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Abstract. We consider a general logic which attaches uncertainty de-
grees to declarative statements using monotonic set functions with bound-
ary conditions. In a previous paper, Dellunde et al. considered possibility
theory as a natural uncertainty framework to extend Goédel logic with
a modality N such that the truth-value of a formula N¢ can be inter-
preted as the degree of necessity of p. A link was established between
Godel implication and such modal Goédel logic associated to a possibilis-
tic measure. The aim of this note is to extend these results to more
general monotonic set functions using Godel implication-based integrals
and reciprocal of Gédel implication-based integrals.

Keywords: Qualitative integral - Godel implication - Two layer many-
valued modal logic.

1 Introduction

Possibilistic logic in its full modal-like syntax uses Boolean logic statements ¢
embedded inside a modality connective Ny, say Nx(p) expressing the statement
that the degree of certainty (or necessity) of ¢ is no less than A [6]. If instead
of Boolean logic, a many-valued logic is used, it requires to evaluate the degree
of certainty of a fuzzy event F', using a many-valued implication — in the form
N(F) = infpex m(x) = pp(xz) where 7 is the possibility distribution describing
the epistemic state of an agent [2].

In [2] several (two-layer) modal fuzzy logics trying to capture reasoning with
different notions of necessity are presented. Three of these logics are of particular
interest for this work:

1) A logic where N(F) is defined using Gédel implication,
2) A logic where N(F) is defined using Kleene-Dienes implication,
3) A logic where N(F) is defined using the reciprocal of Godel implication.
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In [2] these logics were called Npg(C), NGkp(C) and NGra(C) respectively.
In fact, the three kinds of necessities above appear to be particular cases of
qualitative integrals [3,4]. Qualitative integrals are monotonic aggregation func-
tionals used to evaluate objects or alternatives depending on several criteria or
points of view, and on a finite linearly ordered scale equipped only with an invo-
lutive negation. They have been also formalised as generalised quantifiers in [7].
Their definitions are based on monotonic set functions named capacities. Par-
ticular cases of these capacities are possibility measures (maxitive capacities)
and necessity measures (minitive capacities). Qualitative integrals are defined
using conjunction (called in this case Sugeno integrals) or an implication (some-
times called co-integrals). Particular cases of the latter are those defined with
Kleene-Dienes conjunction or implication, Gédel implication or reciprocal Godel
implication.

In this paper our aim is to present a logical formalization generalising [2]
capable of coping with reasoning about qualitative integrals. More in detail,
we will present two systems of modal logics on top of a (finite-valued) Godel
fuzzy logic, one axiomatising both the Sugeno and the Goédel implication-based
integrals, and another axiomatising the integral based on the reciprocal of Godel
implication. To this end, we will first provide two new characterizations of these
qualitative integrals as functionals. The logical systems that we present here
generalize both the fuzzy logics NII¢(C) and NGra(C) in [2] for maxitive and
minitive capacities, and the modal-like logic BC in [1] to reason about Boolean
capacities encapsulating formulas in propositional logic.

The paper comes as follows: Section 2 is devoted to background and nota-
tions: basic possibilities and necessities; Sugeno integrals and its variants based
on Godel implication and its reciprocal. Section 3 presents new results concern-
ing the reciprocal of Gédel implication-based integrals. Section 4 deals with the
extension of basic possibilities and basic necessities to Sugeno integrals and its
implication-based variants. Section 5 presents an associated two-layer logic for-
malism. Section 6 contains some conclusions and prospects for future work.

2 Background and Notations

We consider objects evaluated according to some criteria X = {z1,...,z,} that
are valued on a finite scale L = {0 = \g < A\; < -+ < A, = 1}. We assume that
L is equipped with a unary order reversing involutive operation denoted by 1 — -
and named negation. On L the minimum operator is denoted by min and the
maximum by max, although we will also use the notations A and V respectively
without danger of confusion.

An object f may be seen as a function f : X — L, or equivalently as a vector
f =1, , fn) € L™, where f; = f(x;) is the local evaluation of f with respect
to x;. For any a € L, we will denote by a the constant function on X of value a.
The set of all functions is denoted L.

Along the paper, we will use —g, - xp and —,.g to refer respectively to
Godel, Kleene-Dienes and the reciprocal of Goédel implication on L, i.e. for all
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u,v € L, u g v =1if u < vand u g v = v otherwise, u —gp v =
max(1l — u,v), and u =, v = (1 —v) =g (1 — u).

2.1 Basic possibilities and basic necessities

In [2] some generalizations of possibility and necessity measures for fuzzy events
were introduced together with their axiomatic characterizations. We recall them
here customized to our setting.

Definition 1. A mapping A : LY — L such that A(a) = a for all a € L is called
a basic necessity if for any f,g € LY it satisfies

— A(f A g) = min(A(f), Ag))
and is called a basic possibility if for any f,g € L™ it satisfies
— A(f v g) = max(A(f), A(g))-

Then, the following characterizations are proved to hold for some particular
families of basic necessities and possibilities definable from a possibility distri-
bution on the set criteria X. This is in fact equivalent to say that these basic
possibilities and necessities on fuzzy subsets of X' (objects in our setting) are
definable from a possibility or a necessity measure on (classical) subsets of X'.

Theorem 1. Let N : LY — L be a basic necessity and IT : LY — L a basic
possibility. The following conditions hold:

= 1I(f) = Vyex min(m(z), f(x)) for some possibility distribution m : X — L
iff I satisfies the following condition for any function f and any a € L:
(1) (g A f) = min(a, II(f)) -
N(f) = Nyex 7(x) =xp f(x) for some possibility distribution © : X — L
iff N satisfies the following condition for any function f and any a € L:
(2) N(a —kp [)=a—kp N(f).
= N(f) = Nyex (%) —rq f(x) for some possibility distribution m: X — L iff
N satisfies the following condition for any function f and any a € L:
(3) Na —kp f)=a—c N(f).

= N(f) = Nyex™(x) =a f(z) and L (f) = Ve x min(r(z), f(x)) for some
possibility distribution w : X — L iff II satisfies (3) and the following con-
dition is satisfied for any function f and any a € L :

(4) N(f —=c a) =I(f) —¢ a.

It is worth noticing that, in contrast to what happens with —¢ and —,q,
for the necessity based on —kp we do not have the expected property that if
m = f, then N(f) = 1. On the other hand, for —,¢ we have that N(f) > a
iff r<a—gp f=max(l—aq,f), in conformity with possibilistic logic, where
max(1l — a, f) is the largest possibility distribution such that N(f) > a. We do
not have this property for the necessities based on —¢ or =g p.
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2.2 Capacities

Capacities, also known as fuzzy measures or plausibility measures, are generaliza-
tions of possibility distributions that are classically used in qualitative decision
theory where objects are evaluated according to several points of view or crite-
ria [5]. They are monotonic set functions representing interaction and weights of
subsets of criteria. They are use to define integrals in qualitative decision the-
ory. Namely, a capacity is a set function p : 2% — L such that B C C implies
w(B) < p(C), (@) =0 and p(X) = 1. The conjugate capacity u¢ of a capacity
p is defined as pu¢(A) =1 — pu(A), for all A C X.

Particular cases, important in decision theory, are when we consider possi-
bility and necessity measures. A possibility measure is a maxitive capacity II:

VA,BC X, II(AUB)=max(II(A),II(B)).

In the following, Va; € X, II({z;}) is denoted by m;. We then have that VA C
X, II(A) = max? ; m;. On the other hand, a necessity measure is a minitive
capacity N, i.e.,

VA,BC X, N(AN B)=min(N(A), N(B)).

Capacities are used to define Sugeno integrals and its variants we deal with in
this paper: Godel implication-based integrals and reciprocal of Gédel implication-
based integrals.

2.3 Sugeno integrals

We recall the basic definitions for the Sugeno integral and for its corresponding
residuated variant based on Gédel implication.

Definition 2 ([3]). The Sugeno integral of f with respect to p is:

Si(f) = max(p(A) ®xp min fi) = min(u*(A) —xp max fi)

where Q@ p s Kleene-Dienes conjunction i.e. « @k p S = min(«, 8), Vo, B € L.

Notice that, when p is a possibility measure (a maxitive capacity), the Sugeno
integral simplifies to S, (f) = maxzecx min(n(x), f(x)), where 7(z) = p({z}),
and hence it is nothing but a basic possibility as introduced in Def. 1.

The values of the capacity u can be recovered from the Sugeno integral itself,
as S,(la) = p(A), where 14 denotes the characteristic function of a subset
ACX.

The two following characterization results are proved in [3,4]. They use the
notion of comonotonic functions.

Definition 3. Two functions f,g : X — L are comonotonic if and only if
fi < f; implies g; < g; and g; < g; implies f; < f;.
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It is worth noticing that any among min-comonotonicity or max-comonotonicity
of a functional I implies non-decreasingness of I. We provide a proof for the sake
of being self-contained.

Lemma 1. Let I : LY — L be a mapping satisfying one of the two following
conditions:

max-comonotonicity: I(fV g) = max(I(f),I(g)) for all f,g comonotonic.
min-comonotonicity: I(f A g) = min(I(f),1(g)) for all f,g comonotonic.

Then, I is non-decreasing, that is, if f < g then I(f) < I(g).

Proof. Suppose f < g and let X = {z1,...,2,} be ordered such that f; <
... < fn. One can build a function h such that f < h < g and such that f,h
are comonotonic, and h, g are comonotonic as well. Namely, define h as follows,
proceeding iteratively from i =n to ¢ = 1:

- for i = n: define h(z,) = fn,

- for ¢ = k, with k < n: if g(ag) > g(xk+1), then h(z) = frt1,

otherwise h(xy) = fi.

It can be easily checked that f < h < g and that the comonotonicities between
f and h, and between h and g hold.

Now suppose I is min-comonotonic. Then we have: I(min(f,h)) = I(f) =
min(I(f),I(h)) < I(h) and I(min(h,g)) = I(h) = min(I(h),1(g)) < I(g), so we
have I(f) < I(g). A similar proof can be devised in case of assuming f to be
max-comonotonic. a

Sugeno integral can be characterized using either max-comonotonicity or
min-comonotonicity. We recall the following results presented in [11].

Proposition 1. Let I : LY — L be a mapping. There is a capacity p : 2% — L
such that I =S, if and only if

- I(lx) =1
— I(fVvg) =max(I(f),1(g)) for all f,g comonotonic.
— I(a A f) =min(a,I(f)), for alla e L .

Proposition 2. Let I : LY — L be a mapping. There is a capacity p : 2% — L
such that I =S, if and only if

— I(0x) =0
— I(f ANg) =min(I(f),I(g)) for all f,g comonotonic.
— I(aV f) = max(a,I(f)) for alla € L.

We conclude this part by noticing that the following duality relation holds:

Ve LY, Su(f)=1—S8,(1—f).
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2.4 Godel Implication-based Integral

The Godel implication-based integral (also called cointegral in [4]) is defined like
the Sugeno integral, replacing the Kleene-Dienes conjunction by Gédel implica-
tion, in the min-max expression of Sugeno integral.

Definition 4 ([3]). The Gédel implication-based integral of £ with respect to p
18:

G _ . c
L/(F) = min (u*(A) = max fi).

Unlike the case of the Sugeno integral, the values of the capacity p cannot
be directly recovered from the integral If, but one can check that,

Yaoe L,VACX IE(IA —g a) = p°(A) —¢ a, for any subset A C X.

We next recall a characterisation theorem for a functional to be a Godel
integral, see [3].

Theorem 2. Let I : LY — L be a mapping. There is a capacity p such that
I(f) = IS () for every £ € L™ if and only if

I(f Ag) = min(I(f), I(g)) for any comonotonic functions £, g € LY
— 3 a capacity p and a binary operation x such that

I(aVv1y))=p°(A)xa,VaeL
I(1) =1 and 1(0) = 0.

In this case p = i and * =—¢g

When the capacity is a necessity measure IV, the Goédel implication-based in-
tegral simplifies to this expression: I (f) = A" 7 (7;) —¢ f(;), where 7(x;) =

1 — N({z;}). In such a case, I{(f) is again nothing but a basic necessity as
introduced in Def. 1.

3 Integral with the reciprocal of G6del implication

The integral based on the reciprocal of Gédel implication and on qualitative
capacity pu, denoted IZG, is:

LEH = N\ 1A) =6 (Veeaf@) = N\ (1= Veeaf(2)) =a (1 - po(4)).

ACX ACX

Even if already introduced in [3|, this is the first time it is considered, so
we need to prove some theoretical results. It is easy to check that when u is a
necessity measure N the above expression can be simplified to this expression:

L) = N (@) = f(a).

zeX
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where 7(z) = N({z}). In such a case, I} (f) is again nothing but a basic neces-
sity as introduced in Def. 1. Next we present a characterization theorem for the
reciprocal Gédel integral. Let us start with some technical lemmas. Before that,
note that, the following equality holds:

Vt,u,v € L, u =g (t 2kp v) =t =g (U —=rg v).

Indeed, v —,¢ (t = kp v) =u —r¢ (1—t)Vo)=(1—=((1—-t)Vv)) =g l—u =
tA(1=v)—=gl—u=t—=c(1-—v)—=¢(l—1u))=t—=qg (u—wgv).

Lemma 2. I;G(lA) = p(A).

Proof. I;9(14) = Apcx (1 = (Vaepla(@))) —a (1 - p(B)) =
Npcx.pcall — (Veepla(z))) —a (1 - ( ) = B
Npcx.pcal 2e (1 —pé(B)) = Npcx pcal — n(B) =1—p(4) = p(A).

Lemma 3. (KDG) IﬁG(Q —kp f) =a —¢ I;G(f)y VaeL

Proof. I;G(Q —kp f)= /\ACX p(A) =re Vaoeala —kp f(2))
= Nacx #(A) =1 (a 2 kD Vaeaf(2)) = Nacx a —a [K(A) =16 Vaea f(2)] =
a—a [/\AQX/”L (A) —rG \/zGAf( )] =a—q IZLG(f) 0

These interesting properties are instrumental to show the following charac-
terisation for this integral.

Theorem 3. Let I : LX — L. Then, I satisfies:

(S /\g) =min(I(f),1(g)) if f and g are comonotonic
1(1) =

I(a/\f) min(a, I(f)), Ya € L

.Ia—kp f)=a—cI(f),VaeL

if, and only if, there exists a capacity p such that I = I;G.

Proof. That I;G satisfies the above properties is clear. Conversely, without loss
of generality, we may suppose that the criteria are ordered according to f. So we
assume to have f; < --- < f,, and we denote by A; the sets {z;, x;y11, - ,2n}.
Note that A7,+1 = {21, -+ ,x;}. It is then easy to check that f can be expressed
as f = A\, a5 e i Furthermore for all k € {1,- — 1}, it is easy to
check that the functions

k
Alfi_)Gfi and 15—

i=1

Ty 6 Je

are comonoto}rlic. Therefore, by the min—camonotonicity property of I we have,
+1 . ;

for all k, I(/\i:1 1T+1 —aG fz) = HllIl(I(/\Z 1 1ﬁ del fi), I(lm bdel fk+1))-

Hence, we also have I(f) = \\_, (17— —¢ fi)-

Aig
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Since the characteristic functions 17— are Boolean, we have 1TH —a fi =

+1
].H — KD f(xz) = (1 — f(xl)) — KD (1 — 1T+1) So we have
I(f) = Nica I((1 = f(2) =D 1= 1577) = N2l = fl@i) 26 11— 1577)
= /\?:1[1 - I(1A¢+1) —rG f(xz)]

Then, define a mapping u : 2% — L by putting pu(A) = I(1,) for all A C X.
So defined, p is indeed a capacity: it is non-decreasing by Lemma 1, u(X) =
I(1y)=1I(1) =1, and (@) = I(1p) = I(0) = 0. We finally have:

I(f) = Niza[l = p(Aiga) —=va f(@)] = N2y [0 (Air) —ra flai)] = LE(F).
O

4 From basic necessities and possibilities to Sugeno and
Godel implication integrals

In this section, we attempt to generalise the basic necessity N with a Godel
integral and the basic possibility IT with a Sugeno integral.

In decision theory, when we want to move from an integral with respect to a
capacity (or fuzzy measure) to an integral with respect to a possibility measure
(resp. necessity measure), we ask to keep the maxitivity (resp. minitivity) with
respect to all functions. Otherwise, it suffices to ask for this property only for
comonotonic functions.

We present next a characterization result (without proof) for Godel implication-
based integrals which is very similar to the one recalled in Theorem 2. Namely, it
relies on the fact that 14 —¢ a and 13V a are the same function since the char-
acteristic functions 14 are Boolean. We also note that the capacity is explicitly
determined by one of the conditions.

Theorem 4. Let I : LY — L be a mapping. The following conditions hold:

(1) I 1(f) = IG(F) then:
— I(min(f, g)) = min(I(f), I(g)) for any comonotonic functions f,g € L~
— I(lA —a Q) = MC(A) —a a
— I(1) =1 and 1(0) = 0.

(2) Conversely, if I is such that:
— I(min(f, g)) = min(I(f), I(g)) for any comonotonic functions f,g € L~
— I(14 =g a) = 0%(A) =¢ a, where 0°(A) =min{a | (14 =g a) =1}
—I(1)=1and I(0) =0
then o is a capacity and I(f) = IS (f).

g

Next, we show a couple of homogeneity-like properties of the integral based
on Godel implication when the functions are combined with constant functions
via Godel implication.

Proposition 3. (a) IT(f = a) = Su(f) »c a=(1-5,(1 - [)) —=¢ a.
(b) a —c I (f) = I (a —c f).
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Proof. (a) I¢(f —=q a) = minace p(A) =g maxiea(fi = a) =
minace p(A4) —»¢ ((minea fi) =g @) = minace((¢°(A) Amineq f;) ¢ a) =
(maxace(pu®(A) Aminea fi)) =¢ a = Su(f) —¢ a.
(b) Iu(a = f) = Aacx #°(A) =6 Vaeala = f(2)) = ANacx Vaea 1°(A) —=¢
(a =g f(r) = /\Agx Vaea a =g (p°(A) —=¢ f(r)) = /\Agx a—¢g (L(A) —c
Veeaf(z)) = a —¢ /\Agx(MC(A) =G Vaeaf(2)) = a —¢ I,?(f) 0
Using this relationship we can show the following combined representation

of both Sugeno and Gdodel implication integrals based on the same capacity,
generalising (4) of Theorem 1 for basic possibilities and necessities.

Theorem 5. Let I, Is : LY — L be two mappings. There is a capacity p
2% — L such that Ig(f) = If(f) and Is(f) = Sue(f) for every f € LY if and
only if

(c1) Ig(min(h,g)) = min(Ig(h), Ic(g)), for all comonotonic h,g € L*
(h Is );

(c2) Is(max(h,g)) = max(Ig(h),Is(g)), for all comonotonic h,g € L™
(¢3) Ic(f —c a) =1Is(f) g a, Va€e L

(c4) Is(an f) = min(a, Is(f)), Va € L

(¢5) Ie(1) = Is(1) =1 and Ic(0) = I5(0) = 0.

Proof. The left-to-right implication is clear as the IE and S, integrals satisfy
all the properties. Conversely, assume Ig and [Ig satisfy all these properties.
Define p such that p¢(A) = Ig(1a4) for every A C X. Then u is a capacity
and I satisfies all conditions of Theorem 2. Hence, we have Ig = IE. On the
other hand, Ig also satisfies all the conditions of Proposition 1, hence there is
a capacity p' such that Is = S,,. Then, by the third property above, we have,
for all A and a € L, Iff(lA —a a) = Sy(la) =¢ a, that is, p°(A) =¢ a =
W (A) = a. If we take a = p¢(A), this equality yields 1 = p/(A4) =g p(A), ie.
w' (A) < plA). Conversely, taking a = u'(A), we obtain u¢(A) =g u'(A) = 1,
ie. u¢(A) < i/ (A). Therefore, it follows that u¢ = ' O

5 IRG]: a two-layer logic for reasoning about Goédel
implication-based and Sugeno Integrals

In this section, we will define a modal two-layer logic on top of RG}, the ex-
pansion of n-valued Gédel logic with truth-constants 7, one for each r € C), =
{0,1/(n—1),...,(n —2)/(n — 1), 1}, and with an involutive negation ~, see e.g.
[12, §]. Following previous approaches [9, 2], the idea is to introduce two modal
operators I and S such that, for every formula ¢ of the logic RGy', Iy and S¢
are fuzzy propositions whose truth-values are to be interpreted as the values
of the Gddel integral and Sugeno integral of ¢ respectively. The logics we will
define next are built over a two-layer language: non-modal formulas to describe
and reason about objects or fuzzy events, and modal formulas (without nesting
of the operators I and S) to represent and reason about the certainty /worthiness
of the non-modal formulas. Since Godel and Sugeno models are basically qual-
itative models (the comparative ordering is what matters rather than absolute
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degrees), we choose finite-valued Godel logic (with truth-constants and with in-
volutive negation) as underlying fuzzy logic to reason about the modal Iy and
Sy formulas.

Due to the semantics of the logic RGy’, using the implication conective —
from Godel logic, one can express that the Gddel integral of ¢ is at least r
or at most s (with r,s € C,) by the formulas 7 — I¢ and Iy — 3, while a
formula I'p — It expresses the qualitative comparative statement “1) is at least
as certain/worthy as ¢”.

5.1 Syntax of IRG}’

Let us fix a finite set of propositional variables V and the set C,, = {0,1/(n —
1),...,(n—2)/(n—1),1} used as a scale.

The language of IRG} is built by expanding the language of RGY with two
modal operators under some restrictions. More specifically, formulas are built
from the set V' of propositional variables and truth-constants 7 for r € C,, by
using Gddel logic connectives A, V, —, an involutive negation ~ and two modal
operators I and S. The restriction is that modalities cannot be nested, so atomic
modal formulas are of the form Iy and Sy where ¢ is propositional. Then atomic
modal formulas can be freely combined with other formulas (propositional or
modal) with the above (propositional) connectives. A formula will be called
purely modal when it is a propositional combination of atomic modal formulas.

In the language, we also introduce three definable connectives, = := ¢ — 0
(Godel negation), ¢ <> ¥ := (p — ¥) A (v — ¢) (Godel equivalence), and
Ap = —~p (Baaz-Monteiro operator), and two definable (conjugate) modal
operators, I¢p := ~I(~p) and S% = ~S(~p).

Note that so defined, the language has two layers of formulas, one of purely
propositional formulas, denoted F'm(V,C,), and another of non-nested modal
formulas.

5.2 Semantics of IRG]
A capacity model is a pair M = ({2, u) where:

— 2 ={w:V = C,} is the set of evaluations of propositional variables into
C,,. Each w € 2 is called a world from M.

— Each w : V — (C,, is extended to a truth-evaluation of non-modal formulas
of Fm(V,C,) in the usual way using the RG}’ logic truth functions and
such that w(7) = r, for each r € C,,. In particular, as expected, note that
w(~p) = 1—w(p) and that w(Ap) = 1if w(p) = 1 and w(Ap) = 0 otherwise,

— For each ¢ € Fm(V,C,) we define its associated function f, : 2 — C,,
where f,(w) = w(y).

— 1 :22 = C, is a capacity

Now, given an arbitrary formula @, the truth value of @ in a world w of
M = (£2, 1), denoted by ||P|| pm,w, is inductively defined as follows:
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if @ is a propositional formula from Fm(V,C,), then ||P|| s, = w(P)

If @ is an atomic modal formula I, then || Ip|imw = If(fw)

— If @ is an atomic modal formula S¢, then |[S¢|| im0 = Su(fy)

— If @ is a non-atomic modal formula, then its truth value || @], is com-
puted by evaluating its subformulas, and then by using the truth functions
associated to the RG}'-connectives occurring in @.

Note that the evaluation of purely modal formulas do not depend of the
particular world but on the whole model, i.e. if ¢ is purely modal, then ||P|| a1, =
|| mo for every w,w’ € 2. In that case, we will simply write ||®| ¢ without
danger of confusion.

A world w of M satisfies a formula @, written w = @, when || P a0 =1. A
formula @ logically follows from a set of modal formulas I, written I" = @ if, for
any capacity model M = (£2, ) and w € £2, ||@||pm,0 = 1 whenever ||¥|| a0 =1
foral ¥ e I'.

If TU{®}) is a set of purely modal logics, then I" = @ iff for capacity model
M= (2,p), ||®]|am = 1 whenever |||y =1 for every & € T.

We will denote by CAP(C,,) the class of capacity models with values on C,,.

5.3 An axiomatization for IRG}

Let 2 ={w:V — C,} be the set of valuations of propositional variables in C,,,
which is finite. For each w € {2 consider the formula x,, = A oy A(p ¢ w(p)).
This formula captures at the syntactical level the assignment of truth-values to
propositional variables by the valuation w.

Further, for each non-modal formula ¢ built from a set of propositional vari-
ables ¢, ..., qr, denoted as ¢ = t(q1, ..., ¢x), and each w € §2, let us consider the
formula ¢, obtained by replacing each propositional variable g; by the truth-
constant w(g;), that is, @, = t(w(q1), ...,w(qx)). Thus, the formula ¢, is nothing
but a syntactical combination of truth-constants representing the truth-value ¢
gets under the valuation w.

These formulas will be used in the below axiomatization to faithfully account
for the monotonicity of the operator I and the commonotonicity conditions re-
quired for the A and V decomposition properties of the operators I and S re-
spectively.

Axioms of IRG} are the following:

xioms of RGy’, for non-modal and modal formulas
T )T = I(p)

/T(\ —
Jd

)

=~
E

Nowea APw = Pur) € A(}[}w - }/L/)] = [L(p A1) < Lo AN 1Y)
/\w,ae_Q A(Sﬁw — @w’) A A(q/’w - d’w/)] — [S(QO \/7/’) > SpV Sw]
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The rules of inference of IRG}’ are:

(MP) modus ponens (for modal and non-modal formulas)
(Rmonl) monotonicty for I: if ¢ — 1) is a theorem of RG}’, I — It is a theorem
of IRGy
(RmonS) monotonicty for S: if ¢ — 1 is a theorem of RGY', S — St is a theorem
of IRGY

The semantical condition represented by the antecedent in the axiom (RMon)
captures the condition that f, < fy, while the (same) antecedents in the ax-
ioms (RMin) and (RMax) amount to require that the functions f, and f, are
comonotonic.

The above axioms and rules define in the usual way a notion of proof, denoted
Firay - Following the same approach of [2] with the necessary modifications, one
can prove the following completeness result for IRGy .

Theorem 6. IRGY is sound and complete for purely modal theories with respect
to the class CAP(Cy) of capacity-Kripke models.

Proof. Let I' and @ be a modal theory and a modal formula respectively, and
assume I f/jra> @. We will prove that I' = &, i.e. that there exists a capac-
ity model of My and a world v € {2 satisfying I" but not ¢. We follow the
strategy adopted in [2| that amounts to translating theories over IRGY into
theories over RGy’. For each modal formula ¥, let us denote by ¥* the corre-
sponding RG}-formula obtained from ¥ by considering any atomic modal sub-
formula of the form Iy or S as new propositional variables. Define, therefore,
I'={¢*|¥ eI} and

Ax* ={Y* | T is an instance of axiom (Ii), 1 =1,5} U
{(Lp)* = (1Y), (Sp)* = (SP)* [ Fray ¢ = ¥} U
{(Zp)*, (S¢)* | Fray ¢} U
[T A & (Tg)* A (19)*, (S v 0)* & (Sp)* v (S6)* |
Fray /\w,aeQ (P = Po) > (Y — Vo) }

Using the same technique first used in [12] in a probabilistic context, one obtains
r }7/IRG,T @ iff '™ U Ax* |7[RG,? P~ (1)

Now, since RG} is strongly complete [12, Theorem 4.2.21], we know there exists
a RGy -evaluation v that is a model of I'* U Ax* such that v(9*) < 1.

Define, for any non-modal formula ¢, I( f,) = v((I¢)*) and S(f,) = v((S¢)*).
Since Ax* contains all the translations of all the theorems of IRG; (f.i. the for-
mulas (I(¢p = 7))* <> (S¢)* — T, etc.), then we can prove the following:

(i) I(fp = ) =S(f,) — r. Indeed, I(f, = r) = I(four) = v(({(p = 7)) =
v((Sp)* = T) =v((Se)*) = r=8(f,) > .
(ii) H(m?r]}gj},;r); =1(forr) = v((I(@AT)*) = v((Ie)* AT) = min(v((Ip)*),r) =
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(ili) Let ¢ and ¢ be such that f, and f, are comonotonic. Then by the rule
(RMin), the formula (I(¢ A ©))* + (Ip)* A (I3p)* belongs to Az*, and
hence, I(fony) = min(I(f,),I(fy)). Similarly, by the rule (RMax) the for-
mula (S(¢ V)" < (Sp)* Vv (Sy)* belongs to Az* as well and S(fyvy) =
max(S(f,), S(fy))

(iv) I(1) = I(f7) =v((IT)*) = 1; 1(0) = I(f1) = v((/L)*) =
S(1) =S(fr) = v((ST)*) = 1; S(0) = S(f1) = v((SL)")

Note that for any function g : 2 — C,, there exists a non-modal formula 1)
such that fy = g. Effectively, let ¢ = \/ . xo A g(0). Taking into account that
w(Xs) = 1 when w = 0 and w(x,) = 0 otherwise, it is easy to check that fy, = g.
Indeed, fy(w) = w(V,ecn XoA9(0)) = w(XwAg(w)) = min(1, g(w)) = g(w). This
shows that the set of functions f, : {2 — C,, for ¢ being a non-modal formula is
the whose set of functions (C,, ).

0
=0

Therefore the functionals I and S are actually mappings I,S : (C,,)* — C,,
such that they fulfill the conditions (c1)-(c5) of Theorem 5. It follows then that
there exists a capacity p on 2% (defined as u(A) = v((S(xa))*) = S(fyxa),
where x4 = \/_,c4 Xw) such that T and S are respectively the Gédel integral
IE and the Sugeno integral S,- on (C,)*. Hence, we finally have, for every
v, v((I9)*) = I(fy) = I7(fy) and v((S¥)*) = S(f,) = Suc(fy), as claimed.
As a consequence, we have that the capacity model M° = (§2, 1) is such that
|©]| pmo,» = v(O*) for all purely modal formula ©. In particular, by hypothesis,
1@ apm00(¥) = v(¥*) = 1 for all ¥ € I" but ||P|| s, = v(P*) < 1. In other
words, I" £ . O

5.4 A logic for the reciprocal of Gddel implication-based integral

A logical formalization, very similar to the one developed in the previous subsec-
tions, can be provided to capture reasoning with the reciprocal of Gédel integral.

The idea is to consider a simplified second layer of the logic IRG} where we
get rid of the modal operator S. Then, given a capacity model M = ({2, i), define
the evaluation in M of an atomic modal formula Iy, where ¢ is propositional
formula, as

I Tpllame = IS (f,),

and in the axiomatics do the following:

(i) discard axioms (I3), (I4), (I5) and (RMax),
(ii) add the following axiom:
(16) I(~7V @) & (T — 1(¢)),
(iii) and discard the rule (NecS).

Finally, call the resulting logic rIRG}’. Then, based on the characterisation The-
orem 3, and by an analogous proof to that of Theorem 6, one can show that
rIRG} is sound and complete with respect to the intended semantics based on
the integral based on the reciprocal of G6del implication. Due to similarity we
omit details.
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6 Conclusions

In this paper we have focused our attention on Sugeno-like implication-based
qualitative integrals, in particular the ones defined by Goédel implication and its
reciprocal, providing new characterizations for them. We have also provided a
logical formalization of them, namely we have defined corresponding sound and
complete two-layer modal many-valued logics, based on an extension of finite-
valued Godel logic.

The qualitative integrals we have considered in this paper use various op-
erations that are definable, via different constructions, from the meet opera-
tion (minimum) in the finite totally ordered scale of values and from an order-
reversing mapping. For instance, G6del implication —¢ is the residuum of the
minimum operation and the reciprocal of Gédel implication —,.¢ is defined by
contraposition from the former. These operations and constructions (and more)
appear in the following commutative diagram presented in [10]:

min(a,b) __Bes g —ob_C  (1-b) ¢ (1—a)

S S| S Res

max(1l — a,b) Res qoqb € bega

In this diagram yet another operation appears, the so-called Gédel conjunc-
tion ®¢ is defined by semi-duality from —¢: u®gv =1 — (u —»g 1 — v),
which is a non-commutative and non-associative operation. As future work, we
plan to study and characterise Sugeno-like integrals based on ®¢, which looks
a challenging task.
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