral values together with preferences among them [27,46–48,76]. Here, we apply a definition of value system 
in the vein of [48], and extend it to the concept of Multi-Valued Markov Decision Process so that it can deal with sequential decision 
making problems. In general, the efforts made in formalising moral values and moral theories represent a significant contribution 
to the field of value alignment. This is because top-down approaches generally ensure that an agent adhering to them will exhibit 
ethical behaviour. Nonetheless, it is important to note that these approaches often involve significant computational costs and, in 
the most challenging scenarios, may become intractable. Hence, it is widely accepted that pure top-down methods are insufficient to 
address the entirety of the value alignment problem, as explained by Arnold et al. [40].

6.3.  Reinforcement learning for alignment

Moving to bottom-up approaches, their focus is on the agent to learn to behave value-aligned without giving explicit definitions 
of what is ethical. Currently, most approaches deal with this ethical learning problem with reinforcement learning, following the 
research started by Russell, Soares and Fallenstein, among others [1,2]. In more detail, inverse reinforcement learning (IRL)[77] has 
been proposed as a potential solution for the value alignment problem. In Inverse Reinforcement Learning, the agent does not know 
its reward function. Instead, it has to learn its rewards from studying the optimal policy. This methodology, applied to the value 
alignment problem, would allow an agent to discover the moral values of humans (the hidden reward function) by observing their 
behaviour (the optimal policy) [14,15,17,78]. However, Inverse Reinforcement Learning approaches, and bottom-up approaches in 
general, also have several flaws. First of all, many of them consider the problem of reward specification as equivalent to the whole 
value alignment problem by considering that the agent’s only objective is to behave ethically while ignoring that it may have its 
own goals. This issue has only started to be addressed recently by conceptualising the value alignment problem as a two-step process 
(reward specification and ethical embedding) that must take into account that the agent will have its own objectives (for instance, 
in [16–19,31]). By separating both steps, the learning environment of the agent can be adequately modelled as a multi-objective 
(reinforcement) learning environment.

All of these approaches consider a linear combination of rewards for the ethical embedding, similar to our approach. However, none 
of them considers the case in which the agent might need to be aligned with more than one moral value and, only the algorithms in 
[19,31] tackle the problem of how to guarantee that a linear combination of the individual objective and a single moral value actually 
incentivises the agent to behave ethically (i.e., in alignment with this single moral value). This last strand of work by Rodriguez-Soto 
et al., was originally only compatible with tabular reinforcement learning to offer theoretical guarantees. Interestingly, such a strand 
has been recently adapted to work with deep reinforcement learning algorithms in [79]. The deep RL methodology of Mayoral-Macau 
et al. can automate the weight of ethical rewards for value systems with a single value in large environments with millions of states 
at the expense of losing all the theoretical guarantees of the methodology of Rodriguez-Soto et al. In all other works, it is left to the 
environment designer to hand-tune rewards.

In parallel, there have started to appear non-linear approaches for tackling the problem of learning to align with multiple objectives 
[54,80,81]. Probably one of the earliest approaches was presented by Vamplew et al. in [80]. In that work, they formalised the problem 
of human alignment as a multi-objective reinforcement learning problem, as we do. Thereafter, they show some of the potential 
limitations of performing a linear combination of rewards for achieving a human-aligned behaviour: importantly that depending on 
the definition of aligned behaviour it might be unlearnable for the agent with a linear combination of rewards. Such limitation is not 
a problem in our case as proven by our theorems, which ensures that our current definition of value-aligned behaviour is guaranteed 
to be learnable with our embedding process.

Then, in the AI Safety community, alternatively to our approach of linearly combining the multiple reward functions, in both the 
works of Saisubraminan et al. and Vamplew et al., they incorporate a lexicographic ordering between the objectives of the agents 
with slack.11 A lexicographic ordering guarantees that the agent will learn an ethical behaviour. This agent-centred methodology is 
perfectly valid if we have full control over the learning agent, but has several limitations if the agent is external to us, as we argued 
in Section 3.2. In particular, such an approach assumes that the agent’s preference will always coincide with the value system, which 
may not be always the case. Instead, our ethical embedding process ensures that the agent’s goals will always be aligned with the 

10 For a brief explanation of each ethical theory, see [75].
11 The slack denotes the maximum deviation from an optimal policy with respect to the agent’s primary objective that is allowed.

Artiϧcial Intelligence 351 (2026) 104460 

22 
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value system by means of creating a simplified single-objective learning process for the agent. This problem simplification is achieved 
by automating the design of the weighting of the different reward functions.

Saisubramanian et al. also seek to address the limitations of non-linear approaches with an alternative approach in [81]. Their 
strategy involves reconfiguring the agent’s states to enhance its ability to prevent adverse side effects. Much like our own approach, 
they acknowledge the cost associated with the designer’s efforts in shaping the environment and, therefore, aim to identify the minimal 
modifications required to guarantee safe behaviour. While their approach shows promise, it becomes increasingly challenging to 
modify an environment’s state in more complex scenarios. Additionally, their AI Safety focus is solely on preventing the agent from 
engaging in harmful or unsafe actions. Our approach generalises that problem into the problem of guaranteeing alignment to the 
multiple values of a value system.

Finally, from a formal point of view, this work further advances the theoretical results on lexicographic orderings in Multi-Objective 
MDPs. Previous work formalised lexicographic orders as preference relations, a different concept from scalarisation/utility functions 
in MOMDPs [82]. Furthermore, Rodriguez-Soto et al. showed how, in some example MOMDPs, it was possible to design a scalarisation 
function for which all lexicographic-order-maximising policies also maximised it and vice versa. In this work, we generalised this 
result with our Theorem 1 for any finite MOMDP.

7.  Conclusion and future work

The literature on value alignment has focused on aligning an agent with a single moral value, and except for [31], disregarding 
guarantees on an agent’s ethical learning. Here, we tackled the problem of building an ethical environment that guarantees that an 
agent learns a policy aligned with multiple moral values.

Our novel contributions are founded in the framework of Multi-Objective MDPs (MOMDPs). With MOMDPs, we can formalise 
what it means for an agent to behave value-aligned, that is, following a value system of multiple values. Furthermore, we specify an 
algorithm to build an ethical environment with a so-called multi-valued ethical embedding process. An agent is guaranteed to learn a 
value-aligned policy in an ethical environment, provided that the agent employs a reinforcement learning algorithm that converges 
to the optimal policy.

Moreover, we provide a distinction between value-aligned and ethical policies to emphasise the requirement of the prioritisation 
of higher ethical standards over individualistic interests. Therefore, the problem of guaranteeing ethical behaviour learning also 
implies selecting the appropriate (ethical) value system. As further proof, our empirical analysis has shown that the policy learned 
in an ethical environment significantly varies depending on the value system of choice. Thus, ethical designers must carefully decide 
how to prioritise values in the value system to embed in an ethical environment. Ethical designers should correspond to a team 
of ethicists and domain experts that assess the ethical standards by a careful analysis of the domain and previous studies. From a 
pragmatic perspective, the designer questions how to analyse and compare different value-aligned policies. In this paper, we exemplify 
a methodology to tackle that challenge. First, a designer must define the candidate value systems to study. Moreover, they must define 
a collection of metrics, the so-called ethical metrics, to help them quantify the degree of value alignment of a policy for each moral 
value of a value system (e.g., time-steps to destination, accidents, dangerous driving, and bumps in our case study). Second, the 
designer must create one ethical environment per value system using our ethical embedding algorithm. After that, they must conduct 
the learning of policies for each ethical environment. Finally, the designer can roll out the learned policies to measure the individual 
value alignment of each policy per moral value. The result of those simulations will allow the designer to compare value-aligned 
policies, filter out those that are not admissible (e.g., policies resulting in accidents and dangerous driving situations), and ultimately 
select the value system to deploy. However, it is worth recalling that for the agent to learn an ethical policy, the selected value system 
must necessarily prioritise the highest ethical standards (e.g., safety) above the agent’s individual goal.

Finally, as our empirical analysis shows, providing theoretical guarantees comes at a computational cost, which mainly resides in 
Convex Hull Value Iteration. The more values we want an agent to align with, the more the computational cost increases. Hence, future 
research should focus on testing and developing efficient algorithms to compute convex hulls to cope with large environments. We 
expect that such research will also allow us to extend our work to environments with continuous or high-dimensional states.Moreover, 
another interesting future line of research would be the use of symbolic regression models to extract directly the desired ethical weight 
vector that designs an ethical environment without the need of computing the convex hull altogether. In more detail, our empirical 
findings show that the computational cost explodes when considering 8 or more moral values. Many-objective environments with 8 
or more objectives are still scarce, so future research should also focus on developing new many-objective environments as a test bed 
for new algorithms.
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